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Bessel’s Functions

Unit 1: Bessel’s Functions
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Objectives

After studying this unit, you should be able to:

° Deduce Bessel’s Differential equation from Laplace equation

° Obtain singular and non-singular points of Bessel’s equations

o Obtain series solutions of Bessel’s equation by Frobenius Method

° Establish recurrence relations between various Bessel’s Co-efficient
o Obtain the formula for ] (x) from its generating functions

° Obtain zeroes of Bessel Functions.

Introduction

In this unit we shall be dealing with the various forms of Laplace differential equation involving
Cartesian, Cylindrical and Spherical polar Co-ordinates.

Bessel’s functions play a very important and central place in optical phenomical and in applied
mathematical process. Just as a Fourier series, power series, Bessel’s functions are quite useful in
solving problems involving laplace equations in cylindrical co-ordinates. In this unit the
importance is given to the following aspects of the Bessel’s functions:

1. Solution of Bessel’s functions ] (x), Y (x) for various values of n as well as for different
expansions involving x or (1/x).
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2. Recurrence relations are quite useful as they help in finding whole class of | (x) in terms of
two or three | (x) of lower values of nie., n=0,1, 2.

3. Generating function for ] (x) is introduced so that certain formulas involving Bessel
functions can be deduced. With the help of generating functions we can deduce recurrence
relations or certain other formulas straight away.

4. Finally we also discuss the zeros of Bessel functions as they will lead us to the completeness
as well as orthogonality properties of Bessel’s Functions.

1.1 Bessel’s Differential Equations from Laplace Equations

In dealing with the theory of potential problems in electrostatics or in gravitational field we
commonly use Laplace equations

9’V 0%V 9V
—+—+—5 =0 (1
axZ + ayZ + aZZ ( )

Here V is a function of the Cartesian Co-ordinates. Any solution V,, of this equation, which is a
homogeneous polynomial of degree # in x, y, z is called the solid spherical Harmonies.

Depending upon the symmetry of the problem we can express Laplace equation in cylindrical
co-ordinates (r, 6, z) or spherical polar co-ordinates (r, 6, ®). You must be knowing that the
relations between x, y, zand r, 8, z are

X = rcosH
y = rsin® (2
z =z

Also the relation between x, y, z and r, 6, ® are
x = rsinBcos ®
y = rsinBsin ® ..(3)

z = rcosB

1.2 Bessel’s Differential Equations

To define Bessel functions we first of all obtain Bessel’s Differential equation from Laplace’s
equation. To do that we write Laplace’s equations (1) in cylindrical co-ordinates as

azl + 1 al + i azl + azl = 0 (4)
o’ rdy 1’ 90> 07’
We assume that V as a function of 7, 0 and z can be written as

V = R(r)® (0) Z'(2) ..(5)

Where R, ©’, Z’ are functions of r, 6, z alone respectively. Substituting in (4) we get

2 12 2
®’Z’d—1§+1®’2’d—R+R§ d®2+R®’d—f =0
ar r dr  r° dO dz

1d°R 1dR 1 1d© 1d4°Z

—t——t— +
R dr? R dr +* © do* 7’ dz*

=0 .(6)
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Bessel’s Functions

Since the first three terms are independent of z, therefore the fourth term must also be independent
of z. Let it be a constant ¢, so that

1 a7
7' dz?

d*z’
dz?

Or = cZ' (7)

Similarly, the third term in equation (6) must be free from 6 i.e.

1%
o’ 40?
+o
dao?

Or de’ (8

With the help of (7) and (8) equation (6) becomes

2
1(‘1 R+1dR]+12d+c =0

RUd? "rdr ) r
2
or rzd—1§+rd—R+(d+cr2)R =0 .(9)
dr dr

Let us put kr = x, so that

R dR
dr dx
dziR = k2’127R
dr’ dx?
By putting these values in (9), we get
2 2
kzrzd—§+krﬂ+ d+<-R =0
dx dx k

Putting ¢ = k*and D = - n?, we get

Again put R =y we have

2
x? %+x%+(x2—n2)y

]
o

This is Bessel’s differential equation. The solution of this equation is called cylindrical function
or Bessel’s function of order 1, denoted as ] (x).

In this unit we shall be using certain properties of gamma function I'(x):

(i) TI'(n)is defined by the integral

['(n) = J‘:e"‘x”_1 dx, n>0
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Notes .
(i) Tr=2] e o>
0

(iii) T(1)=1

(iv) T(1/2)=n

v) T(n+1)=nI(n), n>0

(vi) T(n+1)=1.2.3...n=n! for n a +ve integer
ii) I'(n) I'(1 ==

(vil) T T(A-n)= ——

(viii) T'(m) = eo if m = 0 or — ve integer

2211—1

() T@n)=r

C(x)C(n+1/2)

1.3 On Second Order Differential Equation of the Fuchs Type

Consider Bessel’s equation for any n:

2
x2%+x%+(x2—n2)y =0
d*y 1dy n?
©) —S+——2+|1-— =0 (A
g dx®  x dx ( x? Y ()
Let p(x) = 1
X
...(B)
2
n
glx) = 1- 7

Thus p(x) has a pole at x = 0 and g(x) has a double pole at x = 0. Thus x = 0 is a singular point of
Bessel’s Differential Equation. Since

x p(x) and ¥? g(x), ..(Q)

are finite at x = 0, the point x = 0 is a regular singular point of Bessel Differential equation. Also
by putting x = 1/r as independent variable we can show that x = e is an irregular singular point.
To see this put

1 1

xX==, r=—-

r x
Then 4y _ dlﬂ:—dl(izjz_rzﬂ
dx  drdx dr\ x dr

£y _ 4 )
dx? dx dr
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Bessel’s Functions

So the Bessel’s equation becomes

2
',12(1'4 d—y+ 2r° dyj+1(—r2 dl)+(i2— nz)y

dr? dr dr r =0
zdzy dy 1 2

or r=ait R
dy 1dy (1 n?

— =Lt -y =0
A A

Thus r -0 or x = o is an irregular singular point. Since the singular points for the Bessel’s

equation are only 0 and <o, therefore we can get a series solution of the Bessel’s equation in
powers of x which converges for 0 < x < e. According to Fuchs theorem, the point is regular

singular point provided p(x), g(x) satisfy conditions (C).

Fuchs theorem states that for x = x,, to be a regular singular point, it is necessary and sufficient

that p(x) has at most a pole of order 1 and g(x) at most a pole of order 2.
1.3.1 Series Solution of Bessel’s Differential Equation
Bessel’s differential equation is

2
x2%+x%+(x2—n2)y =0

Here we shall apply Frobenius method which assumes the solution to be of the form
y = x* Zxr c,
r=0
Substituting in equation 10 we have

Y {C (k+r) (k+r =) +C, (k+1) 2" +C, (x> =n®)x™"} =0
r=0

or

icr xk“{(k+r)(k+r—1)+(k+r)+(x2—nz)}zO
r=0

Equating to zero the lowest power of x i.e. x* to zero we have

Cofk(k-1)+k-n}

0

or Co{k?-n"} = 0

LOVELY PROFESSIONAL UNIVERSITY
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Notes As C,# 0, we have

K*-n* =0 ...(14)
The equation (14) is called indicial equation.
So k=mnork=-n
We first consider the case k = 1, next equate the co-efficient of x**! to zero i.e.

Clk+1)~n’ = 0

For k =mn(k+1)2-n*%0
So we have C, =0 ...(15)

Putting the co-efficient of x**? to zero, we get

Clk+2) (k+1)+k+2-n3}+C, = 0
or Clk+2?-n1+C, = 0
C
C = ———=0
or 2 (k+2)*—n?
Co
= - fork =
2z "
o N © T ©' .(16)

Putting the co-efficient of x**3 to zero, we get

Clk+3)*-n’1+C, = 0

or C3= —m=0,ascl=0

Putting the co-efficient of x*** to zero, we get

C,l(k+42-n2]+C, = 0

or C = —— 2
4 (n+4)* —n?

_ CZ _ (_1)2 CZ
(n+2)2,2*  (n+1)(n+2)1.2(2)*

Proceeding in the same way we get

C

1

0=C,=C,=C,=.. -(17)

C — (_1)k CO
% (m+1)(n+2)..1.2...(2k) 2*

Z

for1,2,3 ...(18)
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Bessel’s Functions

( 1)3 C Notes
— - 0
so S D)2+ 3)3 2

_ D' G
8 (n+1)(n+2)(n+3)(n+4)4(2)°

Substituting the values of k, C, C,, C,... in equation for y we get

e {C“<n+k3)-1(;cj2+(n+1)f2+2)2(32€)4""}

-, {1 (n11)1(§)2+M(§)4----} -19)

If we now take C, to be

C=__ 1L .(20)
2"T(n+1)

Where I'(n) is a gamma function.

As you know the properties of gamma functions n I'(n) = I'(n + 1), for any value of 1, so we get
various values of I'(n). The equation for y becomes

o FJ(Cn +1) {1 (n +11).1 (g ' (n+1();i)j 2)12 (34 I }
) {F(n1+ 1) (g)n I(n 32) 1 (g)m + F(r:l?));g - (2)4 + }

_ o (_1)5 E n+2s
ot =2 F(n+1+s)§(2) ~(21)

Here we have used the fact that
m+DT(n+1)=T'n+2),
(n+2)T'(n+2)=I(n+3)and so on.

Also 1,2,3..s=[s=I(s+1)

The above solution is called Bessel’s function ] (x). Thus

y U1 (x)ms -(22)

J, () = Zg T(n+1+s) T(s+1)\2

For k = —n and if n is not an integer then the other solution for k = -n is obtained from the
equation of | (x) by replacing n — -n i.e.
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el (_1)5 x 2s5-n
], 0= 2 e el o (23)
;F(s+1—n)r(s+l) 2
Thus the general solution of Bessel’s equation is
y=AJ,x)+B] (x) (24)

Where A, B are arbitrary constants.

' Example: Proceeding as above shown that for n =0
2 4 6
(]l
2/ (20\2) (3)h2

=1-x* x° ...(25)

2 e

Prove for integer n

) =1,(x) 1" ~(26)

To prove this consider the expression for | (x) i.e.

oo xn+25
20 n+s+1 s+1)(§)

i - ¢ E 2s-n
Thus J,(x)= 2r(5+1—n)r‘(s+1)(2)

s=0

2s-n

> F(+1(_1;F(+1)(2) 2 +1—+1) (5) ~(27)

n

ip

In the first term we have the argument of
I'(s+1-n),
To be negative i.e.
S+1-n
is —ve for s = 0 to n — 2 and it is zero for s = n — 1. From the properties of gamma functions
I'(s+1-n)iseofors+1-n<0 ...(28)

So the first series for ]_ (x) is zero and the expression for J_ (x) becomes

oo (_1)5 x 2s-n
L&) = 2 T(s+1- n)r(s+1)(§)

Putting S =r+n, we have for
s=n,n+1,.

r=0,1,2,..00

o r+n x 2r+n
Thus 2 r+n+1 nI‘(r+n+1) (E)
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Bessel’s Functions

oo 2r+n
x
- _1" [ U S (i
2Fn+r+1 r+1)(2)

or ]_n(x) =(-1)" J(x) ...(26)
Thus ] (x) is not independent of | (x)
1.3.2 Solution of Bessel’s Differential Equation when 7 is a Non-negative
Integer
We had seen that when 1 is not an integer there are two independent solutionsi.e. ] (x) and ]  (x).
When 7 is a non-negative integer
J,@®)=CED",) ..(26)

And so it is dependent on ] (x). To find a second solution we introduce Neumann Function

_ Ju(x)cosmo—]_,(x)
Y (x) = e -(29)

If v is not an integer, then Y (x) and ] (x) form a general solution of the Bessel’s equation. If v is
a non-negative integer, then from equation (26), equation (29) becomes an indeterminate form.
To calculate the limit of (29) for v — n, differentiate both the numerator and denominator with
respect to v. Then setting v — n, we have

—msinm, J, (x) + cosmo ', (x) = ], (x)
7T COSTIV

Y, (x) = lim ¥, (x) = 1%}

_ 1aIU(X)) ()" 9] u(x)
I NI ]Uzn ...(29a)
Now from equation (21)
) V+2s
x
=2 U+s+1 ( )
,(x) _ | (3)logs  T'(v+s+1) (x)’
v 25 ( ) { (+s+1) [F(u+s+1)]2(2)
~ > x/2 v+2V x B
_25 s F(U+S+1){log(2) ‘P(U+s+1)}]
where
I'"(v+s+1)
W(O+s+1) = Tyrst1) -+(30)
ux) _ 5 B (x
. W(%) _ AV x)_
thus  lim =2 = ;EF(MS”){IOg(Z) w(n+s+1)} -.(31)

LOVELY PROFESSIONAL UNIVERSITY
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Notes The expression for ] _ (x) is from (27)

R I G S 2 I N G ) M €2
]-“(x)_g;*r(s+1—u)1“(s+1)(2) +;F(s+1)1“(s+1—1))(2) ~(27)

As you know from the properties of gamma functions

L) T -x) = gnnx ..(32)
From (27) we obtain
x —V+2s X —V+2s
5 I'(v-s)sin(v—s)m
b6 o

I'(-v+s+1) T

Differentiating (33), we see that for 0 <s<n

dv b

d {(x/Z)‘”ZSF(U—s)sin(u—s)n}
2

= {(1x)_u+25 r(v- s){n_l\p(u —s)sin(v—s)m+

+cos(v—m)m—n"log(x /2)sin (v - s)n]

v=n

- (%)_Mzm ['(n—m)cos(n—m)n

Therefore as v — n, % tends to
x

n-1

Y (D) T=-5)(x/2)"™* v (1) (x/2)"™
I'(s+1) [sT'(-n+s)

{—log(x/2)+l|!(—n+s+1)}

5=0 s=n

n-1 e —n+2s oo
=(_1)n5§:; %@) +(—1)"‘12(—1)"1(%@_”*25[logJZC—l|I(S+1):| (34)

Using (31) and (34) we get for Neumann Function Y (x) with  being a non-negative integer the
following

Y, (9= %L(@mg%-%i(—ﬂ{")“ S{"‘<S+1>+W<n+s+1)}

pour 2 sl(n+s)!

_ln—l (n_l_s)!(i)—nﬂs
n= s! 2 -(35)

For n = 0, the last term does not appear. Thus ] (x) and Y (x) form the general solution.

Thus we see that the Neumann Function Y, (x) defined by the relation

_ ]U(X)COSTCU - ]—U(x)
B sinmv

Y, (@)

converges uniformly to Y (x) given by equation (35) as v — n is any bounded closed domain in
the complex x plane except for the origin. Formula (35) for Y (x) is known as Hankel Formula.
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Bessel’s Functions

Hanbkel Functions: The Hankel Function, or the Bessel Functions of the third kind are defined by

HP(x) =], () +iY,(x)
HP(x) =], (x) +iY, (%)

Prove that

1/2
J1p(x) = (a) sinx

Proof: | (x) is given by

) - ¢ x 2s+n
J,(x) = 2 r(n+1+s)1“(s+1)(2j

s=0
So - Z F(HB,(/_;))F(M)@/
(3 S rerarems)
Expanding
ha)= (;)/ {r(%irm @ T @ v r(?/jm) @ }
N hal) = @/ r(l%) {1' %;(2) @ ’ %6/12 TG) @ - }

=(x)% 1 [, 2@, 22«
2) TWHTLH) | 322 1.2:3.5@2)* 7

1,
X x2 x4

_(xY' 1
-(3) (%)F(%){l_2~3+1-2-3.4.5"}

-3 -5

= F(ll/z) (i)% sinx

Here I'(%)=+/n

LOVELY PROFESSIONAL UNIVERSITY
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Self Assessment

1. Prove that

5 Vi
x) = |—| cosx
L = (2]
Show that when 7 is any integer positive or negative

J,(=) = (1)" ], (x)

The expression for ] (x) is given by

Case I let n be a positive integer. Replacing x — —x in the above equation we have

) - & ;x n+2s
I"(—X) - 2S!(TZ+S+1)!( 2 )

5=0

s (_1)5 (_1)n+25 x n+2s
- 2 sl(n+s+1)! (E)

M

J,(x) =

I
=}

S

e DT D ()
= ggs!(n+s+1)!(2)

= (D)) [as()*=1]
Thus ], (~x) = (-1)"],(x)

1.4 Recurrence Formulas for ] (x)

Some of the recurrence relations involving Bessel functions are as follows:

L xJ@)=n]0)—x],,,&),
d
where J' (x) = ir ], @)

To prove the above relation, we start from the series expansion of ] (x) as follows:

i - (_1)5 E n+2s
J(x)= ;5!(n+s)!(2)

Differentiating it w.r.t. x and multiplying by x on both sides, we have

hiad s n+2s
*J (9= 2 (-1)° (n+2s) x

sl(n+s)1 2"

s=

LOVELY PROFESSIONAL UNIVERSITY
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Bessel’s Functions

= n]n(x)”;(s_m(ms)!(z)

In the last sum, let us replace s by r as

s=r+1, then

e m

X Ju(x) = 1], (x)+
EO I(n+1+r)!

- 1y n+1+42r
o xl = n L -x Pl

r=

=n],®)-x J,.,()
As the last sum is equal to ] ,,(x). Thus

], (x) =n) @ -x J &
IR x]',(x) +n J®=x J &)

Again, we have

x ] (x) = 5“(_1)S (n+25) ™

“~ sl(n+s) 2

i (2n+2s—n) (x)"+25
sl(n+s)! 2

i

) i(—ns (2n+2s) (;)”‘“zsg_n 10
2 n

sl(n+s)! 2

{As m+s)l=m+s)(n-1+5s)}
Thus identifying the sum with ] _(x), we have
xJ x)=x] (x)-n] (%)

LOVELY PROFESSIONAL UNIVERSITY
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or rearranging terms we have
X ]/n(x)+n ]n(x) =X ]n—l(x)

L 2n ], (x) =x[],4 (%) + Ja (%)]
To prove this we just make use of the above two recurrence relations I and II, here we have
xJ,(x)=n],x)-x],,x
and x ]’n(x) +n] (x)=x ]H(x)
Substracting we get
n],)=n],x)-x],.,0)-x], %)
or 2n ]n(x) =x []n_1 +] . ()]
Again rearranging terms we have
2n ]n(x) =x ]nﬂ(x) +x] 4 (%)
or 2n ] () =x[], ,(x) +],., (¥)]
You can see that relation III is not independent. It depends upon I and II recurring relations.
Iv. 2),®)=J,,&)-J,.,®
Hint: Add recurrence relations I and II and simplify the result.

From recurrence relation I, we can show that

Vo) =-J,(x)
Voo A @] )
. dx n n+l

Now, the left hand side is

dr _, e _
E[x ]n(x):| =-nx" ] (x)+x" ],

A7 =n ] (x) +x T, (2)]

X" n T () + 1 ], () =X T ()] {From recurrence relation I}

X2 ] (0)]
=—x"],q(x)=RHS
Self Assessment

2. Prove

L 1,0 =" ()

LOVELY PROFESSIONAL UNIVERSITY
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Bessel 's Functions

1.5 Generating Function for ] (x) Notes

Prove that when 7 is positive integer ] (x) is the Co-efficient of t" in the expansion of

S H) ~(A)

)
in ascending and descending powers of t. Also show that | (x) multiplied by (-1)" is the
co-efficient of £™ in the expansion of the above expression.

Proof:

)

Expanding e” in powers of x i.e.

2,2 3.3 N2 N3
=h et er, X 1—(i)+(—x) ,l+l(—x) Fonn (B)
2 2 3! 2t 2t) '[2 3\ 2¢
In the above expansion, collecting the co-efficients of t", we have

Rt e G I
23 ) )

B hnd (_1)5 E n+25=
) 25 Ew(z) =) Q)

Similarly co-efficients of ¢ in the above product is

- S ) () B (5

o (&) g (5 ()
Sy SE (R

=(1)"J,

In the above product the co-efficient of #° is

xV (x)'1 )V 1 x\ 1
=1-15] 5 52715 sz 2zt 5| 52 a2
2 2) 2 2) 2%-3 2) 2°.3°.4

+

x? x* x® x®

e eta e et e

=Jy(x)

LOVELY PROFESSIONAL UNIVERSITY
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Thus in the expansion of f,

X 1 1 2 1 3 1 n n 1
ea(t—?) =J,+ (t—?) J, + (t +t—2)]2+(t —t—sj]3+...+ ..... +(t +(1) t—ﬂ)]n+...

Jo)+ £ Ty (x) + Ty ()] + £ ][5 () + T o ()] + ..

PIEIAG

Nn=—oco

Here we have used the result]  (x) = (-1)"] (x)

(A) Trigonometric Expansions involving Bessel’s Functions
Show that

(@) cos(xsin¢) =] (x) +2cos 20 ], +2cos4d ], + ...

(b) sin(xsing)=2sin¢] +2sin3¢], +...

() cos(xcosd)=],—2cos0],+2cos40],— ...

(d) sin(xcos¢)=2cosd] —2cos30]J,+2cos50], + ...
() cosx=],-2],+2],-2], +..

(f) sinx=2] -2],+2], ...

Proof: We know from generating function that

e%(t—%) = Ewt 7, (x)

=S e+ S,
n=0

n=-1

oo

=S+ YL
n=0

n=-1

= Jo+ X (" +(1)" ) (%) {since J_,(x) = (1) ], (x)}
n=1
Thus,
ef(t—%) = Jo+ (=t + (B2 L+ (= 1) ] + (1)

Letus putt= €9 ' =¢n?
X

then (i) becomes €2(€ =¢™) = J, +(e® = 7)J, +(e2® +€2®) [, + (¥ — e )], +.. (ii)

Since cosn¢= %(eimb + e_im)

sinn = %(ef”q’ - ™)

LOVELY PROFESSIONAL UNIVERSITY
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Bessel 's Functions

So (ii) may be written as
erIne =] +2isin ¢, +2cos20 ), +2isin30], + .. ...(iii)

comparing real and imaginary part on both sides

we have

(@) cos(xsing) =], +2cos20],+2cos4p], + .. ..(iv)

(b) sin (xsin¢) =2sin o], +2sin30], +... (V)
Replacing ¢ by n/2 - ¢ in (iv) and (v) and using sin ¢ — sin (1/2 - ¢) = cos ¢, we get

(c) cos(xcos0) =], —2cos20],+2cos4d],... ...(vi)

(d) sin (xcos¢) =2cos ¢ ], —2cos30 ], +2cos50],... ...(vii)
Replacing ¢ by 0 in (iv) and (vii) we get

() cosx=],-2],+2],.. ...(viiii)

and
() sinx=2] -2],+2] .. (iX)

1.6 On the Zeros of Bessel Functions ] (x)

We know that Bessel function ] (x) satisfies the equation

2 dZ;gJC) x d]dnix)

+(x* =n?) ], (x) =0

Here n is a positive integer

let us putx = Av,

dj, _14d],
dx A dv
d*J, _ 1 d*],
dx* A% dv?

So equation (1) becomes

2
P ELOW) A1)
dv dv

(}\‘2\)2 - nz)]n(}\‘v) =0 (11)
which may be written as

df df,ow], |-
dv{vdv]-{v-ﬂkv} J.(Av)=0 ..(iii)

2
letusputR=\/,P=V,Q=_7

Then d (Rdln ()

. T)+[Q +2ip] ], (W) ..(iv)

LOVELY PROFESSIONAL UNIVERSITY
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Here due to R = 0, it can be shown that for some ai.e. 0 < x < g, | (Av) satisfies the Boundary
Condition ] (Aa) = 0 (V)
And so the solutions of (iii) form an orthonormal set w.r.t. weight function P = v.

So zeros of | (Av) if denoted by o<, i=1,2,...

Let
o, < 0 <Oy O .
So AM=a
mn
o
thus A= =R,
a
aj,

Since both I and are continuous at v = 0, therefore for each fixed n = 0, 1, 2... the Bessel

dv

. . o .
function] (A ) (m=1,2,.)withA = —" form an orthogonal set on the internal 0 <x <aw.r.t.
a

weight P=v ie.

[79 1.0, 3y ) = 0for pm

So zeros of ] (x) are useful in obtaining orthogonal properties of | (x). The details of the above
discussion will be given in the later units.
Example: Prove that ] (x) = 0 has no repeated roots except at x = 0.
Solution: If possible let o< be a repeated root of

J(x)=0 at x=a (i)
Thus J(@)=0 aswellas J (0)=0 ...(ii)
Now from recurrence formulae I and 11,

x ]’n(x) =n ]n(x) -xJ ., @),

xJ @) +n] (x)=x], ()
We have

Jm®=§LW—HW ...(iif)

];4W=§L®+HW . (iv)

As] (x)=0and]’ (o) =0, we have fromIlland IV ] (0)=0and] () =0, i.e.for thesame value
ofx=a,] (x),] ,,(x), ], ,(x) are all zero x, which is absurd as we cannot have two power series
having the same sum function. Then J (x) = 0 cannot have repeated roots except x = 0.

LOVELY PROFESSIONAL UNIVERSITY
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Bessel’s Functions

1.7 Illustrative Examples

' Example 1: Show that

(i) xsinx=2(2°],-4],+6],~..)

(i) wxcosx=2(1*] -3*],+5],~..)
Solution: (i) We know that
cos (xsin ) =] +2],cos 20 + 2], cos 4o + ...

Differentiating w.r.t. ‘¢" we get

—sin (x sin ¢). x cos ¢ =0-22],sin 20 - 2.4], sin4¢ ...

Differentiating (ii) w.r.t. ¢/, we have
—cos (x sin ). (x cos ) + sin (x sin ¢) (x sin ¢)
=-22%],cos 20— 2.4°], cos 49 — 2.6 ] cos 6¢ ...
Replacing ¢ by ©/2 in (iii), we get
xsinx=2(22],-4*],+6°], ...)
(i) Start with

sin (x sin ¢) = 2], sin ¢ + 2], sin 3¢ + ...

Notes

...(ii)

...(iii)

Differentiate this twice w.r.t. '¢" as in part (i) and then replace ¢ by n/2. Thus we can get the

required answer.

' Example 2: Show that when n is integral

(@ nJ = J.cos(ne —xsin0)do
0

(b) nJ,= J.COS(X cos)dd
0

= Jcos (xsin)dd
0

and hence deduce that

o xt x°

PR VR Ty

~ o (_1)rx2r
- 2 (2'.r!)2

Jox)=1-

r=0

Solution: We know that
cos (x sin 0) =] + 2], cos 20 +... + 2], cos 2m¢ +...
and sin (x sin 6) =2sin 0.J, +2sin 30 J, + ...

+2] sin (2m +1) 0 +...

2m+1

LOVELY PROFESSIONAL UNIVERSITY
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Notes Multiplying both sides of (i) by cos 2m8 and then integrating between the limits 0 to 7, we get

Y
Icos (xsin®)cos 2mOdO
0

1 1 b1
- ]0Ic052m9d9+2]2Ic0529C052m9d9+...+2]2mIcosz 2mOd + ...
0 0 0

U

=0+0+..+),, I(1+cos4m6)d6+...
0

= TE] 2m"

Similarly, we can prove that
Y
Icos(x sin®)cos(2m+1)0d0=0
0

Again multiplying both sides of (ii) by sin (2m + 1)0 and then integrating between the limits 0 to

T, we get
T
Isin(x sin 0)sin (2m+1)040
0
_2J, f sin0.sin (2m +1)0d0+2], jsin3esin(2m+1)ede+
0 0
b1
Fot 2]y J.sinz 2m+1)0d0 +...
0
s
=0+0+..42],,., j{l—cosz(2m+ 1)0}d0+..
0
il (010 =7 Jopia
Similarly,
b1
f sin (xsin 0)sin 2m0do = 0
0
Therefore

U U
J.cos (2m0 — xsin0)d6 = J.cos 2m.cos(x sin0)d0
0 0

U
+ J.sin 2m0.sin(x sin 0) dO
0

=n ]Zm
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Bessel’s Functions

Also

cos[(2m+1)0—xsin0]d0

ot—a

n K
J.COS (2m+1)6.cos(xsin0)d0 + J. sin (2m+1)0sin (xsin0)do
0 0

= n]2n1+1

Hence for all positive integral n, we get
s
J.cos (n0—-xsin®)dO=m],.
0
If n is negative, say n = — m, where m is positive, then

cos (10 — x sin 0)d0

O —

s
= J.cos (=m0 —xsin6)d6
0
0

=_ Icos{—m(n—q))—xsin(n—(l))}dﬂ:

s

= J.cos{—mn +(mo —xsing)} do
0

= J.{cos mm cos (m¢ — xsin ) + sin mmn sin(mf — x sin$)do
0

= (-1)" J.COS (m —xsing)do
0

=(1)"n],(x) Since] , (x) = (-1)" J,(x)

=n],(x)

Hence for all integral values of n
s
J.cos (n®-xsinB)dO=m],
0

(b) Putting 8 = /2 + ¢ in the value of cos (x sin 8) from (i), we have
cos (x cos ¢) =], — 2], cos 2¢ + 2], cos 4¢ —...

T g

Jcos (xcosd)dd :IOIdG— 2]2Jcos2¢d¢ +...
0 0

0

=n]0

Putting® =7 - ¢

LOVELY PROFESSIONAL UNIVERSITY
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Notes From (i) we have
cos (x sin ¢) =], + 2], cos 20 + 2], cos 4¢ +...

s s

J.COS (xsing)dd =], J.d(])+2]2J.COSZ(I)d(I)+...
0

0 0

=1j,

Deduction: We have to prove that

Jo(x)= %J.COS (xcosd)do
0

n 2 2 4 4 6 6
=1J‘ 4 _ X cos ¢+x cos”¢ x’cos ¢+... do
2! 4! 6!

i

Since .[[COS ¢do = 2.4.6..(2r) §

from definite integrals.

from (iii), we get

1 x> 1 x* 13 x* 135
J=—|nt-—-nt— N
T 2027 41 247 6! 246
= x2 x4 x6
et e et
XZ x4 x6
=1_72+ﬁ_67+...
27 27,21 2°.(3Y)
_ i(_l)rxzr
pr 2"rY

Self Assessment

3. Verify directly from the representation

-

Jo(x) = Icos(x sind)d¢
0

that J (x) satisfies Bessel’s equation in which n = 0

' Example 3: Prove

oo

1

-1 b )dy s
!e N Ty

,a>0.

LOVELY PROFESSIONAL UNIVERSITY
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Bessel 's Functions

Solution: From example above, we have

Jo@) =

ERE

J.cos(x sin¢)dx
0

e ™jo(bx)dx = !).e_ax {)1(J.C°S(bx Sin‘b)dq)}dx

0

O"—-8

1
T

O3

J.e_” cos(bx sin([))dx]dq)
0

J_ T - ei(bxsin¢)+e—i(bxsin¢)
e
0

2

dx1d¢

0LO

1 jf_ e—(a—ibsinq))x e—(a + ibsin¢)x i|°°
! | ~(a—ibsin¢) (a+ibsing) |

e R e [
2n0_a—1bsm¢ a+ibsin¢

:if 2a do

21 ! a®+ b?sin® ¢

EJ/- cosec ¢d¢
T 24+ 4% cosec q)

EJ/' cosec q)dq)
my a+b2 +a% cot®d

LOVELY PROFESSIONAL UNIVERSITY
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' Example 4: Using generating function or otherwise, show that

T (=x)=(=1)"J,,(x)

Solution: We have

3, (02" = A

Replacing x by —x in (i), we get

3, (02" = 3 I, (.12

N=—oo Nn=—oo

Equating the coefficient of z" from both sides of (ii) gives

Ju(=2) = (=1)"J,,(x) -

' Example 5: If n > -1, show that

X
[¥ = 2, )
0
Solution: From recurrence formula I, we have

d n n
L@} = 2,4
Replacing n by (n + 1) in (i), we get

d

E{xrﬁl]nﬂ (x)} = xn+1]n(x)

Integrating (i) w.r.t. "x” between the limits 0 and x, we get

X

[ (@] = [, (00

0

or XU dr= 2, ()
0

LOVELY PROFESSIONAL UNIVERSITY
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Bessel’s Functions

Notes

' Example 6: Show that

(a) .([x_"]nﬂ(x)dx = m—x‘"]n,n>1.
- 1 1
(b) J‘X ]n+1(x)dx = m, 71>—5.

0

Solution:

(a)  From recurrence formula II, we have

A L,0)] = 5 (i ()

Integrating (i) w.r.t. ’x’ between the limits 0 and x, we get

(1@ ] =[x (xdx
0

XL, (x) - limM = —j.x‘”jm(x)dx ...(ii)

x—0 x"
0

n 2
But lim22®) _pim L ¥ g 1
-0 x" x-0x" 2"T(n+1) 22.(n+1) 2"T(n+1)

Hence (ii) may be written as

x . ~ 1 .
! () = =3 ()

(b) Integrating (i) w.r.t. ‘from 0 to " we get

oo

[ 1@ ] == ()

0

13%% —ﬁm% = —!x‘"fm(x)dx ..(iif)
As in part (@), lim Jusa () _ ! . (iv)

=0 " 2"T(n+1)

We know that for large values of x the approximate value of J,(x)is given by

LOVELY PROFESSIONAL UNIVERSITY
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Using (v), lim L&) _ 0

x—eo X"
Using (iv) and (vi), (iii) reduces to

oo

1
n gy =

Ix ]n+1(x) X znr(n_l_l)

0
1.8 Summary
o Bessel Differential equation is seen to have x = 0 as regular singular point
° x = oo is irregular singular point of the Bessel Differential.
o Bessel Differential equation is deduced from Laplace equation.
o Bessel Differential equation is of Fuchs Type and so Frobenius method of expanding

solution of Bessel’s equation as power series in x is valid.

o The generating function of Bessel function is given by

)= gt'vm

o With the help of generating function we obtain recurrence relations

° It is seen that | (x) does not have repeated zeroes except at x = 0.

1.9 Keywords

Ordinary point of a Differential equation is such that the solution can be expressed in terms of
a power series.

Regular singular point x = x is such that p(x), g(x) of the differential equation

d? d
—EHp) L)y =0

behave as

(x—x,)p(x) = finite lim , (x— x0)2 g(x)= finite lim
XX xX—x0

Recurrence relation is a relation involving a few Bessel functions i.e. it involves
dJ, (x)

(T 1) Ty () and 22

Generating function is such a function which on expansions gives the values of |, (x).

Fuchs type differential equation satisfies the properties as given above.

Indicial equation gives the values of the parameter appearing in power series expansion of

], (x).

LOVELY PROFESSIONAL UNIVERSITY
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Bessel’s Functions

1.10 Review Questions

Prove that:
d? L d
1L p@=thE et
2
2. ]2(x)_]0(x)=2dL§X)

dx

3. ]z(x)+3%+4@(x)=0

dx dx?
d
4. 2?],1(35)21,1_1(30—]””(35)
x
5. Solve the Differential equation

2
ng—g+x2—y+(x2—2)y= 0
x x

and show that

y=AJ(x)+B]5(x)
2 2

1.11 Further Readings

G. N. Watson, A Treatise on the Theory of Bessel Functions

Louis A. Pipes and L.R. Harvill, Applied Mathematics for Engineers and Physicists

K. Yosida, Lectures on Differential and Integral Equations

Jai Dev Anand, P.K. Mittal and Ajay Wadhwa, Mathematical Physics Part II
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Notes Unit 2: Legendre®s Polynomials

CONTENTS

Objectives

Introduction

21 Legendre’s Differential Equation from Laplace’s Equation
211  Power Series Solution of Legendre’s Equation in Ascending Powers of x
212  Solution of Legendre’s Equation in Descending Powers of x.

2.2 Rodrigue’s Formula for Legendre Polynomials

2.3  Generating Function for Legendre Polynomials

2.4  Recurrence Relations for Legendre Polynomials

2.5 Orthogonal Properties of Legendre Polynomials

2.6  Expansion of a f(x) in terms of Legendre’s Polynomials

2.7  Summary

2.8 Keywords

29 Review Questions

210 Further Readings

Objectives

After studying this unit, you should be able to:

° Observe that Legendre’s differential equation is obtained from the Laplace differential
equation
° Obtain the Legendre’s polynomial P (x) as a power series having x" as a maximum

powerterm for n > 0 integer

° See recurrence relations of P (x) help in finding all P (x) in terms of two or three lower
P (x).

° See that a generating function is found by which various P (x) are found.

° See that orthogonal properties of P (x) help in expressing any function f(x) in terms of

various P (x).

Introduction

The Legendre’s polynomials P,(x) play an important role in potential problems i.e. in

electrostatics and gravitational field. It is therefore important to study the properties of P,(x).

1.  First of it is important to study the solution of Legendre’s equations so that more insight
to B,(x) can be seen.
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Legendre’s Polynomials

2. Recurrence relations derived in this unit help us in finding unknown P,(x) in terms of
two or three known Legendre polynomial

> The Legendre’s polynomials P,(x) have zeroes at some x=x;,i=1,2,.. ie. P(x)
has two zeroes, P;(x) has three and so on.

> Legendre polynomials are quite suited in numerical evaluations of certain integrals.

2.1 Legendré®s Differential Equation from Laplacés Equation

Laplace’s equation in spherical polar coordinates is

i(ifza—v)+ 1 i(sinﬂa—v)+ L 827‘/:0
or\_ odr ) sin® 00 00 ) sin®0 09> -(A)

Let us put

V = r"E,(,0) .(B)

Here F,(0, ¢) is a function of 6 and ¢. So

A% 1
W = nr"F,
W _ Lo,
0 90
v L,
90> 90>

Substituting in Laplace equation, we get

n 2
a(nr”+1Fn)+ 1 a(r”sineaF”)+ v 9F, =0

ar sin® 00 90 ) sin?8 0¢>
"0 oF "  OF
+1)r" F, + —| sin®—* |+ LA
or i+ Dr B+ 5 ae[sm ae) sin?0 99> 0

Dividing by 1", we have

1 9 oF 1 0°F
+1)F, +—— —| sin0—= |+ 1
n(n+1E, (sm ae) sin’0 d¢>

sin® 00 =0 ~(©)

Next consider the case when F,(6,0) is independent of ¢, so

[
o
A
)
=

1 9d(. OF
n(n+1) F,ﬁaﬁ(sme 89)

Let us put the independent variable 6 in terms of x given by

x = cosB
d JoF, dx JoF
— F = I~ —_ging—=
ae " ox 00 s ox

LOVELY PROFESSIONAL UNIVERSITY
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. d .2 oF
sin ) sin

i(sineiPn) = i(—m#eaij
00 00 00 0x

2
= 2 sinecos(9%+ sinsed an
dx dx
Substituting in equation (D) we have
OF, . 5, d°F
+1)F, —2cos0—L+sin"0— = 0
n(n+1)E, —2co o s
dF . d*F
+1E, -2x—=+(1-x")—% =
or 1’1(71 ) n X dx ( x )dxz 0
Rewriting it as:
2, d°F, dF,
(I-x )dx2 -2x T +n(n+1)E, = 0 ...(E)

This equation (E) is known as Legendre’s differential equations. The solution of equation (E) for
positive integer values of n are known as Legendre Polynomial.

Putting Legendre equation in Fuchs form we have

d’F,  2x dF, L n(n+1)

x> (1-x%) dx  (1-x%)"

dF
Here let coefficients of —2* and E, be

dx
2x
e = - ©
_ n(n+1)
q(x) - (1—X2)

At x=1 and x=-1, both p(x) and g(x) have poles of the first order. So the points x =1 and
x = -1 are regular singular points of the Legendre’s equations. Let us investigate the behaviour
of the equation for x = . For this purpose let us put

1
x = ;,F”:]/ ..(H)

dy _ dydr_ dy

dx dx dx dr

LOVELY PROFESSIONAL UNIVERSITY
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Legendre’s Polynomials

2
£y (i) [ )
dx? dx \ dx dr dr

2
= r (Zrd—y)+r4d—g
dx dr
The equation (F) becomes
,Adj 2r2 dy n(n+1)y =0
e
7,2 r2
2 3 2
4dy  2r dy n(n+l)r y =0

r* (P -1)dx  (r*-1)

d*y 2 dy n(n+1)
+ = _ =0 I
o dr* r(* =1y dr  r*(r*-1) v ®

Thus r =0 or x = e is a regular singular point of the differential equation (Legendre's). Thus we can

1
find a solution of Legendre’s equation in terms of a power series in x as well as in powers of —.
x

2.1.1 Power Series Solution of Legendré®s Equation in Ascending Powers
of x

2
L o8 s 1)E, = 0 (A)

1_ 2
A=)z dx

As in the case of Bessel’s differential equation we assume a solution of the form:

Rep|
Il
R(A
M
0
R‘

or E, = 20" .(B)

For (B) to be a solution of (A) it is necessary that when equation (B) is substituted into (A), the
coefficients of every power of x vanish. So we have

oo

(r+s)(r+s-1)Cx"™"2 ~ ZxZ C,(r+s)x™ " +nn+ 1)2 Cx™ _

r=0 r=0

DM

(1-2%)

‘
Il
o

DM

or [(r+s)(1’+s—1)C,(x’+5’2 —x"")=2C, (r+s)x""* +x”sn(n+1)C,] =0
r=0
or i{(r+s)(r+s—1)Crx”s’2+C,x”s[n(n+1)—2(r+s)—(r+s)(r+s—1)]} =0
r=0
i[(r+s)(r+s—1)C,x”s’2+C,x”s(n—r—s)(n+r+s+1)] =0 (o)

r=0
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Equating coefficients of X2 e get

C.(r+s)(r+s-1)+n-r-s+2)(n+r+s-1)C,., = 0
for r=0,1,..
Since the leading tem is C_ so that
C_;=0,C_, =0. Thus C_ satisfies
Co&)(s-1) = 0

Since C, # 0, so the indicial equation is

s(s=1) =0
giving the value s=0 and s=1.
Next putting r=1, we have
(s+1)sC;, =0

So for s=0, C,and C, are both arbitrary. Thus for s = 0, equation (D) becomes

(n—r+2)(n+r—1)C
r=2

s H(r-1)
From equation (H),
e - it
c, - _(;1—13).(2n+2)c1
o, - A0, ety
R 5321+ e, o —3)(1: 21);;5 201+4) .

and so

Substituting the above values of C, in equation (B) and using s = 0 value we have

E(x) = Co{l—n(nél)xz+n(”_2)(1”'2+';14(n+3)x4 }.

c, [x— (n-1)(n+2) e (n=-3)(n-1)(n+2)(n+4) x‘{.}
1.2.3 1.2.345

By applying ratio test it may be shown that above two series converge in the interval (-1,
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Legendre’s Polynomials

As a problem, one can show that for s =1, we can get second series by the above procedure. Since
equation (I) contains two arbitrary constants so equation (I) is the general solution of Legendre’s
equation (A). Now if we give arbitrary coefficients C; and C, such numerical value that the
polynomial (I) becomes equal to one when x is unity, we obtain for # the values 0, 1, 2, 3, ..., and
obtain the following system of polynomials:

Py(x) =1

o
=
=
2
Il

X

B(x) = (3x*-1)/2
L 1 e 4 2
Py(x) = E(Sx -3x); P4(x)=g(35x -30x°+3) ()
The general polynomial B,(x) which satisfies Legendre’s equation is given by the series

N
_ (-1 2n-2r)! o
B = ZZ”(n—r)!(n—Zr)!x 2 -9

r=0

Where N=n/2 forevennand N=(n-1)/2 for n odd.

2.1.2 Solution of Legendré?s Equation in Descending Powers of x

The Legendre’s Equation is

d> d
(1—x2)d—xg—2xd—z+n(n+1)y =0 —(A)
Let us assume
y = »Cx (B)
r=0
dy 3 (s—r)Cx""!
o= e ©
dzy s—r-2
27 (s=r)(s—r-1)C,x
de pard (D)

Substituting in (A), we get
(1-x? )2 C(s—r)(s—r—Tx""2~ 2x2 C,(s—r " +n(n+ 1)2 Cx™ =0

r=0 r=0 r=0

o

or ZC, {(s—r)(s—r—l)xs_’_Z+[n(n+1)—(s—r)(s—r+1)]x5_r} =0 (E)
r=0
Simplifying (E) we have
icr{(s—r)(s—r—l)xs"'2 +(n—s+r)(n+s—r+1)xs"} =0 .(F)

r=0

LOVELY PROFESSIONAL UNIVERSITY

Notes

33



Notes

Equation (F) being identity, we can equate to zero the coefficients of various powers of x.

Equating to zero the coefficients of highest powers of x i.e. of x°, we have

Co(n=s)(n+s+1) = 0
Since C, # 0, so the indicial equation is
(n-s)(n+s+1) = 0

The solutions of equation (H) are

nands=-n-1

S

Equating to zero the coefficient of the next lower power of x i.e. of x*!, we have

am(n-s+1)(n+s) = 0
So a; =0, as its coefficient is not zero for both s=n and s=-n-1.

Again equating to zero the coefficient of the general term i.e. of x*", we have

7

Coo(s—r+2)(s—r+1)+(n—-s+r)(n+s—-r+1)C, = 0

or
(s=r+2)(s-r+1)
C = (n—s+r)(n+s—r+1) >
Putting r=2
R TG |
2 (n—s+2)(n+s—-1) "
Putting r =3
¢, = —LDEAG g5 c =0
(n—s+3)(n+s-2)
Thus

C, = CG=GCG=..=0
Now there are two values for s i.e.
s = nands=-n-1
We first take s = n, then the general recurrence relation (K) becomes
-(n-r+2)(n-r+1
¢ = ( r(2n—);('+1) ‘e

Putting r = 2, 4, 6, ... we obtain the coefficients C,, Cy, Cq... in terms of C_i.e.

__n(n-1)
G = 22n-1) °
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¢ = =23
4 n(2n-3)

_ _(11—3)(11—2)(11—1)11_C
T 1242n-3)2n-1) °

_(n-4)(n-5)
C = " e@n-3)

(n=5)(n-4)(n-3)(n-2)(n-1)n

2.4.6(2n-5)(2n-3)(2n-1)

Substituting these values of C’s in equation (B) we have for s = n

y = CO X" = n(n _1) xx—2 + 11(?1 —1)(1’[—2)(?1 _3) xn—4m (N)
2(2n-1) 24 (2n-1)(2n-3)
= v, (say)
For the second value of s=-n-1, we have from equation (K)
(n=r+)(-n-r)
C = 7 Quer+l)(-r) P
(n+r-1)(n+r)
or G = rQun+r+l) 7 ()
Putting the values of r=2, 4,6, ... in equation (O)
(n+1)(n+2)
G = "20n+3) °
(n+3)(n+4)
C = Ti@n+s) ?
(n+4)(n+3)(n+2)(n+1) B
T 24(2n+3)(2n+5) 0
Substituting these values of C’s in equation (B) we have for s=-n-1
y = Cox "G+ Cr 0 4
_ Clxs (n+1)(n+2) - (n+1)(n+2)(n+3)(n+4) S
2.(2n+3) 2.4(2n+3)(2n+5)
=y, ..(P)
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So the two solutions of Legendre’s equations form the general solution

y = An+By, -(Q)
In particular, if we take constant C, to be

_ 135.2n-1)
o n!
in equation (N), we get the solution

135-2n-1)| , nn-1) ,o nhr-1)(n-2)(n-3) ,_
Fx) = n {x 202n-1)" toa @n-1)(2n-3) 4} ~(R)

denoted by P,(x), and is called Legendre’s function of first kind.
Legendré®s Functions of the Second Kind
When n is a positive integer and putting the value of C , as

n!
C, = 135.(@2n+1) )

in the second solution (P) we get the Legendre’s function of the second kind denoted by Q,(x)

ie.

n! {x-"-l L) (142) o (4 D)+ 2)(n43)(1+4) s +} .

Q) = 135 @ne) 2.(2n+3) 24.(2n+3) (2n+5)

As is seen from equation (T), Q,(x) is an infinite or non-terminating series.

Thus the general solution of Legendre’s equation is

y = AP(x)+BQ,(x) ..(U)

2.2 Rodrigué’s Formula for Legendre Polynomials

An other formula for F,(x) can be obtained from the Legendre’s differential equation. Here we

start with
u = x-1" ~(A)
du - 2 n-1
Then ol 2 nx(x°-1)

Multiplying both sides by (¥* - 1) and transposing to left hand side, we get

Il
(=)

(x> - 1)Z—u —2nx(x* -1)"
x

0

or (x? —1)@—2nx u
dx

Differentiating the above equation with respect to x, we get

2
(1—x2)d—b2l—2xd—u+2nu+2nx& =0
dx dx dx

d*u

du
(1—x2)?+2(n—1)xa+2nu =0 .(B)
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We now apply Leibnitz theorem to differentiate equation r times. Here Leibnitz theorem states
that the ' differentiation of product of two functions is given by

dr
dx”

d'g df) At r(r-1)d*f d"g
= — — .(C
(fg) f dxr +r(dx dxr—l g+ Q de dxn—Z + ( )

So differentiating equation (B) r times we get

dr+2 u dr+1 u

r—-1)d"u
dxr+2 tr

2 dx’

(2x)+

r+1 r r
(1-1%) d"u du}_zndu

dxr+1 dxr

(=2)+2(n- 1)[3(

or rearranging terms

r+2 r+1 r
u u du
1-x2)——5+2x(n-1-r +

( )dxr+2 ( )dxr+1 dxr

{-r(r-1)+2r(n-1)+2n} = 0 ..(D)
Simplifying the above equation and putting

d'u
dx”’

We get

2
(1—x2)6;xu2’+2x(n—1—r);iu’+(r+l)(2n—r)u, =0

r

We now put r = n and get

d?u,, du
e +2x(-1)

(1-x%) m i (n+1)(n)u,

dx

Il
o

This is Legendre’s equation. Hence for r = x, u_satisfies Legendre’s equation. Thus the Legendre’s
polynomial are given by

Po(x) = (-1 ~(F)

Where C is a constant. To evaluate C we compare the coefficients of x" on both sides of (F) i.e.

(Zn)!x" dn 2n 2n
2y = Cg® =C@m@n-1).(n+ )
!
= C(zn)'xn
n!
Thus
1
mn2" = €
Thus
1 4, ., .,
i) = 2"n! dx”(x -D

This is Rodrigue’s formula for the Legendre’s polynomials. We can again find a few Legendre
polynomials from this formula.
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Self Assessment

1. Find
Py (x), Py(x), P5(x)

from Rodrigue formula

2.3 Generating Function for Legendre Polynomials

In the following we will show that P,(x) is the coefficient of h" in the expansion of

-1
(1-2xh+1?)2

for [xI€l, k] <]
-1 had
ie. (1—2xh+h2)7 = zh" P, (x) (A)
n=0
-1 -1
Now (1-2hx+h*)2 = [1-h(2x—h)]?
1= noeemal 3 L0y
=1 2( h)(2x h)+2.2 2h 2x—h)"+...
o 131 73) gyt
24.6(2n-2)
1.3...2n-1) B (2x—h)' +.
2.4.6....(2n)
Therefore the coefficients of h" are
_ 1.3».5...(2n—1)(2x)2_'_1.3.5....(2n—3)(2x),1_2n_1C +1.3.5...(2n—5)n_2C (20 + .(B)
24.6...(2n) 24.6..2n-2) 1 246..(2n-4) 2
f— n_2 — [ -_—
_ 1.35...2n-1) o 2n (n_l)x2 +(2n)(2n 2)(n-2)(n 43)+...
n 2n-1 2 (2n-1)(2n-3)[22

135..2n-1)] , n(n-1) n,2+n(n—1)(n—2)(n—3) .
= In T Ten-n T 2a@i-nea-2) 7 T

= P,(x) ..(C)
Thus

-1

(1-2xh+1?)? = zgh Fix)

Where P,(x) is given by

1.35..2n-1)| , nn-1) ,», M-2)n-1)nn-3) ,4
P = In {x 20n-1)" T 24.2n-1)2n-2) _}
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Also it can be written as

o (Y @en-20 L,
»(®) = 22"(n—r)!(n—2r)!x 2

r=0

' Example 1: From the relation

-1 o
(1-2xh+h*)2 = N 1"P,(x)

n=0
Obtain Fy(x), P(x), P,(x), P3(x) and P,(x).
i.e.
Prove

B() = 1P@)=1

Py(x) = %(3;8—1), P3(x)=%(5x3—3x)
P(x) = %(35x4—30x2+3).

' Example 2: Express P(x)=x"+2x®+2x* - x-3 in terms of Legendre’s polynomials.

Solution: From Example 1, we have

(3x* 1)
2

R(x) = 1 A(x)=x P(x)=

7

_ 35x* -30x +3
8

from Py(x) %(35x4 -30x2 +3),

8 6 , 3
4 = P (x)+=x?-—=,
X 35 4(%) 7% 735

1 2 3
from  Py(x) = 5(5x3—3x),x3:gp3(x)+gx,

1,0 2 2 1
Z(3x-1), X =S (x)+—
S 037 1), ¥ = E P+

from B(x)

and x = PB(x); 1=PF)(x)
Substituting these values, we have

Px) = %H(xﬁgx2 —%+2x3+2x2 -x-3

= ﬁP4(x)+2x3 +Ex2 108
35 7 35
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8

= 35P( )+2[7

8 4 20 , 1_ 108
= £P4( )+5P3(x)+—x2+fx——

= L@+ B+ | T R()+3

8 4 20[2 1} 1x 108
35 5 713 3

8 4 40 1. 224
= £P4(x)+gP3(x)+EP2(x)+fx——

8 4 40 1 224
= —DP(x)+=P(x)+—DL(x)+=P (x)-—P,(x
35 2 (%) 5 3 (%) 21 > (%) 5 1(%) 105 o (%)

' 1 1
@ Example 3: Prove 1+§P1(COSG)+3P2(COSG)+...

) o]

Solution: From the generating function, we have

YR (x) = (1-2hx+h2)/> Q)

Integrating w.r.t. & from 0 to 1, we get

> 1 ! = ' dh .
zofoh P,(x)dh = Lm ...(ii)

Replacing x by cos 6 on both sides, (ii) gives

or

or

gpn (cos e)j:h" dh

J'l dh
0 J(1-21 cos+h?)

Sipcoso] 1 } R
=0 o 0 \/[(h —cos0)? +sin’ 6]

Z (©090) _ og (- coso) + JL(n=coso) +sin*0]

= log{(1-cos0)+ \/[(1 —cos0)? +sin? 0]} —log (1 —cos 0)
= log{(1-cosB)+/[2(1-cosB)}] —log(1- cosb)
log (1-c0s0)++/2,/(1~cos0)

(1-cos0)

Ji(T = cos0)} /{(1 - cos0)} +v/2,/{(1- cos0)}
\/{(1 - cose)}\/{(l— cos0)}

= log
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Py(cosB) 1

1 2

1 1
or 1+§P1(cose)+§

' Example 4: Show that

(a) B,(1)
(b) P, (=x)

n

Hence deduce that P,(-1)

Solution:
(@) We know that

Putting x =1

+—P1(cos9)+%

[(1-cosB)]++2
8 [(1-cosB)]

e
o3

1+sin9
= log—
sin—
2
1+sin9
by(cos0)+... = log 0
sin—
2
1+sin19
Py(cosO)+... = log——2— [+ By(cos0) = 1]
sin—0
2
=1
= (D)"P,(x)
=

= (1-2xh+h?)/?

(1-2h+h*)1/2

= (1-h)7"

= 1+h+h2+. . +h"+...

Equating the coefficients of h", we get P,(1)=1.

(b) we have

(1-2xh+h*)/?

- iwa@
n=0
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Now, (1+2xh+h*)/? {1-2x(~h)+(-h)*}*/?

= Sy

Again (L+2xh+ 1?2 = (1=2(-x)+ h+R?)7 /2

3P, (—x)

n=0

From (i) and (ii) we have

oo

n=0 n=0
Equating the coefficients of h" from both sides, we get
P, (-x) = (-1)" P,(x).
Deduction: Putting x = 1, we have

(1) = (-D)"R,)

D"[+P,(1)=1].

(l—xz)%—Zx%Hi(rHl)y =0, putting y=P,(x)
(1-x%)P, (x)—2xP,(x)+n(n+1)P,(x) = 0
(@) Puttingx =1, in (i) we have
2P, (1)+n(n+1)P,(1) = 0

1
“n(n+1
S1(n+1)

(b) Putting x =-1 in (i), we get

LOVELY PROFESSIONAL UNIVERSITY
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2P (1) +n(n+1)P,(-1)

or P,(-1)

Il
o

' Example 6: Prove that P,(0)=0, for n odd and

(<1)"?n!

P 5, for n even.

O = 52

Solution:

(i)  We know that

(—1)”_1%11(11 +1)

—%n(n +1)P,(-1)

Bx) = =

2(2n-1)
when 1 is odd, say n=(2m+1), then

1.35..{22m+1)-1
Pupa(s) = D }x[x

Putting x=0, we get B,,,(0)=0,
ie., P,(0) = 0whennisodd.

Also, we have

(1-2xh+h*)/?

\g!
=
s
Py
2
|

or Y 1"B,(0)

1.3

1+=.(-h*)+==
=h7) 24

Hence all powers of I on the R.H.S. are even.

135..2n-1) {x” _n(n=1) o n(n=1)(n-2)(1-3) 4 }

24(2n-1)(2n-3)

1+12)7 72 ={1-(-h)*}

(-h?)*

-1/2

1.3.5
+7
24.6

Equating the coefficient of /*™ on both sides, we have

Py (0) = P2 gy
(2m)!
22" (m!)?

_ (_1)m
i.e. when n = 2 m, then

(<1)"2u!
2" {(n/2)}’

n

(=h*)*+

2m+1 _ (Zm + 1)(21’1’1 +1- 1) x2m+1—2 +
2.022m+1)-1)

,135..2r-1)

24.2r

[ B.(=1)=(=D)"].

(=h*) +
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' Example 7: Prove that (1-2xz+ 2*)2 is a solution of the equation

|
o

0%(zv)  d { 2 av}
—_ ]»_ -
z 9z° +8x (1=x )ax

Where
vy = (1-2xz+2%)7"/?

Solution: Let

oo

v = (1-2xz+2%)"/?2 =ZZ"P

n
n=0

oo

or zv = Zz"”Pn
n=0
2 =)
z—(zv) = n+1)nz"P,.
@) = e n,
v —
Also > Zz P,

n=0

05

9 & ey
ax[(l—xz)ggz Pn}

= (1-«° )2 Z"P, — 2x2 2"p,
n=0 n=0
Substituting this in the L.H.S. of the given equation, we get

0*(zv) 0 { 2,0V
I e AN
02> +ax (1=x )Bx

- } = Y+ 102", +(1-x%)2"P, - 222"}
n=0

= Y 2"[(1-x*)P, - 2xP, +n(n+1)B,]
n=0

= 0 since P, is a solution of Legendre’s equation.

Self Assessment

2. Show that

1-22 i N
A-2xzs 2P = Y @n+1)B,(x)z".
n=0

Laplacéd®s First Integral for P (x): when n is a positive integer. Show that

P,(x) = %J‘On[xi,/(xz—l)cosq)}xdq).

Proof: From integral calculus, we have

[

232 i
0 atbcoso [(u2—b2)} where 42> ()

7
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Putting g =1-hx and b=h./(x* -1)

so that > -b* = (1-hx)* =h*(x*-1)=1-2xh+h>
Thus, we have from (i)

-1

n(1-2xh+h?)"? = jon[l—hxihd(xz—l)cos(])] do
= Jon[l—h(xi\/xz —1)cos¢]ld¢
= J.On(l - ht)_ld(]) where ¢=x++/x% -1 cos O

or Y "B, (x)

Equating coefficient of " we get

np,(x) = J: t'dp = Ion[x + \/ﬂcosﬂn ao

_[n(l—ht+h2t2 Fo AR L) do
0

P.(x) = —I[ Cosq)T do

Deductions

(i)  Putting x =cos@ in above relation, we get

1 . .
P, (cos0) = Ejo (cosB+isinBcosd)"'dd.
(ii) If we take n =1 and +ve sign, then we get
1rem
P (x)= Ejo [x +/[(x* - 1)] cosq)} do.
Laplace®s Second Integral for P (x): When n is a Positive Integer. Show that

P,(x) =

1 T mco5¢]n+l

Proof: From integral calculus, we have

In 49 = T, where a*>b% (i)
0 atbcosd \/(az -1?)

Let g=xh—1 and b=hy/(x* 1)

so that 2 -b> = 1-2xh+h?
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By putting these values in (i) we have

-1

T4 xhthf( —1)coso-1] do
Jy[enn ]

n(1-2xh+h*)"/?

-1

. 91/2 i
or h[l 2x %_‘_h%} = J.[h{xi- (xz—l)cosq)—l} o

0

. 25k - [0t s ool T

n=0
_orf, 17!
R
1 1 1 1
= .[o?[1+?+t7+"'+t7+"}d¢
= [t o
T 1
= |, 2o
N ¢
;J.o ht [x-_h/(xz —1)COSB:|H+1
1

Equating the coefficient of s we get

1 T mcow}n_l

Deductions: Replacing n by —(n+1)in above relation, we get

Py(x) = fJ.

{ T4(x —1)cos¢}_n
= %j:{xi,/(xz—l)cosq)}xd(])
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2.4 Recurrence Relations for Legendre Polynomials Notes

I. Prove that

(2n+1)xP,(x) (n+1)P,;(x)+nP,_;(x)

We now have from generating function
(1=2hx+1*) 2 = NP, (x)
Differentiating both sides w.r.t. i we have

—%(—2x+ 2h)(1-2hx+ B3P = Y i IB, (x)
n=0

Multiplying both sides by (1-2hx+h?); we get

oo

(x=h)(1-2hx+h2) 2 = (1=2hx+h*) Y nh""P,(x)

n=0
or
(x=h)YW'B,(x) = (1-2hx+h*)Y nh""'B,(x)
n=0 n=0
Expanding

(x=I)[ Py(x)+ 1 Py (x)+ 1* Py(x)+...] = (1-2hx+h)[ Py (x)+ 2Py (x)+3h> Py(x) +...]

Comparing the coefficients of 1" on both sides, we have

XB,(x) =B, (x) = (n+1)P,q(x)=2xn B, (x)+(n=1)P,_;(x)
Rearranging terms, we have

xP,(x)+2xnP,(x) = (n+1)P,,(x)+(n-1+1)P_,(x)

or

2n+1)xP,(x) = (n+1)P,,(x)+nP,_(x)

II.  Prove that

nP,(x)

xP, (x) = P, (x)
Proof:
Consider the relation
(1=2hx+122 = DB ~(A)
n=0
Differentiating w.r.t. h, we have

oo

(—%)(—295 +2m)(1=2xh+ 1) = N kP, (x)

n=0
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III.

or
(x—h)(1-2hx +h*)/?

Differentiating (A) again by x, we have
(-2h)(=1/2)(1-2hx +h*)>/?

or

h(1-2hx +h?)>/?

N nh" P, (x)

Multiplying (B) by & and (C) by (x —h), and subtracting we get

nY nh"P, (x)
n=0

oo

(x—h) Y "D, (x)

n=0

Now comparing the coefficients of i" on both sides we have

()P, (%)

which is the recurrence relation II

Prove that

(2n+1)P,(x)
Proof:
From recurrence relation I

(2n+1)xP,(x)

Differentiating w.r.t. x we have
(2n+1)xP, (x) +(2n+1)P,(x)
From recurrence formula II
xP, (x)
Substituting in (A) we have

(2n+1)[nP, (x)+ By (x) |+ (21 +1) P, (x)

@n+1)[(n+1)B,(x)+ Py (x)]
or rearranging
(2n+1)(n+1)P,(x)
Removing common factor we have

(2n+1)P,(x)
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Self Assessment
3. Prove

(n+1P,(x) = P, (x)-xP,(x)
4. Prove that

n[Pn—l(x) - xpn(x)]

(1-2)*P,(x)

2.5 Orthogonal Properties of Legendre Polynomials

Prove that
+1

(i) j P,(x)P,(x)dx =0 if m#n and
-1

+1

(i) [(P(x)Pdx=

-1

Proof:

2
2n+1

From Legendre equation P,(x) being solution of it so we have

d*P,(x) ,_dP,(x

=) -2 S v ) = 0
. d% {(1_3[)2dlj,ilix)]+n(n+1)ﬂl(x) =0 ..(A)

In the same way, we have

A=) BB nmann@ =0 L)

Multiplying equation (A) by P, (x) and (B) by P, and subtracting

Pm%[(l—xz)%}—Pn{%{(1—xz)%(x)]}+[n(n+1)—m(m+1)]Pm(x)Pn(x) =0 ..(Q

Integrating equation (C) between the limits —1 to 1, we have

RIS %[(1—xz)%}dx—J:an(x)%{(l—xz)%}dx+(n—m)(n+m+1)

+1

x[ PP, dx = g

-1

Integrating by parts we have

‘:Pm(x)(l_ xz)dP"T - TW(l—xz)de —[Pn(x)(1_ xz)M}

+1

dx |4 dx dx 14
+1 +1

+ ipn(x)(l-xZ)MdH(n—m)(nmn)jPm(x)Pn(x)dx - 0
’ dx dx 4
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+1 +1
O_J. dpm(x) dPn(x) (1—x2)dx—0+ dpn(x) de(x) (1—x2)dx+
% dx dx dx dx

+(r—m)(n+m+ 1)j P, (x)P, (x)dx

-1

]
(=)

or (n—m)(n+m+1)J+lP () P,(x)dx = 0

m n
-1

Thus

0 for m#n

[ PP, ()

This proves the first part.
To prove (ii)
We have
(1-2xh+h*)" = (1-2xh+h?)2 (1-2x+h?*)"

- [ZhP(x)}{Zh Pm(x)}
n=0

m=0

= ih“ P2(x) +zi W™ P,(x) B,,(x)

n=0 m=0
n=0
m#n
Integrating between the limits —1 to +1, we have
41 o 41 o +1 d
" P?(x)dx +2 W™ (x)P, (x)dx = [——&
jz 7 () IZ @B = [
: “1m=f a
m#n
w 4 +1 i
Thus P PX(x)ydx = |y
25 Il %) :[(1—2xh+h2)1/2

1+h

_ 1y (mf-zlo
= o0 %%\ 1en) T %8 1o

)

Expanding the R.H.S. in powers of i, we have

S 1
th”]. P?(x)dx
n=0 -1

Il

[uny
—_——
‘:‘
[S)

+
| =
1=
IS

+
/L\\
&

+

| =
=
IE

IS
Nt

I
N
Ms
=
N
VR
Y
il o
—_
N—
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Legendre’s Polynomials

So comparing the coefficients of h*" on both sides we have

2 =
fl B@dr = o (G)
+1 0 for m#n
Thus '[Rn(x)Pn(x)dx = 2
for m=n
-1 2n+1

From the properties of Legendre’s polynomials we can prove certain results.

2.6 Expansion of a f(x) in terms of Legendré®s Polynomials

Since Fy(x), P (x),P,(x)... a set Legendre polynomials are orthogonal in the range of x, (-1,1),

any function f(x) can be expressed in terms an expansion series involving F,(x) i.e.
flx) = ZCHP”(x) for x in the range —-1<x<1 (i)
n=0

M ultdplying equation @) by P, (x) and integrating over the limit -1 to 1, we have

+1 o +1
[ f@p@dx = Y., [ B(x)R,(x)dx (i)
-1 n=0 -1
Now
+1 0 if m#n
f Bu(x) Py(x)dx =y 2 ...(iii)
if m=n
-1 2n+1
Substituting in (i) we have
+1 P
:[tf(X)Pm(x)dx = Cm(2m+1) ...(IV)
' Example: Expand f(x) in the form
2GR ),
r=0
Where
[0 1<x<0 .
flx) = 1 0<x<l (i)
We know
f(x) = EC;‘Pr (x) (11)
r=0
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Notes where

C = (zrgl)jl.P,(x)dx for r=1,2,.. (i)
0
Putting r=0,1,2,3, ....
1 1 1
1 1 1 ¢ 1
CO = E-'.Po(x)dx—ij.l.dx—ixj.—i
0 0 0
1 1 1
3 3 3x*; 3
Cl = Ejpl(x)dx—ijxdx—i ?J—Z
0 0 0
51
C, = Ejpz(x) dx
0
1
- fj ~(3x2 - 1)dx
0
_ 5| 3x° 1_
- 4[5-4[_0
0
71
C, = EjP3(x)dx
0
71
= Z[=(5x® -3x)dx
d
4 4 2
L 0
Z_E_ﬁ}
i )
Z_L‘ﬂ__z
T 4] 4 6
1 3 7
So fx) = EPO(x)+ZP1(x)—EP3(x)+
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Legendre’s Polynomials

Self Assessment Notes

5. Obtain the first three terms in the expansion of the function

0 -1<x<0
x O<x<l1

fx) = {

in terms of Legendre’s Polynomials and show that

flx) = %PO(x)+%P1(x)+Z—ZP2(x)+...

Prove that all the roots of P,(x)=0 are distinct
Solution: If the roots of P,(x)=0are not all different, then at least two of them must be equal.

Let o be their common value. Then

B(o) =0 (i)

|:Hered—p = P’]
dx

I
o

and P,; (o)

Since B,(x) is the solution of Legendre’s equation

(1—x2)d—2213,,(x)—2xdp”(x)+n(n+1)Pn(x) =0 (ii)
dx dx

Differentiating (ii) r times by Leibnitz’s theorem, we get

) r+2 . n+1 . dr
(I-x )WPn(x)—Zx o b (x)=2'c, o B, (x)
-2 xiP(x)+1 - p ) |+ nn+1) 4 p (%)
dxr+1 n 1 dx” n dx’ n =0
dr+2 dr+1 drpn(x)
or (1-x)? o Pn(x)—Zx(rCl +1)an(x)—|:21’c2 +2r¢, —n(n+1)]7 =0 .. (iif)
Putting r=0,x=0
| d? d
(1-a”)| —5P,(x) —20([—1’,1(3()} +n(n+1)P,(a) = 0 (iv)
dx . dx o,
Since iPn(x) =0 and P,(a)=0,s0
dx =0
d*P,(x)
dx? v 0 v)
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Notes

Similarly putting r =1, 2, ... in (iii) and simplifying stepwise, we have

But since

P'() = 0=P°(a)=0=0..= P"(ct) =0 (Vi)
Bi(x) _ = 71'3"'(5_1)-"#0 ...(vi)

Therefore our assumption that B,(o) =0 has a repeated root is not correct.

Hence all the roots of P,(x)=0 are distinct.

' Example: Find the roots of P,(x)=0

As

%(3;8 -1)

Pya) = O =%(3x2 -1)

302 = 1
o = +1/J3

So the roots are
0 = 1/ \Bdy=
1 V3

Self Assessment

Show that the roots of P;(x)=0 are

Legendre’s Differential equation is obtained from Laplace equation in spherical polar

Legendre’s Differential equation has x =11, as well as x =« as regular singular points.
So Legendre’s Differential equation is solved as a power series.

It is found that Legendre polynomial P,(x) is a finite power series having " as the

6.

£l

5 5

2.7 Summary
L]

co-ordinates.
[ ]
L]
[ ]

highest power of x.
[ ]

The generating function for P,(x) is found to be (1-2h+h*)™"/2 = Zh”PH (%)
n=0

LOVELY PROFESSIONAL UNIVERSITY
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Legendre’s Polynomials

° Rodrigue’s formula for Legendre polynomials help us to find a few P,(x) i.e. Py(x), P (x),

P, (x),......

° Orthogonal properties of P,(x) are obtained. It is seen that {P,(x)}n=0,1,... form a

complete set in the range —-1<x <1.

o Just as Fourier series we show that a function in the range —1<x <1 is expanded in terms

of P,(x)’s.

2.8 Keywords

Regular singular points of Legendre equations are x =+1 and x = .

Legendre polynomial P,(x) is a terminating series with highest power of x as x™.

Generating function of the Legendre polynomial is (1-2hx+h*)" = Zh”Pn(x)

n=0

Rodrigue’s formula has been obtained and certain properties of P,(x) are obtained in a straight

forward manner.

Recurrence relations between various Legendre’s polynomials obtained are useful in expressing

higher polynomials in terms of Fy(x) and P (x).

Orthogonality properties of the Legendre Polynomials obtained, help us in evaluating certain
integrals easily.

2.9 Review Questions

Show that
L B(x)-P,(x)=(2n-1)P,_(x)

+1

2n
2. I X Py(x) Py (0)dx =5

3. xPy(x)=Py(x)+9P(x)

4, Show that all the roots of P,(x)=0 are real and lie between -1 and +1.

5. Prove that

8 6
xt-3x% +x E£P4(x)+£P2(x)+Pl(x)
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Notes

2.10 Further Readings

N

Books Piaggio H.T.H., Differential Equations

Yosida, K., Lectures in Differential and Integral Equations
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Richa Nandra, Lovely Professional University

Hermite Polynomials

Unit 3: Hermite Polynomials

CONTENTS
Objectives
Introduction
3.1 Power Series Solution of Hermite Polynomials
3.2 Generating Functions of Hermite Polynomials H,(z)
3.3  The Rodrigue’s Formula for H,(x)
3.4  Orthogonal Properties of Hermite Polynomials
3.5 Recurrence Formula for Hermite Polynomials
3.6 Summary
3.7 Keywords
3.8 Review Questions
3.9  Further Readings

Objectives

After studying this unit, you should be able to:

° Solve second order differential equation like Hermite equation.

° Familiarize yourself with the properties of Hermite Polynomials through generating
function.

o Obtain certain relations involving Hermite polynomials with the help of Rodrigue formula.

o Solve certain integrals. You can express any function f(x) in terms of Hermite polynomials
H (x).

o Relate some Hermite polynomials in terms of others with the help of recurrence relations.

Introduction

In the previous two units you have learnt the method of Frobenius in solving second order
differential equations in power series. This method will help us to solve Hermite differential
equation. In this unit we will be able to solve the equation for —ece <x <o range.

Just as the generating functions were introduced in the previous chapter, here in this chapter
also it will be introduced for Hermite polynomials. Also orthogonal properties and recurrence
relations are very important in understanding the properties of Hermite polynomials.

3.1 Power Series Solution of Hermite Polynomials

Consider the following equation, containing a parameter A,

d( 2dy 2
*(6 ;)+27\e vy =0 (A)

dx x

LOVELY PROFESSIONAL UNIVERSITY
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Notes

On the infinite open interval (—o,%). Here we take as boundary conditions the following: as

X — =20, and as x — +o0, y(x) tends to infinity of an order not greater than a certain finite power

of x, i.e.
yx) = O(xk) asx — oo .(B)

The equation (i) is written as

e dy o edy o
e dx2—2xe dx+2ke y =0
or
LY 0oy = g i
i Ta T ()

d
From the coefficients of —= and y, it is clear that there are no singular points except x = ztco.

dx

Hence its solution can be given by a power series by Frobenius method

2 ax"* (i)
r=0

y()
Which converges for |x| < ce.

k+r-1

e
Il
Nk

(r+k)a,x

,:
Il
o

and — a,(k+r)(k+r—1)x""2

33
]
Nk

‘:
Il
o

Substituting in (i), we have

N a [ (k) e+ r =12 =20k + 1) + 2047 ] = 0,
r=0

or ia, [(k+r)(k+r =12 =2(k+r=1)x"*"] = 0 ...(iif)

r=0
Now (iii) being an identity, we can equate to zero the coefficients of various powers of x.

Equating to zero the coefficient of lowest power of ¥, i.e., of x*2, we get

a,k(k—1)=0.
Now a, # 0, as it is the coefficient of the first term with which the series is started.
either k=20
or k=1 ..(iv)

Equating the coefficient of x*! in (iii) to zero, we get

a(k+1)k = 0 (V)
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Hermite Polynomials

which implies that 4, =0 or k=0 or both are zero, since k+1#0 for any value of k given

by (iv).
Now equating to zero the coefficient of general term, i.e., X in (iii), we get

A o(k+r+2)(k+r+1) = 2a,(k+r—A)=0

2(k+r—-A4)
or a = 4,
+2 (k+r+2)(k+r+1)
2(k+7r)—2A . )
of B2 = (ktr+2)(k+r+1) " (Vi)
Now two cases arise —
Case I: when k = 0, then from (vi), we have
_2r=2h y
T2 = (r42)(r+1) " ...(vii)
Putting r =0, 2, 4, etc. in (vii), we have
=2\ 2\
a, = H(lo = —?{10
_4-2h (4-2M).20
f T Tz 2T 40
22(=2+ M)A 2°MA-2)
= ag = ay
4! 4!
and so on.
(-2)"AMA=2)...(A-2m+2)
a = 110.
2m (2m)!
Again putting r =1, 3, 5, etc.
_o2-2h 0 2(A-1)
% % T3 MTTT g M
6—2A
5 = T54 B
_ =2(6-20)(A-1) .
- 5432 !
A-1(A-3
= (_2)2 % a
and so on.
(-2)"(A-1)(A-3)...(A—2m+1)
G = @m+1)! “
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Notes

Now if a; #0, then we have

r=0

= gy @X+ Xt Fax .

2 _n\m _ _
“ 12k 0 PMA=2) 4 (2)AR-2)..(A=2mH2) 5,
4! (2m)!

2
+ﬂ{x_2(x-1)x3 L2O-D(R-3) 5
3! 5!

(2" (A=A =3)...(A=2m+1) 241 +}

(2m+1)! ...(viii)
and if a, = 0, then we have
20 5 2°MA-2) (=2)"AMA=2)... (A =2m+2) 5,
y = 1—§xz+Tx4+...+ 2m)! Mt (ix)

v, (say).

Case II: When k =1, from (vi), we have

2(r+1)- 21
e T (res)re2)

Puttingr =1, 3, ... etc.

a, = a,=..=0 (each).
Since in this case from (iv), 4, = 0
Putting r =0, 2, 4, ... etc.
C2-20 2(A-1)
7 T3 0T T
6-2A 2(A-1)(A-3
4 T Tpg BT ( 3)'( bay
and so on.
(—2)’"()»—1)()»—3)...()»—2m+1)u
By = 2m+1)! ‘
we have

3 5 2m+1
ApX + X" +ayX" +...+ a4y, X +...

LOVELY PROFESSIONAL UNIVERSITY
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Hermite Polynomials

) Notes
2(A-1) 3 2°(A-1)(A-3) 5

= ay|x- x”+ X+t
3! 5!

(2)" (=D =3)...(A=2m+1) 21
2m+1)!

+...

= y, (say) .(x)

From (viii) and (x) it is obvious that (x) is the part of solution, given by (viii). But as the two are
the solutions of the same equations so (x) must not be the part of solution (viii).

a, = 0 and the solution in the case k = 0 must be given by (ix).

Hence the general solution of Hermite’s equation is

y=Ay,+By,,
where A and B are arbitrary constants and ¥,,Yy, are given by (ix) and (x).
Hermite’s Polynomials

When A is an even integer, equation (ix) gives an even polynomial of degree 7.

Let A = n, n being an even integer and let

|

a = _1\n/2 n:
o = (D) F)’
5 :

Coefficient of x" in (ix) is

(=2 2n(n-2)...(n-n+2) _ 2’1'2(2_1)'”1_2”

2 Nt -
(-1) 2(n)! r (n/2)!
2

Similarly coefficient of X"

n (2" -2)...(n-n+2+2)

—(—1\"/2
=1 (n/2)! (n-2)!
2"a(n-1n/2(n/2-1)...2
(n/2)!
—_ (7’1 1)271 2
1!

and so on.

So value of y is given by

n(n 1)

n(n_l)(n_z)(n_3)(2x)n—4+.“+(_1)n/2 n!

(2)"+ 2! (1/2)!

y, = (29"~
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Notes

This value of y_is known as the Hermite’s polynomial of degree n and is written as

a hnm-=1) w2 n(n=1)(n-2)(n-23) -4 w2 1!
= (2x)" - 2 + 2 +...+(-1 —_—
) = o ="y - (o (T
(n/2) ! .
or  H,(x) = Z;, -1 W(Zx)
n n/2 if n is even
where (E) = {1 o
E(n -1) ifnisodd

A first few H,(x) are given as follows

Hy(x) = 1,H;(x)=2x

Hy(x) = (2x)>-2=4x*-2

Hiy(x) = (2x)° —%(n) = 4x(2x* -3)

12 4321
H) = @02+ 22210
1 2
16x* —48x” +12

Self Assessment
Fill in the blanks:
1. Hermite polynomial H,(x) is a ...cc...... series.
2. As x— oo, Hy(x) tends to infinity of an order not greater than ............... power of x.

3. H;(x) satisfies equation (i) for A = ...............

4, The value of Hy(0) iS .cooveeunneee.

We now give some of the properties of Hermite polynomials like generating functions, Rodrigue
formula, orthogonality relations and the recurrence formulae.

3.2 ¢ enerating FunctionsofH erm ite Polynom ialan(.X')

To prove that

or

H, (x e
show that H,x) are the coefficients of " in the expansion of the function e

(known as
n

generating function for H,(x)),
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Hermite Polynomials

We have Notes

eth—tz - 62[;( _2

x

= (2t) & (1)
_ 2(;) 2(5!)

r=0 : s=0

oo

2 (_1)5 @ ‘tr+2s

Is!
720,520 r:s:

Coefficient of " (for fixed value of s)

[obtained by putting r + 2s = n, i.e., r =n — 2s]

. (Zx)n—Zs

= D (n—2s)!s!

The total value of " is obtained by summing over all allowed values of s, and since r =n-2s
n—-2s>20ors<n/2

Thus if n is even s goes from 0 to n/2 and if n is odd, s goes from 0 to (n - 1)/2.

Coefficient of t"

1}
M
I~
~
-
—_
A
:
"
N
=
B
3
N
!

, o
Hence ¢ = ELH,,(x)

e-’fz_(f_x)z = Zi'Hn(x)'

Other form for the Hermite Polynomials

Prove
2
- 2ol 5
We have
lieth - te2tx
2 dx
i(liem) = 217%™
dx\ 2 dx
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Notes 1d (1 d eth) 2 2
— =— = te
2dx\ 2 dx

2
or (lij (:’th - 2(/_262159(
2 dx

1d ! 2tx 2t
—— | e = g n 2ix
(2 dx) te

Hence

Equating the coefficient of " from the two sides, we have

S A | T
P 4 dx? || n! = EH”(X)

2
or H,(x) = 2" {exp.(—iddz}x”.
x

Self Assessment

42
5. Obtain the expression for H,(x) from generating function e

d
6. Obtain the expression for aH a(X) from the generating function 2"

7. Show that for odd 7.

H,(0)=0
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Hermite Polynomials

8. H,(x)—2xH,(x) is Notes
(@) positive
(b) zero
(c) negative

(d) none of the above

3.3 The Rodrigue’s Formula for H,(x)

To Prove
H0 = (e’ (o) ()
dx
Proof:
We have e2fx—t2 - 2 Hn(x) tn
~ n!
or ot-0? _ Ho(x) 04 H1(x)t+ H,(x) 2
0! 1! 2!
o+ H,(x) "+ Hyn(*) 4
n! (n+1)!

Differentiating both sides, partially with respect to t, n times and then putting t = 0, we have

H,(x) " | 2 ..
Tn! = |:atn€ (t ):|t_oe ...(11)

Now let t—x=p, ie,att=0,x=—u

9" 2 0" (e
or [at”e " W(E )
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Notes First few Hermite Polynomials from Rodrigue’s Formula

From Rodrigue’s Formula for H, (x)

H,(x) = (-1)¢". ‘j: (e-xz)

Puttingn=0,1, 2,3, ... we get

= %{(43(2 - 2)@"‘2}

R {—23((43(2 - 2)6"‘2 +8xe }
I [(—st + 12x)e_x2 } =8x>-12x.
Similarly, Hy(x) = 16x*-48x>+12etc.

3.4 Orthogonal Properties of Hermite Polynomials

Prove
Jm 2y (OH, (x)d 0, ifm#n
e L(0H,,(x)dx =
- Jr2i(n)! ifm=n
—t2424x < tn
We have e = ZH,Z(x)—
~ n!
—s24+2sx - s"
and e = Z;)Hm(x)%
S o s"
o222 = Z;Hn(,C)EZ;)[_IW(X)ﬁ
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Hermite Polynomials

1 — 2 X 7q2 SX
nlmlH"(x)Hm(x) = Coeff. of g™ in the expansion of e ™ **

J: e"‘an (x)H,,(x)dx is equal to n! m! times the coefficient of t"s" in the expansion of
J_: e—xz .e—t2+2tx.e—sz+2$xdx
NOW J —t2+2tx s +stdx
- 6—1!2—52 .[:Qe—x2+2tx+25:cdx
_ J‘:e—[xZ—(t+s)2+(t+s)2:|dx

= s J‘ « ef[xf(Hx)]de

265 [T -u? :
= e j e”" du, putting x — (t +s) =
= 25x, (since .L., e du=~"n )

= \/—[1+2ts+(2§') +...+(2ts)n+..}

n!

Coefficient of t's" in the expansion of
° 2 _2 _2
I e ¥ A2 T2 g

is0if m#n

ifm=n.

and

2"Jn
n!
We can also write it as follows

_[_ “H 2(X)H,, (x)dx = \/_2"11'8

where Smn is Kronecker delta defined as

5 = 0, ifm#n
mN ifm=n
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Notes

Self Assessment

9. Using Rodrigue’s Formula derive the Hermite’s polynomials H,(x)and H;(x)
10.  Evaluate
Foo 2
_[ xe ™ Hy(x) Hy(x)dx
11.  Evaluate
haed 2
J xe ™ Hy(x)dx
3.5 Recurrence Formula for Hermite Polynomials
() Prove
d
EH"(x) = 2nH,_;(x) forn>1
We have from generating function
o Hau (0t 2
= e (i
2 0
Differentiating both sides with respect to x, we have
iﬂdHn('x) - 2t ert—tZ
n=0 m dx
< H, (x)t"
YR NEEUACOL
B ; n!
N Hn(x) n+l
= ZZO nl t Letn+1=n’
o H,_(x)t"
_ 2 n’=1
- ;;1 (n’-1)!
or
ZL dHn(x) _ 22 Hn—l(x)f (11)
n=0 m dx n=1 (1’1 - 1)
Comparing #* on both sides we have
H;(X) _ 2anl(x) dHn(x) _ 1y
= - Here T H; (x)
or
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Hermite Polynomials

or H, (x) 2nH,_,(x) Notes

N
=
=

=

2

I

(1T 2nH,_;(x)+H,,(x)

SH o,

we have

i Hn(x) n tn—l _ e—t2+2tx (—2t + zx)

n=0 n!
N Hn('x) n-1
or Z; (n=1)1 t = 2 e—t2+2fx 0y e—t2+2tx
N Hn('x) n-1 X Hn(x) n N Hn(x) n
or ;(n_l)l A —2t§7t +2xn§=;7t
(Since term of L.H.S. Corresponding to n = 0 is zero)
v Ha () S H < H
2x 1 "o n(x) n+l n(x) n-1
or ; ! 220 ol t +Zo(n_1)!t

or

Equating the coefficient of ", on both sides, we have

H Hyr(3) , Hyo (%)

S TR T TR

or 2xH,(x) = 2nH, ,(x)+H,,;(x)

(1) H,(x) = 2xH,(¥)-H,;(x)

Writing recurrence formulae I and II, we have

H, (x)

2nH,_,(x) (i)

and 2xH,(x) = 2nH, {(x)+H,,(x) ...(ii)

Subtracting (ii) from (i), we have

Hrlt(x) 2x Hn(x)_Hn+1(x)

(IV)  H;(x)—2x H,(x)+2nH,,(x) 0

Hermite’s differential equation is

dy  dy
LY o yony =
dx? X dx "y 0

LOVELY PROFESSIONAL UNIVERSITY



Notes Since H, (x) is the solution of (i), hence, we have
H; (x)-2x H,(x)+2nH,(x) = 0

Illustrative Examples

' Example 1: Evaluate

Jm xe"‘zH” (x)H,, (x)dx

Solution: From recurrence formula II, we have

XH,(x) = 1, 1)+ Hya ()
[Cre e = e a0 Bl @i

nJ.:o e—Xz Hn—l (x)Hm (x)dx + %J. e_xz Hn+1 (x)Hm (x)dx

oo
—oo

nn2"  (n-1)18,, , +%ﬁz”*l(n +1)18

n+l,m

\/Ez!’l—l n!sn—l,m + \/E(zn)(n + 1)!6n+1,m

where § is Kronecker delta.

Example 2: Prove that H;) =4n(n-1)H,_,
Solution: From recurrence formula I, we have
H) = 2nH,, (1)
Differentiating with respect to x, we have
H/ = 2nH,, ...(ii)
Replacing n by (n — 1) in (i), we have
H,, = 2n-1H,, ..(1if)

From (ii) and (iii), we have

H;! = 4n(n-1)H,_,
' Example 3: Prove that, if m <n
d" 2"n!
= H
dxm { n(x)} (Tl —Ti’l)' nfm(x)
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Hermite Polynomials

Solution: We have

Putting n+m=r,n=r—m,forn=0;

r=m,forn=oco,r =00

" d
- m
“nldx

H,(x)

e—t2+2fx

m
a" _on
dxnl

= (Zt)m e—t2+2fx

o 1
= m t"H
X Hen®)

r=m

Equating the coefficient of " from the two sides, we have

1 dil
@)} =

n! dxm

d n

()} =

Solution: We have
iL
n=0 n!
Putting x =0

oo

ti’l
2 H0

n=0

Example 4: Prove that H,,(0)=

‘Yl’l 1
(n—m)!

HVI—WI (x)

2"n!

(n—m)!

H,_ . (x) QED.

Ol and (i) Hapr (0) =0
n!

1"

2
—t <42t
e X

2
= et

n!

= {1—t2+(t;?2+...+(—1)”w+..}
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Notes (i)  Equating the coefficients of ", on both sides, we have

1

(Tn)!Hzn(O) = (—1)"%

or Hy,(0) = (-1)

ii)  Again equating the coefficients of #2"*1 on both sides of (i), we have
g q g ,

Y H,.0 =o0 Since RH.S. of (i) does not invol
Q2n+1)! 2n+1 = [Since R.H.S. of (i) does not involve
odd powers of t]
Hence H,,1(0) = 0.
Example 5: Prove that
P(x) = j £ e H, (xt)dt.
" Jr !
Solution: We have
(n/2) )
H, (x) = -1 2x)2"
(%) 2()r,(n2(>
(n/2)
H,(xt) = 2( -1y~ )(thr‘ =
2 T 2 had 2(n/2) n!
t"e™" H (xt)dt = n =t 1\ n-2r
ﬁngfo n(xt) \/E.n!-[ote 20,( W oy

(1/2) pn-2r+1 rn=2r 1
2 (_1) x J-N 2 2("_”5)_1
= ——| et dt
> 0

Jn rli(n—2r)!

r=

(n/2) 211—2r+1 (_1)rxn—27 1 ( 1 j
= ——— | n-r+—-
&~ Inri(n-2r) 2 2

|:Since ZJ.OM ) F(n)}

(L 22 (<) 2" [2(n—1)]!
ot =2r)1220 (n— 1)1

r=0

{Since r(x +l) _@0)!Jn }

2)7 22 1
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Hermite Polynomials

(n/2) n-2m
- Yy Sy

o P m—2ni=r "

Hence,

2 Con -t
PO IO t1e  H, (xt)dt.

Self Assessment

12.  From recurrence relation II Obtain the value of H;(x). Given that
H,(x)=4x*-2; H (x)=2x
13.  Prove that
H; (x)-4nxH, ;(x)+2n H,(x)=0
14. Prove that
L0 _ 1, ()
dx
3.6 Summary
o Hermite differential equation has no finite singular points except x=zxco. Therefore
Frobenius method involving a power series solution is obtained.
° There are two independent solutions corresponding to two different values of indicial
power.
° For )\ =n a polynomial solution called Hermite polynomial is obtained.
° Hermite polynomials are seen to be generated by a generating function.
° Orthogonal properties of Hermite polynomials are obtained. It helps in expressing any
polynomial in terms of H, (x).
o Recurrence relations established help in expressing every polynomial as well as its
derivatives in terms of two or three Hermite polynomials.
3.7 Keywords

Boundary Conditions are the behaviour of the solution of the differential equations in the
initial value of the independent variable as well as at the final value of independent variable.

Frobenius Method: At an ordinary point as well as at regular singular point, helps in evaluating
the solution as a power series.

Orthogonality relations of Hermite polynomials are relations involving integrals of two

Hermite polynomials. These relations help us to see that H,(x) form a complete set.

Recurrence Relations are relations between two or three polynomials for all values of n and x.

Rodrigue Formula Expresses H,(x) in an alternative way than that of finding a solution of

differential equations.
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Notes 3.8 Review Questions

1. Use the Rodrigue’s formula to drive the Hermite polynomials H,(x)and H;(x)

2. Evaluate
teo 2
I x e ™ Hy(x)Hjz(x)dx
3. Show that
H, (x) = 2xHy (x)

4. For what value of n, H,(0)=0?

5. From generating function show that

Hs(x) = 32x° =160x> +120x

Answers: Self Assessment

1 Terminating
2 Finite

3. n

4 12

5. Hy(x)=(4x*-2)

dH,, (x)

dx = 2”Hn—1 (x)

8. b
9. H,(x)=4x"-2, Hy(x)=8x"-12x

10.  4Jn

11. Zero

3.9 Further Readings

Books K. Yosida, Lectures on Differential and Integral Equations

L.D. Landau and E.M. Lifshitz, Quantum Mechanics
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Richa Nandra, Lovely Professional University

Laguerre Polynomials

Unit 4: Laguerre Polynomials

CONTENTS
Objectives
Introduction
41 Solution of Laguerre’s Differential Equation
42  Generating Function for Laguerre Polynomials L, (x)
43 Rodrigue’s Formula for Laguerre Polynomials L,(x)
44  Orthogonality Property of Laguerre Polynomials L, (x)
45 Recurrence Formulae for Laguerre Polynomials L, (x)
4.6 Summary
47 Keywords
48 Review Questions
49  Further Readings
Objectives
After studying this unit, you should be able to:
o Use generating function which helps you to familiarise with more properties of Laguerre
polynomials.
o Use Rodrigue formula which is quite helpful in making you more familiar with properties
of Laguerre polynomials.
° Employ of orthogonal properties to evaluate certain integrals.
o Use recurrence relations to correct one set of polynomials into another.
Introduction

Laguerre polynomials are shown to satisfy Laguerre differential equation. This equation has

x=0

as regular singular point whereas x = is an irregular singular point. A power series

solution is obtained by Frobenius method.

Generating function is obtained wherein it will be seen that most properties of Laguerre
polynomials are obtained orthogonal properties, recurrence relations Rodrigue’s formula for
Laguerre polynpmials are very important and almost all properties of L (x) are obtained from
the above relations.

4.1

Solution of Laguerre’s Differential Equation

Consider the following differential equation containing a parameter A.

(x e_"y’)’ +Aey=0
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Notes

On the infinite interval (0,%°), we take as boundary conditions the following:
y(x) remains finite as x — 0,
y(x) tends to infinity as 0(x)as x — co.

The above equation when expanded is equal to

xe 'y ' —e(x-1)y'+rey = 0

or
xy’+(1-x)y’+ry = 0 (i)
d
Here y = ?Z

Equation (i) has only one finite regular singular point x =0 whereas x — « is irregular singular
point. So we can apply Frobenius method to express the solution of (i) as a power series:

y = 2”7 XM .. (ii)

n=0

oo

d
& 2 a,(k+r)1

r=0

a,(k+r)(k+r—1)x""2

and -— = ;

|
>ﬁg k:!d
s

‘
Il
o

Substituting in (i), we get

zﬂ, [(k +7)(k+r =1+ (1-x)(k+ 7)1 + ;\ka] -0

r=0

or
Y a [(k4r) =+ r =2 ] =0 ...(iii)
r=0

Now (iii) being an identity, we can equate the coefficients of various powers of x to zero.

Equating to zero the coefficient of lowest power of x, i.e., of x¥! we have

a k> =0
Now, a4 #0, as it is coefficient of the first term with which the series is started.
k=0

Equating to zero the coefficient of general term, i.e., of x**", we have

’

a(k+r+1)?—a (k+r=2) =0
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Laguerre Polynomials

(ktr—2) Notes
o1 = =0
(k+7r+1)
for k=20
r—A .
drv1 = m“r ~(iv)
Putting r=0,1, 2, ..., in (iv), we have
A
a, = ——ay=(-1)ha,
1
1-A AMA—-1)
a = ?‘11 =(-1)° Q1) )
2-A AMA-T)(A-2
a; = 7 L= (—1)3%)(2)110 etc.

P MA=D(A=2)..(h=r+1)

Hence o = () (r!)z 0

From (ii), we have

vy = iarxr=a0+ﬂ1x+ﬂ2x2+...+urxr+___
(29 (3"
+...+(-1) }\'()L_l)(;-!;?_r'l'l)xr_’_”} o
If A =n
y = Go|1-73 x+n$!;2 x2+___+(_1)2H(ﬂ—l)(.}.’.!ggl—r+1):|

_ n =1 (n-r+1)

) aor:O( 1) (1’!)2

= 4 \ (_1)7 n! o

Laguerre Polynomials

The standard solution of Laguerre equation for which a, =1 is called the Laguerre polynomial

of order n and is denoted by L, (x).
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Notes

Ly(x) = %(6—18x+9x2—x3)

Self Assessment

1.

The value of L,(0) is

@@ O (b) 1
o -1 (d) None of these
Ly(x) satisfies Laguerre’s differential equation for A equal to
@ -1 (b) 3

© 2 )

Fill in the blanks:

The Laguerre polynomial tends to infinity as a ............... power of x as x — eo.
Laguerre polynomial L,(x) is a polynomial having a leading power of x equal to
(@ n (b) Zero

(¢ One (d) None of the above

4.2 Generating Function for Laguerre Polynomials L, (x)

1 —tx /(1-t) . n
To prove —e¢ =» t"L (x).
p T EO n (%)

We have

1 —tx /(1-t) 1 «—1 ( xt )r
— ¢ = il R,
1-t 1—t2r! 1-t
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Laguerre Polynomials

= i(—l)’ x’t’{1+(r+1)t+7(r+1)2(!r+2) #2 +}

!
=0 r!

°° -1)" rrN +5)! s
- 2|:(r!) xtg(rr!ss!) 't}

i (-1) (r+s)!xt'r+s

2
= (r1)~s!
Putting s+r=n, ors=n-r, we get the coefficient of ", for a fixed value of r as

n! ,

b

Therefore the total coefficient of " is obtained by summing over all allowed values of 7, since

s=n—rands=>0
n—-r>0orr<n.

Hence the coefficient of t" is

n

YA = L)

ary (r!)z(n —r)!

1 o
Hence ﬂe B/ o Zt"Ln(x).

Self Assessment

5. Obtain the expression for L,(x) and L,(x) from the generating function

1 —tx /(1-t) N n
—e =3 t"L,(x)
(1-1¢) nzz:‘)

6.  Show that from the generating function

L,(0)=1forn=0,1,2,...

7. Obtain the expression for L;(x) from the generating function

1 —tx /(1-t) . n
—e =y t"L (x)
(1-1) ;

8. Whether 2L,(x)-x*+4x is equal to
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Notes

4.3 Rodrigue’s Formula for Laguerre Polynomials L, (x)

To prove

L,(x)

ex dﬂ
n! dx"

(x"e_") forn=0,1,2,... (i)

Proof: Using Leibnitz’s theorem we have

X gn
e d . (xne—x)
n!dx

Hence L,(x)

f;Tx'|:xn(_1)n e +n-n- xn—l(_l)n—l e+
+ an_ D, n(n-1)x"2(=1)"2e ™ +...+nle™ }
¢ ;'_ |:(—1)”x" +(-1)"! (:—nl')' X"t ..+n!:| ...(ii)
(_1)71 n! X" (_1)n—1 n! xn—l +7'
(n!)? {(n-1)1}" 1 Con!
-1 UL L,(x) ...(iii)

td" n,—x
%!dx” (x"e).

First few Laguerre Polynomials from Rodrigue’s Formula

We have from Rodrigue’s formula

Putting n

Putting n

Putting n

X d2 . X d . .
%E(xze )=%E(2xe —x%e )

ex

E(Ze"" —dxe ™ + xze"x)
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Similarly,

Self Assessment

9. Show that

10.  Show that x° is given by

%(2—4x+x2)

%(6—18x+9x2—x3)

%(24—96x+72x2 -16x° +x4), ...etc.

Ly(x) ¢ & (xze_")

T2

X = 6[Lo(x) ~3Ly (x) + 3Ly (x) ~ Ly x)]

11. From Rodrigue’s formula show that

dLy(x) _

P =Ly (x)=Lo(x)

4.4 Orthogonality Property of Laguerre Polynomials L, (x)

To prove

J.:e_an(x)Lm(x)dx = 9J,,=

mn

Oif m#n
lifm=n

We have from the generating function of Laguerre polynomial, that

2 e t"s"L, (x) L,,(x)

m, n=0

Thus

J.o e”*L,(x)L,,(x)dx = Coeff. of s" "

in

L (t/0-0)
1-t
1 ;
e—xs/(l—a)
1-s
. 1 e—tx 10-0-525
(A-5)(1-5)
the expansion of Jme_x ¥e_tx/(l_t)';”/(1ﬂ)dx
0 (1-t)(1-5s)
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Notes

Ta-n" =)

(1—15)(1—5){1 t s }

_ 1 (1-t)(1-5s) 1]
(1-t1-9){1-t)(A-s)+t(1-5)+s(1-t)}
. (1-st)' = [1 +st+(st)? +(st)’ +...(st)" + :| (iii)
-
In which coefficient of s" "
is 0 if m#n .(iv)
and is 1 if m=n
Hence
- 0 ifm#n
[Ce L @L@a = 1) e,
or

o (Wherem,n,=1,2,3,...) (V)

[CeL@n@a = 5

Self Assessment

12.  Whether .[o e "Ly (x)L;(x)dx is equal to

@ 1 (b) 5

© -1 d o0
13. Find out

36,0 (3)

14. Prove that
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Laguerre Polynomials

4.5 Recurrence Formulae for Laguerre Polynomials L, (x)

II.

(n+1)Ln+1(x) = (2n+1_x)Ln(x)_nLn—1(x)

—tx

We have it"Ln(x) = (11_06[_(14)}

Differentiating both sides with respect to ¢, we have

oo

Nt (x) = 1 (1 x )e[_m_ﬂ

rar 1-12 0 1-t

= . . ot/ (1) 1
_ n- = (1-t ey
or (1-1) Znt L,(x) (1-1¢) sy X1 ¢

n=0

—tx /(1-t)

o

or (1- t)zin FIL(x) = (-0 'L, (x)-x it”Ln(x)
n=0

n=0 n=0

or (1 -2f+ tz)in "L, (x)

n=1 n=1 n=0

|
—
[y
|
—
M
~
2
=
—~
=
~
|
=
~~
2
=
—
=
~

or in "L, (x) - 25:11 "L, (x)+ in 1L, (x)
n=1

n=1 n=1

oo

= it"Ln(x) - i L, () = x ) E'L, (%)

n=0 n=0
Equating the coefficient of ¢ on both sides, we have
(4 1)Ly (¥) = 2= Ly (1) + (= 1)L, (%)
= Ln (.X') - Ln—l (X) - an (.X')

(2n+1-x)L,(x)—nL,_;(x)

or (1’1 + l)Ln+1 (x)

AL(x) = nL,(x)-nL, (x)

We have

Sene - Ldw

(-1

Differentiating with respect to x, we have
- 1 wjan(__t
2L = aop© 1-t
n=0

< 1 o
or A=-HYFLy) = —tg—e /0

n=0
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Notes

I

or (1- t)i 'Ly, (x) —ti "L, (x)

n=0 n=0

oo oo oo

or WL - D L) = =) L ()

n=0 n=0 n=0

Equating the coefficients of ", on both sides, we get
Ly()=Lia(x) = ~La(x)

or Lix) = Lia(x)-L,a() (1)
Differentiating recurrence formula I with respect to x, we get

(n+1)L,(x) = (2n+1-x)nL,(x)-L,(x)-nL,_;(x) ..(ii)
Replacing n by (n + 1) in (i), we get

L) = Lx)-L,E)

Also from (i) L (x) = L (x)+L,_4(x)

Substituting these values in (ii), we have

(n+1{L}(x) - L,(x)} (2n+1-2)L; (x) - L, (x) = n{L, (x) + L, 4 (x)}

or xL,(x) = nL,(x)-nL,(x)
n=1
Lx) = -2 L
r=0
We have it”L (x) = L
~ " 1-t

Differentiating with respect to x, we have

3L (x) -t (as in II)
n=0

Il
=
|
-
™=
=
<
—
=
~

Il
|
-
—
[y
|
~
~
iR
~
=
[l
<
—
=
~

I
|
L
Pay
—
+
=
+
=
N
+
R
.
ng
-
",
=
1
=
=
&

I
&

M
i

¢
=
=
Ko

_ i tr+s+1Lr(x) (1)

s=0,r=0
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Laguerre Polynomials

For fixed values of r, the coefficient of ' on the RH.S. is —L,(x), obtained by putting Notes

r+s+l=nors=n-r-1
Total Coefficient of " is obtained by summing over all allowed values of r.

Since s=n—-r—1landr>0

Therefore n—r—-12=0orr<(n-1).

Coefficient of ' on the RH.S. = —2 L,(x)

Therefore equating coefficient of t", on both sides of (i), we have
n-1
Ly(x) ==Y L (x).
r=0

Illustrative Examples

' Example 1: Prove that L (0)

Solution: We have

1.

~ 1-t¢
Putting x=0, we have

o 1 4

M L,0) = 7(1_t)=(1-t)

n=0
= 1+t
= Zt”

n=0
L,(0) =1

' Example 2: Expand x°+x* =3x+2 in a series of Laguerre polynomials.

Solution: We know that L,(x) is a polynomial of degree n. Since »° y x2 —3x +2 is a polynomial
of degree 3, we may write

3
X +x’-3x+2 = ECrLr(x) ...(3)
r=0

Putting values of Ly(x), L;(x), L,(x) and L;(x) from section 4.3, we have

3,.2 1 c
x’+x"-3x+2 = CO+c1(1—x)+cz.2—!(2—4+x2)+3—3!(6—18x+9x2—x3)
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Notes

or X Hx®=3x42 = (co+ey+cy+es)—(cg +2c, +3¢)x

+(C—2+§c3)x2 -G8
2 2 6

Equating coefficients of like powers of x on both sides of (ii), we get

Co+Cq+Cy+ey 2

c+2c,+3¢c; = 3

1(:2+§c3 = land-S2=1
2 2 6

Solving these, we get,
¢ = —6,C,=20,c;, =-19,¢c,=7
Putting these values in (i) we get

O +x?-3x+2 = 7Lo(x)=19L;(x) +20L, (x) — 6L5(x).

' Example 3: Prove that

xL) (x)+(1-x)L, (x)+nL,(x) = 0
and hence deduce that

L;,(0)

—-n
Solution: Since L, (x) satisfies the Laguerre’s equation

2
x%+(l—x)%+ny =0, forA=n

xL;’ (x)+(1-x)L; (x)+nL,(x)=0.
Putting x =0, we have

L;(0)= L, (0)

or L (0)=-n
Self Assessment

15.  Express L,(x) in terms of L;(x) and L,(x)
16.  Show that

Ly (%) = Ly (%) = Ly (%)
17.  Show that

L/ (1)+nL,(1)=0

LOVELY PROFESSIONAL UNIVERSITY
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Laguerre Polynomials

4.6 Summary

) Laguerre differential equation has x =0 as a regular singular point. Thus Frobenius method
is applied to get a power series.

o For A=mn,n being a positive integer we obtain a finite power series solution known as

Laguerre polynomials L,(x). The highest power of L, (x)isx".

° Like in the previous units here we show a generating function, Rodrigue formula for
L, (x).

) L,(x)forn=0,1,2... form an orthogonal set of functions and satisfy orthogonality
property.

° Various recurrence relations are obtained that help in understanding Laguerre polynomials.

4.7 Keywords

Laguerre Polynomials are a finite power series in x.

Frobenius Method: Laguerre differential equation has x=(0 as regular singular point. So
Frobenius method on application gives a power series solution.

Orthogonal Relations of Laguerre polynomials are relations involving integrals of two Hermite

polynomials. Due to these relations L,(x) forn=0,1,2,... form an orthogonal set of functions.

4.8 Review Questions

1.  Discuss the nature of singularities of the differential equation
xy”’+y —xy=0
2. Find all the singular points of the differential equation
(1—x2)y”—xy’+x2y=0
3. Show from recurrence relation III

n-1

L,(x)==-YL,(x)

r=0

Prove that

Jme_x dL, (x) -L,(x)dx=0, forn=1,2,...
0 dx

4. Show that Ls(x), L,(x) and L;(x) are related as

3L5(x) = (5= 1)L (x) = Ly (x)
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Answers: Self Assessment

(b)
©

finite

L e

n

5. Li(x)=1-xLy(x)= %(2—4x+x2)

7. L3(x)=%(6—18x+9x2—x3)

8. (©)
12 (d)
13.  L,(x)

4.9 Further Readings

N

Books K. Yosida, Lectures on differential and Integral Equations

L.D. Landau and E.M. Lifshitz, Quantum Mechanics
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Richa Nandra, Lovely Professional University Integral Equations and Algebraic System of Linear Equations

Unit 5: Integral Equations and Algebraic
System of Linear Equations

CONTENTS

Objectives

Introduction

51 Connection between a First Order Differential Equation and Integral Equation
52  Conversion of a Differential Equation of Second Order to an Integral Equation
5.3  Fredholm Integral Equations and Boundary Value Problem

54  Relation between Integral Equations and Algebraic System of Linear Equations
5.5 Summary

5.6 Keywords

5.7 Review Questions

5.8  Further Readings

Objectives

After studying this unit, you should be able to:

o Remind ourselves that in unit six we studied Picard’s method of showing the existence of
the solution of first order differential equations which let us to integral equations.

° Study how to express a differential equation with boundary conditions or initial conditions
into an integral equation.

° See the connection between an integral equation and an algebraic system of linear equations.

Introduction

In the next few units we are interested in studying various types of integral equations and see
how to solve them.

You will learn how to express a differential equation with initial conditions into an integral
equation.

In the case of boundary value problem of a differential equation we are let to Fredholm type of
integral equations.

By dividing the interval into segments we will see how the solution of an integral equation

reduced to an algebraic system to equations.

5.1 Connection between a First Order Differential Equation and
Integral Equation

In unit 6 we studied the existence and uniqueness of the solution of the first order differential
equation of the type

d
= fny) )

LOVELY PROFESSIONAL UNIVERSITY
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Notes

with the initial conditions that at x = x, y = y,. We assume that

1.

The function f(x, y) is real valued and continuous on a domain D of the xy plane given by
Xg=a<xX<Xg+a, Yy=b<y<yy+b ..(2)

where a and b are positive numbers

flx, y) satisfies the Lipschitz condition with respect to y in D, that is, there exists a positive
constant k such that

() = f(y) < Klya - v +(3)

for every pair of points (x,Y,), (x, y,) of D,

with the help of Picard’s method of successive approximation, it is then seen that y(x)
satisfies the integral equation

y@) =yo+ [ £t y(e)dt @)

The integrand f (¢, y(t)) on the right hand side of (4) is a continuous function, hence y(x) is
differentiable with respect to x, and its derivatives is equal to f(x, y(x)). Here the integral equation
(4) can be solved by the method of successive approximation.

Uniqueness of the Solution: We have obtained the integral equations (4) for the solution y(x) of
(1) satisfying the initial conditions x = x,, y = y,. There remains an other important problem, the
problem of uniqueness. Is there any other solution satisfying the same initial condition.
Fortunately under our two assumptions, we can prove the uniqueness of the solution. To see this
let z(x) be another solution of (1) such that x = x, z(x,) = y,. Then

) = o+ [ fit D)

By the assumption 2, we obtain for |x—x|<b

-2 = K| [ly(t)-=(t)at ~(5)
Therefore, we also obtain [x—xy|<h
‘y(x)— z(x)‘ < KN\x—xO\
where
N = Sup\x—xo\ <h ‘y(x) - Z(X)‘

Substituting the above estimate for ‘y(t) - z(t)‘ on the right side of (5), we obtain further

y(x)-z(x) < NKfx-x,* /12,
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for (x—x;) < h. Substituting this estimate for |y(t)—z(t)| once more on the right side of (5) we

have
ye)-2)] < KNJr=x['/13
for |x - x| < h. Repeating this substitution we obtain
ly(x)—z(x)| < NK|x —xo‘m /m!, m=1,2,..
for |x—xo| < h. The right side of the above inequality tends to zero as 1 — . This means that
N = sup, oy - 2()
is equal to zero. So the solution of y(x) by the integral equal is unique also.

5.2 Conversion of a Differential Equation of Second Order to an
Integral Equation

' Example: Convert the differential equation

2
ﬂ+2ﬂ_8y = 5x2—3x (1)
dx dx

with the initial conditions

dy
= =-2, % =3
X =0,y =2, o @
Solution 1: Let
dZ
Y = ﬁ:c(x) (3

Integrating (3) once yields the result

For x = 0, this gives

therefore

y(x) = jc(t)dt+3 ()

0
Again integrating (4),

x t

y(x) = ”G(t') dt'dt+3jdx+C2
0

00
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Integrating the first term on the right by parts we have

X

t x
y@) = [tf G(t’)dt’] —J-tG(t)dt+3x+C2
0 , o0
= xJ-G(t’)dt’— f VG (F)dt +3x +c,
0 0
or yx) = I(x—t')G(t’)dt'+3x+c2
0

Subjecting this to the condition

y(x) = -2atx=0
we get -2 = 0+0+c,orc,=-2
s0 y() = J.(x—t)G(t)dt+3t—2 ()
0
Writing (1) with the help of (3), (4) and (5), we have
G(x)+2_[G(t)dt+6—8j(x—t)G(t)dt—24t+16 = 5% -3x
0 0
or G(x)+_[(2—8x+8t)G(t)dt—5x2 —21t422 = 0 ..(6)
0
2
Where oo = ¥ ()
dxz ee

Solution 2: We follow an other method. In this method we integrate equation (1) from 0 to x,

]

|

=

|
N w

=

vl +2[yo]; -8[voa = 3

Py

or Y@=y 0)+29()-200) -8[ e = -2
but y(©0) = 3,y0)=-2

v(0)-2y(0) =1

0 3
y,(x)+2y(x)_8.|.y(t)dt = gx _Ex -1
0

Again integrating, we get

X

[y(t)]\;‘+2£y(t)dt—8£(x—t)y(t)dt = i
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- 0+X—8 +8t+2)y(t)dt = ix‘l—x—a—x
or y(x)=y(0) !( x+81+2)y(dt = ot
+x -8x+8t+2)y(H)dt = S X 8
or y(x) !( x+8E+2)y()dt = at-T ®)
=7

i z
d
Note: In this problem we have two answers, i.e. one for L | another for y for the same

dx
problem, but they lead to the same conclusion.

Self Assessment

1.  Express the differential equation
2
%—x%ﬂczy(x) =1+x with the condition at x = 0, y(0) = 4, Z—szo =2, into integral
equation.

5.3 Fredholm Integral Equations and Boundary Value Problem

Let us consider the following example of a second order differential equation with the given
boundary conditions and establish the integral equation

' Example 1: Express the differential equation

dZ
E% ay(x) =0,

with the boundary conditions

x = 0,y0)=0,x=1,y(1)=0,
as an integral equation
Solution: We have
2
Lrayw) = 0 0
with y(0) = 0=y() ...(ii)
Method 1: Let
d*y
de - G(X)
Integrating, we get
dy p
e IG(t)dt+c1 ...(iii)
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Again Integrating

<
—~
=
Na¥
]

X

{t’];G(t) dt}
0

X X

0

j.dt’];G(t)dt +¢+0y
0o 0

X
—It'G(t’) at’+cx+c,
0

- xjc(t)dt— I FG(f)dt+cpx+ e,

0 0

or

<
—~
=
Na¥
Il
ot—

For x = 0, equation (iv) gives

(x=t)G(H)dt+cyx+cy

0 = y0)=0+c0+c,orc,=0

Now (iv) becomes

y(x) = j.(x—t)G(t)dHclx
For t =1 0
y(1) = O:j-(l—t)G(t)dHcl.l
0
or ¢, = —j‘(l—t)G(t)dt
0

Now equation (v) becomes

ylx) =

1
0
- I(x—t)G(t)dt+j(
0 0
= j(x—1)+G(t)dt+

0

or y() = I K(x, G (t)dt

0
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xt—x)G(t)dt+ f (xt—x)G(t)dt

i

x 1
I(x—t)G(t)dt—fx(l—t)G(t)dt
0 0

I(x - t)G(t)dt+j(xt —X)G(t)dt
0

xX(t—-1)G(t)dt
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with K(x, t) =

Using this in (i),

Q
—~
=
~
+
IS
—
~
—~
\R
~~
~
%)
—~
~~
~
2
-~
Il

where G(x)

Method 2:

Integrating (i) from 0 to x

X X

jy"(t)dtmfy(t) it =

o
+
)
—
<
=~
-
=
=
~
I

or y'(x)-y/(0)+a j y(H)dt =

Again integrating,

O -y )] +a]

(x=1)t if t<x
{x(t—l) if t>x}

d*y =Dt t<x
' K(x't)_{(t—l)x, t>x

O C—
—
=
|
=
<
—~
—
—
QU
~
Il
o

or y(@)-y(0) -y O +af (x-Hy®yat = 0
0

or y(x)—y'(O)x+aI(x—t)y(t)dt =0
0

Putting x = 1, this gives

y(1)-y(0)+a

or as y(1) = 0, we have

O C—
—
[y
|
~
~
<
—~
~~
~
2
—~
Il
o

() = afa-ny@a
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y(x)—xa|(A-t)y(t)dt+a|(x-t)y(t)dt = 0

ce—
O C—

or y(x)+ajx(t—1)y(t)dt+a (x-Hyt)dt = 0

O C— 2

1
x(t dt+a_[x dt+a

X

or y(x)+a

O C— 2
o'—.&
Il
o

or y(x)+aj.t(x—1)y(t)dt+a_[x(t—1)y(t)dt -0
0

X

Taking

K o [Hx-1) , t<x
(tx) = {x(t—l) , t>x

So we get

y(x)+aj K(t,x)y(t)dt = 0 . (i%)

' Example 2: Express the differential equation

d’y(x)
dx?

+Ay(x) = flx) (1)

into an integral equation. Here y, i’ and f are continuous differentiable on the interval 0 < x <1
with the boundary conditions.

y(0) = 0=y()

Following the method 2, let us integrate (1) from 0 to x, we have

j.y”(u)du+kj.y(u)du—jif(u)du =0
0 0 0
or y(x) = y/(0)+ A f y(u)du— I fuydu = 0 -(2)
0 0
Integrating once again, we have
j.y/(x)dx -y (0)x+ kj.(x —u)y(u)du— j.(x u) f(uydu = 0
0

0
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N N Notes
or Y(@) = y(O) =y O)x+ [ (r=u)y()du= [ (r=u) fawydu = 0
0
or y(x)—y'(O)x+7»J. (x—u)y(u)du—j(x—u) Fuydu = 0 e
0 0

To find the value of y’(0), put x = 1 in equation (3), we get

O—y'(O).1+xj(1—u) y(u)du—j(l—u)f(u)du =0
0 0

so y(0) is given by

1

¥ () = ;\j(l —u)y(u)du— j (1-u) f(u)du (4)
0

0

Substituting this value of y(0) in equation (3) and rearranging terms we get

v = A -uy@ydu=f =y @i [ (1-u) fadu+ [ -u) ) du
0 0 0 0
or ylx) = )»j.x(l—u)y(u)du—kj(x—u)y(u)du+)»_[x(1—u)y(u)du+j(x—u)f(u)du—
0 0 X 0

x 1
J-x(l —u) f(u)du —j(l —u) f(u)xdu =0

0 x

Simplifying the above equation we have

X 1 1
y(x)=)»J-u(l—x)y(u)du+)»J.x(1—u)y(u)du+J.ux 1) f(u)du— J.xl u) f(u)du=0 ..(5)
0 x 0 x
Defining
u(x—1) u<x
K(u, x) = {x(u—l) u>x

We write equation (4) as

1 1

y(x) = -\ f K(u,x)y(u)du+J.K(u,x) F(u)dx

0 0

Knowing K(u, x) and f(u), we know the second integral on the right hand side. Let us put
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Thus y(x) is given by the integral equation
y() = —AIK(u,x)y(u)dum(x) ()

Self Assessment

2. Express

2y”(x)=3y’(x) - 2y(x) =4e +2cos t with initial conditions y(0)=4,y(0)=-1, into
integral equation.

(Hint: Integrate the differential equation twice and use initial conditions.)

5.4 Relation between Integral Equations and Algebraic System of
Linear Equations

Consider the general linear Fredholm integral of the second kind for a function ¢(x) of the type

1
q)(x)—xf Kxy)dy = f(x) (0<x<1) (1)
0

and the linear Fredholm equation of the first kind is given by

1

[Keyomdy = f(x)  (0<x<1) -2)

0

The problem of solving (1) and (2) can be considered as a generalization of the problem of
solving a set of n linear algebraic equations in n unknown:

n

Nax, =b.  (r=12.n) (3

s=1

For this purpose we divide the interval (0 < x < 1) into n segments and define

K(x,y) = K, (r,s=1,2,..n)
and fx) = f.
Here, x, y are divided into strips as ..(4)
oo a<D =12,
n n
-1
Sn < ys— (s=1,2,3,..n)
Then equation (1) becomes
n s/n 1
o(x) = f+A f K, 0(y)dy (r; <x slj ©)
s=1(s-1)/n n n

Equation (5) shows that if a function ¢(x) exists it must be a step function, i.e.
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0(x) = o, (iq sl), (r=1,2,..1n)

n n
then equation (1) can be written in the form
0,-AY K0, = f, (r=1,2,3,...n) ..(6)
s=1
Define the determinant A with elements

A

S, —;K,s forr,s=1,2,..n

0 , r#s
and § =
s 1, r=s

If the determinant A does not vanish, then (6), and therefore (5) has a unique solution for any
given step function f(x).

In the same way if we take up equation (2) and use equations (3) and (4) then equation (2) takes
up the form

n s/m

-1

fo= YK [ oway e )
s=1 (s-1)/n n n

This case of (7) is different than that of (5) as here one cannot conclude that ¢(x) is necessarily a
step function. All that can be said is that if we set

s/n
o [ oy =,
(s-1)/n

then (7) becomes

)\’ n
F = —>»K =1,2,.. (8
T 2K (r=1,2,..n) ®)

Herex,, x,, ... x_give the mean values of ¢(x) is the successive intervals (0,1), (1, E)(L_l, E),
n)\n n non

So there are infinitely many solutions of ¢(x).

5.5 Summary

o In this unit we have seen how to convert a differential equation with conditions into an
integral equation.

o The existence and uniqueness of the solution of the integral equation is based on Picard’s
method which puts some conditions on the Kernel as well on the function.

o It is seen that the integral equation is reduced to a algebraic system of equations if we
divide the interval into segment.
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5.6 Keywords

Integral equation is an equation in which the unknown variable appears under the integral sign.

The conversion of a differential equation into an integral equation is possible if the function and
its first derivatives are continuous in the interval.

5.7 Review Questions

1.  Express the differential equation
y’+2y -8y =0

with boundary conditions y(0)=0=1y(1) as in integral equation.

2. Convert the differential equation
y”+2y —8y =5x* - 3x,

with y(0)=-2,y’(0)=3 into integral equation.

Answers: Self Assessment

x 2
1. G(x)+_[(x3 —x—4x%) G(t)dt =1+ 3x —4x2 —2, with G(x)= Z J
x
0
t
2. 2y(x)+J(—2t+2u—3) y(u)du=4 e -2 cosx—10t+6
0
5.8 Further Readings
Books Louis A. Pipes and Lawrence R. Harnvill, Applied Mathematics for Engineers

and Physicists
Tricomi, P.G., Integral Equation

Yosida, K., Lectures in Differential and Integral Equations
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Unit 6: Volterra Equations and L,
Kernels and Functions

CONTENTS
Objectives
Introduction
6.1 Classification of Integral Equations
6.2  Volterra Integral Equations
6.3 L, Kernels and Functions
6.4 Solution of Volterra Integral Equation of Second Kind
6.5 Summary
6.6 Keywords
6.7 Review Questions
6.8  Further Readings
Objectives
After studying this unit, you should be able to:

Know that integral equations can be of Volterra type equations of first or second kind or
they can be Fredholm type of first or second kind.

See that in the case of Volterra integral equations the upper limit depends upon the
independent variable while in the case of Fredholm integral equations the limits are
fixed.

Understand that there are certain conditions on the Kernels as well on the functions for the
existence of the solution. Here it is seen that the Kernels as well as the functions are L, class
and so the solution does exist.

Introduction

L, class Kernels as well as functions are square integrable. So if the iteration procedure is applied
one can see that product of two L, class Kernels is also L,-class.

This method enables us to find the resolvent Kernels by L,-class method and the solution of the

integr

6.1

al equation is obtainable.

Classification of Integral Equations

In the last unit we studied the integral equations by converting a differential equation with
boundary conditions or initial conditions. We see that the boundary conditions lead us to

integr

al equations of the type

y(@) = f) + [KGx,u) y(u)du (1)
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or J.K(x, u) y(u) = f(x) -(2)

In these cases the limits of integrations are fixed by some constants and the unknown variable
appears inside the integral sign. These equations are known as Fredholm integral equations of
the second kind (1) and the first kind (2) respectively.

We can also have integral equations of the following type.

y(@) = f) + [KGx,u) y(u)du .03)

X

or J.K(x, u) y(u)du = f(x) ..(4)

a

In the equations (3) and (4) the limits of integration depends on the independent variable.
Equations (3) and (4) are known as Volterra integral equations of the second kind and the first
kind respectively.

We can take up the various types of integral equations and study them and devise methods of
solving them. The solution of the integral equation is based on the properties of the Kernels
K (u, x) as well as the function f(x).

In this unit we concentrate on the Volterra integral equations and in particular see how the
solution of the Volterra integral equations are carried out along with the discussion of the
L,-Kernel.

6.2 Volterra Integral Equations

In the previous unit we had seen some difficulties in the solutions of the integral equation by
converting them into an algebraic system of equations. It is seem there that when dealing with
integral equation of the first kind we find the mean values of the function in the successive

intervals (0, 1) (1, Zj , .... and so therefore the equation (2) of that section will possess infinite
n)\n n
many solutions.

To avoid these difficulties, Vito Volterra investigated the solution of the integral equations in
which the Kernel satisfies the conditions

K(x,y)=0 ifu>x (1)

This corresponds (in the sense of the previous unit) to the simple case of a system of algebraic
linear equations where the elements of the determinant above the main diagonal are all zero.

We rewrite the integral equations of Volterra type of the second kind and first kind as follows:

t

y(¥) =% [ K(x, ) y(aoydu = f(x) e
0

and I K(x, u) y(u)du = f(x) -(3)

0

In this section we shall study the Volterra integral equation of the second kind (2) that we can
readily solve by Picard’s process of successive approximation as discussed in unit 6. We state by
setting y,(x) = f(x) and then determine y, (x):
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k Notes
v1(x) = f(x) + A K(x, ) flu)du

0
Continuing in this manner we obtain an infinite sequence of functions
Yo (%), y1(%), Yo ()., (%) .(4)

satisfying the recurrence relations

k

Y, (¥)= f(x) + A j K(x, u) y, 4 (u)du, (n=1,2,3..) .05
0
Setting
Yu(X) = Ya (0) = A" W, (x) (n=1,2,3..) ..(6)
and putting

¥ (x) = fix), we get

Y, (¥) = D A, () - (7)
Also  y,(x)= IOXK(x, 1), (u)du (=1,2,3,..)

t
Hence qll(x)zj. K(x,u) f(u)du
0
t u,
and (@)= [ K, ) duy [ K, u)fu)du
0 0
This repeated integral be considered as a double integral over the triangular region indicated in
the figure 25.1 thus interchanging the order of integration, we obtain

Figure 6.1

P T e

(@)

o) = [ fluy du[ K, ) K, )y

or W)= Ky u)f(u)du
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where K,(x,u)= J.XK(x, uq) K(uy, u)du,
Similarly, we find in general

v, (x)= j:Kn(x, u) f(u)du Mm=123,..) -8

Where the integrated Kernels are defined as
K, (x, u) = K(x, u), K,(x, u), Ky(x, u)......

are defined by the recurrence formula
K, (x, 1) = IOXK(x, ) K, (1, w)ddut, =123, .) .09
Moreover, it is easily seen that we also have

K (x,u) = -[0 Ky (x, uq) K, (g, u)duny

= J.OXK,O (o, uy) K, (1, w)duy ntsg=n+l ~)
where r,=1,8,=n.
Now Ky (x,u) = J.:K1 (x, uy) J.:l Ky (uy, u) K,y (uy, w)duyduy
Interchanging the integrals we have
Koo (rr) = Ko ) [ K ) Koo, )i
= [ Ko, ) Ko, )
= onKz(xr Uy) K,y (4, u)duiy
In the same way we get
Ky (x,u) = _[(;YK3(XI Uy) K,yp (uy, )duty
and so on. So we may write
Ko (x,u) = J.OXK,(x, u,) K, (uy, u)du, where (r=1,2,.n,s=n—-r+1) ..(10)

Now from equation (7)
Yu(0) =D A0y, (x)
v=0
- ng jo K, (x, u) f (u)du

= FG)+ Y[ K ) ()i
v=1

or yn<x)=f(x>+jo’[21<v(x, u)}f(u)du
v=1
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Hence if the solution exists, it should be given by letting n — < and given by

F(0)= Fx) = 1f Hex,, ) fladu (1)
where H(x, u, A) is the resolvent Kernel given by the series
H(x,u, M) ==Y V'K, (x, 1) -(12)
n=0

This method of successive approximation cannot only be applied to those of Volterra type
integral equations but a whole lot of other equations including the Fredholm integral equations.

' Example: Let the Volterra integral equation be given by
y@)=X-[-Hyidt  foro<x<1

The interacted Kernels are
Ki(x,t)=x—t

(=1
1.2.3.
3 (e 5
K3(x,t)=J.(x 7)1.2(2) t)dr:(s Et)

Ky (x, t) = f(x — 1) (r - tdr =

B (x _ t)Zn—l
K, (x, t) = on-1r

Hence

So the answer is

y(x) =sinx

6.3 L,-Kernels and Functions

In the case of Volterra integral equation

y(x)= F(x)+A[ K ) flu)du (1)

The Kernel K(x, u) and the f{x) are supposed to be continuous and differentiable in the double
interval 0 < x < h and 0 < u < h. They are consequently bounded in the L,-space. Namely the
Kernel and the function f(x) are quadratically integrable in the L,-space i.e. 0 < x < h and
0 < u < h where h is constant i.e. the integrals

h ph
IK|= jo jo K (x, u)dxdu < N -2

=] e 0
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exist and are finite in the Lebesgue sense while N is finite. Such a Kernel as well as the function
will be called L, Kernel and L2-function, respectively.

The consequences of the Kernel being L,-Kernel are many. One of them is as follows:
The functions

" 1/2 ", 1/2
A(x) = [ IO K2(x, u)du] , B(u) = [J‘O K2(x, u)dx} (4
exist almost everywhere for 0 < x <h an 0 < u < h respectively. Also A(x), B(u) belong to L, class.
and finally that
5 h 2 h 5
IKIP = [ A% = [ B (wydu -6)

Secondly, if ¢(x) is any L,-function in (0, ) then the two functions

h h
W)= [ K)o, w) = [ K s (6)

are also L,-functions. This is an immediate consequence of the Schwarz inequality

|[[ s <[ e [ gy
From (6) it follows that

Il < Il Il < 1o ~(7)

In the same way, it is easy to show that the composition of two L, Kernels K(x, u) and H(u, t) i.e.
the formation of two new Kernels

h
G, (x, 1) = jo K(x, uy) H(uy u)duy

g (8)
Gy (%, 1) = IO H(x, uy) K(uy u)du,
yields two new LZ—Kernels, such that
|Gl = IKIE], G < [HIIK] e)

and so on. In fact this last formula give us useful bounds for the norms of the iterated Kernels
K. < K" .(10)

Self Assessment

1. Show that the nth iterated Kernel K (x, u) satisfies the bound

K. < K"

6.4 Solution of Volterra Integral Equation of Second Kind

In the section we want to prove the existence and uniqueness of the solution of the Volterra
integral equation of the second kind

y(x) = 2| K, w) y(wdu = f(x) O<x<h) (1)
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where the Kernel K(x, 1) and the function f{x) belong to the class L,. In the last sections we had Notes

seen that the solution is given by the formula
XI (x,u, A) f(u)du
where the resolvent Kernel H(x, u, A) is given by the series of iterated Kernels
H(x,y, A 27»” o1 (%, 1)
The series (3) converges almost everywhere. H(x, u, A) satisfies the integral equation
K(x,u)+ H(x,u,\)= )\J.XK(x, z)H(z, u, A)dz
= )\J. (x, z, A) K(z, u)dz

Proof: with the help of the Schwarz inequality, we first find

2

K3(x,u)= UyK(x ;) Kty )dul}

<[ K2, w) du [ 1 ()i
Y ¥

h h
< [ K G | K, ) dy = A2 (x) B (),
and successively
K3(x,u)< J-:Kz(x, ul)dulj.:Kg(ul, u)du,
h X
< fo K (x, 1y )du, I V A2(uy) B (u)du,

= A2 ()R (w) | A%y )y
Yy

K3 (x,u)< I:Kz(x, uq )duy J:Kez,(u1 , u)duy
h x x
< j K2(x, u, )dulj' A%(uy) Bz(u)dul_[ A2(u)du,
0 v u

a2 2 2 2
= A%(x)B(u) L A. (ul?dul f A. (uz.)du2

In general, we can write

K2, (x, u) < A%(x)B?(u) F,(x, u) n=1,23, ..

where
F(x I A?(uy)duy, Ey(x, u J. A?(uy)F, (uy, u)dz, ..

or generally

J' A%(z ,u)dz, (n=2,3,..
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Notes Now we state that

F,(x,u)= %F{’(x, u) n=1,273.) ..(7)

This formula is obviously valid for n = 1. If it is assumed true for n = 1, it also remains valid
for n, since it follows from (6) that

T }1)! j;Az(z) EY(z, u)dz

1 X oF (z,u
=(7’l—1)|J.yF1 W'”%dz

! [1 EF'(z, u)}zzx _1 E'(x,u)

VIR T

E,(x,u)=

On the other hand from equation (2) of the section it follows that
f 2 2
0<F(x, u) sjo A2(2)dz<N
hence
1 2n
0<E,(x,u)<—N
n!
and by substituting into (5) we obtain
N”

K o (x, )| < A(x) B(u)ﬁ, (n=0,1,2,..)

Neglecting the first term, this shows that the infinite series (3) or that of equation (12) of
section (25.2) which gives the resolvent Kernel H, has the majorant

M(x, u)=| M| A(R) B(Lﬁ%'

where the last series always converges because the power series

i n
n=0 \/m
has an infinite radius of convergence. This is not sufficient to insure that the series (3) be uniformly
and absolutely convergent everywhere, but it is sufficient to ensure its uniform convergence
almost every where, because the functions A(x) and B(#) may become infinite in a subset of (0, 1)
of measure zero. However a fundamental theorem of Lebesgue allows the integration of the

series term-by-term, because M(x, u) is a L, function. In such a case, we will say that the series is
almost uniformly convergent.

If follows that term-by-term integration can be used to evaluate
) K(x, ) H(t, u, N)dt, j “Ho(x, uy, &) K(uy, u)dy

Remembering that

Ko = [ Ky 2K, (2 ) (h=1,2, =1 .8

we obtain the basic equation (4). Here the interchange of order improving (8) is allowed under
our hypothesis that K and hence K_and H belong to L,-class.
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With the help of (4), it is easy to prove that the function y(x) given by (2) satisfies (1). Also Notes
xj (x, 1, 1) f (u)du -.(9)

certainly belongs to L, proved that f(x) belongs to the same class. But then we have

o) - xj"K(x, u)yo () du

) f (x,u, ) f )du—k.[OXK(x, 1) f(u)du+wj:1<(x, z)dzJ.OZH(z, u, \)f(u)du
kj [ (x, u)+ H(x,u, A) - KI (x, 2)H(z, u, )\)dz}f( u)du

=f(x)+0=f(x)

So the function y,(x) from (9) is the only function of class L, of the given equation, neglecting the
function y(x) given by

y(x)—A J.OXK(x, u)d(u)du ...(10)

known as a zero function in L,-space. For this we observe that let v be the norm of y(x) in the
basic interval (0, &)

h
v? = | y*(x)dx
0
then from (10) using Schwarz inequality, it follows that
PO <IAP [ K uydu[ A2z < AP AXx)o?
0 0
and successively
ROH ] “K2(x, u)du ) " A2(2)dz = | A [ AR (x) ) " A2 (u)du
0 0 0
v ()< AL UZJ.XKZ(x, u)duJ.xAz(u)duJ.qu(z)dz
0 0 0
1216 2 a2¢ [ A2 Va2
=|A[f 0*A (x)j0 A (u)du_[o A2(2)dz

By analogy to (7) we have

X, uy Uyl o _l X, "<N2”
jo A (ul)dul_[o ...... jo A2(u,))du, _n!UO A (u)du} <— ~(11)

hence we can write

2 JC)S‘)\,‘Z UZAZ(X)(l}\‘lz Nz)n
n!

,(n=0,1,2,..)
and this shows that y(x) = 0 at any point where A(x) is finite. So we have shown that y (x) is a
unique solution of (1).

An alternative approx of proving the existence and uniqueness of the solution of the Volterra
integral equation is by Picard’s process of successive approximation method. It is advisable to
try it as an alternative as given in Yosida book.
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Self Assessment

Show that for L, Kernel K(x, t) the nth iterated Kernel of Volterra integral equation

Volterra integral equations are obtained by converting a differential equation with initial

For L,-Kernels the resolvent Kernel can be found by iterated Kernel in the limit of 1 — co.

For degenerate type of Kernels the resolvent Kernel can be obtained in a simpler way.

2.
K (x, t)is also L, class.
6.5 Summary
[ ]
conditions.
[ ]
[ ]
6.6 Keywords

Kernel that is L, class has the same properties as a square integrable integral.

The L, class nature of the Kernel as well as the function of L, class helps finding the solution by

iteration.
6.7 Review Questions
1.  What ae integral equation. Give examples.
2. How will you classify integral equations?
3. Account for volterra integral equations.
4. What are L, Kernel and functions? Explain with suitable examples.
5. Consider the volterra equation with Kernel function

K(t)=K,(t)+0

where k =2, 8 =107 and k, indefined by

1 -1
k (t) = —5——exp| —
A TN lekt]

construct a solution function.

6.8 Further Readings

N

Books Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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Volterra Integral Equation of the First Kind

Unit 7: Volterra Integral Equation of the First Kind

CONTENTS

Objectives

Introduction

7.1  Volterra Equations of First Kind, function and Kernel Classes

7.2 Reduction of Volterra Equations of the First Kind to Volterra Equations of the
Second Kind

7.3  Summary
74  Keyword

7.5 Review Question

7.6  Further Readings

Objectives

After studying this unit, you should be able to:
° Know various types of Kernels and how they help in solving the integral equations.

° Understand that it is difficult to solve Volterra integral equation of the first kind. It can
first be converted to Volterra integral equation of the second kind and the methods discussed
earlier in units can be employed to solve it.

Introduction

Volterra integral equations of the first kind is by suitable method converted into Volterra
integral equations to solve it by suitable method.

The resolvent Kernel can be found easily in the case of Volterra integral equation of the second
kind.

7.1 Volterra Equations of First Kind, function and Kernel Classes

In this unit we present methods for solving Volterra linear equations of the first kind which
have the form

X

IK(x,u)y(u)du = flx) ..(1)

0

Here y(x) is unknown function on the interval a < x < b K(x, u) is the Kernel of the equation and
f(x) is a given known function. The functions y(x), f(x) are usually assumed to be continuous or
square integrable on (a, b). The Kernel K(x, u) is assumed to either continuous or the square
a<x<b a<u<bor it satisfies the condition

bb
”Kz(x,u)dxdu = N2< oo -2

aa

ie. K(x, u) is of class L,. Also K(x, u) = 0 for u > x.
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Notes

We now classify some of the Kernels as follows:
1.  Degenerate Kernels or Poincere Goursat Kernels

The Kernel K(x, u) of the integral equation is said to be degenerate if it can be represented
in the form

Ko, u) = gu()hy (1) + go(x)hy(u) .. ()
2. Difference Kernel

The Kernel of the integral equation is said to be difference Kernel if it depends upon the
difference of the arguments,

K(x, u) = K(x—u).
3. Polar Kernels
They are of the form
K(x, u) = MJrM(x,u) 0<B<1 .(4)
(x—u)

where L(x, ) and M(x, u) are continuous on the square
a<x<bas<u<bandL (x,x)#0
4. Logarithmic Kernels
They are of the form
K(x, u) = L(x, u)log (x —u) + M (x — u) ..(5)

The following generalized Abel equation is a special case of equation (1) with the Kernel
of the form (4)

j‘y(u)du - f  0<p<i ..(6)
0

' Example: In case the Kernel K(x, u) and f(x) are continuous then f(x) must satisfy the
following conditions:

(i)  If K(a,a4)#0, then f(0)=0
(i) If K(a,a)=K!(a,a)= K*(a,a)...= K" "(a,a) =0, and
0<K!(a,a)< o,
then flay = fla)=..= f"(a)=0.

7.2 Reduction of Volterra Equations of the First Kind to Volterra
Equations of the Second Kind

Consider Volterra integral equation of the first kind

f K(x,u) y)du = fx) (1)
0
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Volterra Integral Equation of the First Kind

Also suppose that the Kernel K(x, 1) and the function f(x) have continuous derivatives on the Notes
intervala<x<banda<u<bie.

d oK (x,u) OK(x,u)
Ef(x)’ ox ' ou

exist and continuous, the equation (1) can be reduced to that of second kind provided k(x, x) # 0.

To see that differentiate (1) with respect to x,

: d
K(xx)y(x)+ [ aKé’;’”) y(uydu = ?{C
0
9 dt
a —K(x,u) -
or y(x)+j7391f< oy Y = K(ixx) )
0 / !

which is the Volterra equation of the second kind with Kernel

aa[K(x,uV
x
K(x,x)
af
d/ .
K(x,x)

If K(x, x) = 0 then we have to differentiate twice to reduce the equation to that of second kind.

and the function

There is a second method of reducing the Volterra equation of the first kind to Volterra equation
of the second kind. For this consider the equation (1)

X

J.K(x,u) y(u)du = flx) ..(1)
0
If we set j‘y(u)du = Z(x) (2)
0
Clearly Z0)y = 0

Now integrate by parts of L.H.S. of the integral i.e.

IK(x,u)%(u)du = flx)
0

u=x j‘ JK(r,u)

or K(x,u)Z(u)‘M=0 Z(u)du = flx)
o ou

or K(x,x)Z(x)—j.WZ(u)du = flx)
0
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or Z(x) - f K37”Z(u)du = K@) -(3)
0

which is Volterra equation of second kind with Kernel

oK(x,u)
ou
K(x,x)

and the function f (%( %) Here it is assumed that K(x, x) # 0. Applying the techniques of last

unit we can write the solution of Z(x) as

€O Ty fw)
209 = Yo _([H (1) g ()

where H* (x, u, 1) is the resolvent Kernel corresponding to the Kernel diK(x,u) / K(x,x).
u

' Example 1: Consider the Volterra integral equation of the first kind

X

J.K(x,u)y(u)du = fx) (1)
0
with the Kernel K(x, u) given by
K(x,u) = ¢
So the equation (1) becomes
e yan = fio @
0
Let us put
Iy(u)du = Z(x) .(3)
0
_ _dz(x)
So that Z(0) = 0 and y(x)= T

Substituting this value of y in (2) we have

[ e d2
f e wdu = flx)

Integrating L.H.S. by parts once we have

e Z (), +je’f—“2(u)du = fx)
0
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Notes

or z(x)+j.e"'”Z(u)du = flx) ..(4)
0

Which is the Volterra integral equation of the second kind. The equation (4) can be solved by the
method developed in the last unit. Here

K(x,u) = e'.e™ ..(5)

' Example 2: Consider the Volterra equation of the first kind

X

[KEwyw) = fo) (1)

0

Where K(x, u) is a degenerate Kernel of the form

K(ru) = g(x) 85 () +hy (x)ha () ~(2)
Substituting in (1) we get
J:.&(X)gz(u)y(u)du+j!:h1(x)hz(x)y(u)du = fix)
or
81(x)];.gz(”)y(u)du+h1(x)_)|:hz(u)y(u)du = fix) ~(3)

Let us introduce an other variable Z(x) by the relation

2(x) = [ ga(u)y(ydu (4)
0
where Z0) = 0
d
and 0 - gy -6)
So equation (3) becomes
X h g
2(x)Z (x)+h(xj B = fio)

Now integrating by parts the integral on L.H.S. we have

e o -

0

81(%) Z(x) + Iy (x)
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or

4
dx
0

(81082 ) 1 (0) (0] 2(0) - (V) | {hz(”’}zwwu - f0)g().

Simplifying equation (6) we have

r I (x) g5 (x) d [ y(u) B f(x)8x(x)
0] e e O Ty ] 0

So equation (7) is Volterra equation of the second kind. Putting

V) = M)$E) d | )
K™ (x,u) [1(x) g2 (x) + 1y (x) 1 (a)] d”{gz(”)}
and Ny = [&gals)

[gl(x)gz(x) +h1(x)h2(x)]

equation (7) can be put into the form
2(0)= [KN () Z@ydn = fN () (8
0

Knowing g;(x), g (x),h;(x),h,(x) and f(x) we can then solve equation (8) by the methods of the
last unit.

Self Assessment

1.  Solve the integral equation

V0 = )+ ) gy
0

7.3 Summary

° Volterra integral equation of the first kind may have a number of different kinds of
Kernels.

° It is sometimes useful to convert Volterra integral equation into Volterra integral equation

of the second kind.

° By converting Volterra integral equation into that of second order the method of solving
the Volterra integral equation of second kind may be employed.

74 Keyword

Volterra integral equation of the first kind is related to Volterra integral equation of the second
kind and the solution of Volterra integral equation of the first kind can be found by the methods
already used.
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7.5 Review Question

Convert the Volterra integral equation of the first kind

X

jK(x,t) y(t)dt = x°

0

where K(x, t) is a degenerate Kernel of the form

K(x,t)=xt+(x+1)(t+1).

into integral equation of the second kind.

Answer: Self Assessment

L) = A Gy
0

7.6 Further Readings

N

Books Tricomi, F.G., Integral Equation

Yosida, K., Lectures in Differential and Integral Equation

Notes
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Unit8: Volterra Integral Equations and Linear

Differential Equations

CONTENTS

Objectives

Introduction

8.1 Relation between Linear Differential Equations and Volterra Integral Equations
8.2  Conversion of Volterra Integral Equation of Second Kind into a Differential Equation
8.3 Summary

8.4 Keywords

8.5 Review Questions

8.6  Further Readings

Objectives

After studying this unit, you should be able to:

o Know that the existence and uniqueness of the solution of differential equations leads us
to the integral equations

o See the relation between the integral equations and the linear differential equations with
initial conditions.

o Understand that the solution of the integral equation also satisfies a certain differential
equation with boundary conditions.

Introduction

The connection between a differential equation and integral equation should be seen clearly.

This connection helps us to solve certain differential equations by converting it into an integral
equation and vice versa.

8.1 Relation between Linear Differential Equations and Volterra

Integral Equations

In the unit 24 we had seen that a differential equation of first order or second order under certain
conditions is converted into an integral equation. This idea can be further explained in details in
this unit. Let us consider an nth order linear differential equation as follows:

dny
dx"

dn—ly
dxn—l

dn—Zy
dxn—Z

+ a,(x) +a,(x) o +a,y = f(x) (1)

It is assumed that the unknown functions y(x), f(x), a,(x) a,(x),...a_(x) are continuous and
differentiable on the interval (4, b). The function y(x) satisfies the following initial conditions:

(n-1) (n-1)

¥(0)=y0,y'(0) = %5, y"(0) =Yg y(0) = Yo - ~(2)
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To convert the linear differential equation (1) into an integral equation we introduce a function Notes
0(x) by the relation

dn

=0(x) (3)

Integrating once we have by taking into account (2),

dn_l_y:|x = jx O(u)du

dxn 1 X 0

n-1 X
N

dxn—l

Integrating once more we have

dn—Z

Wy(x) Tty lx +I duj O(uq )duy
- n- ..(4)
=y + g [ G- w0t
In general integrating up to n times we have
2 ///x n-2 xn—2 n-1 x" - n 1
y(x)=yo + yox + yi E + yOI +. Y - + Yo (- 1) (=) I (x=u)" " o(u)du... . (5)

Writing (1) with the help of (3), (4) and (5) we have

o+ [ ot 0,0 5 o |

n-2 x2 n-1 1> 2
+u3(x){yo + Xy, +Ey0 +§I0 (x=u) ¢(u)du}+ ...... +oes

+a, [yo +yhx+ y(’,’xg Fotyy ! (:: o + " } 1)!J.;(x - n)"‘%(u)du] =f(x) ..(6)

Defining

2
F<x>=f<x>—a1<x>y3‘1—az<x>[y3‘2+xy3‘1]—a3[y3‘3+xyo +Yy }

Fov— a1, {yo +xyg + xL Yo+ ryg (:_ 1)!} -(7)
and
K(x, u) = ay (x) + a, (x) (x —u) + 1132(?‘) (x—u)* +..+a, (Tx _uin)!l
n k-1
or K(x, 1) = ;ak% .(8)
Substituting (7) and (8) into (6) we get
0x) + [ K(x, 1) o(u)du = F(x) 0
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So we have converted a differential equation (1) into the Volterra integral equation of the
second kind with Kernel given by (8) and the function given by (7). The unknown function being
given by (3).

' Example: Convert

2y”(x) - 3y’ (x) — 2y(x) =4e™ + 2cos x ..(1)
with y(0) = 4, y’(0) = -1, into integral equation
Let us put

¥'(%) = G() e

Integrating (1) with respect to x, we have

v @l = [, Glndu

or % -y'(0)= J.OXG(”)d”
%:—1+I;G(u)du -(3)

Integrating with respect to x again we have

y(x)\; =-x+ j: du, J‘Oul G(u)du

or y(x)=y(0)-x+ I (x —u)G(u)du

0
y()=4-x+ j;(x — ) G(u)du - (4)
Substituting from equations (2), (3) and (4) into (1) we have
2G(x)-3 [—1 + J.:G(u)du} - 2[4 -x+ f;(x —u) G(u)du} =4e™" +2cosx
Rearranging we have

2G(x) +f0xc(u)du [3-2(x—u)|=4e™ +2cosx—3+2(4—x) .(5)

26()+ | :K(x, u) G(u)du = F(x) ..(6)

where

K(x,u) = -3-2(x—-u)
F(x) = 4e™ +2cosx+5—2x =)

So we get Volterra integral equation of the second kind.
Self Assessment

1.  Convert the linear differential equation
d3y . ’ ”
+6y(x)=0 with y(0)=4,y’(0)=-3,y"(0)=2

dx’

LOVELY PROFESSIONAL UNIVERSITY

120



Volterra Integral Equations and Linear Differential Equations

8.2 Conversion of Volterra Integral Equation of Second Notes

Kind into a Differential Equation

We have seen that a linear differential equation with initial conditions can be expressed into a
Volterra integral equation. In this section we can show that an integral equation can also be
converted into a linear differential equation. To see that we take up the following example.

' Example: Convert the integral equation
y(x)=3x—4—2sinx+ j:[(x — ) = 3(x — ) + 2 ]y (u)du ()

into the linear differential equation.

Before attempting the problem we know that

d o bt 9 db da
il K wydu=[ SR wyGodu+ Kl 00 5= K ah] 5 -
using equation (2), differentiate (1) with respect to x, we have

y'(x)=3-2cosx + [(x —x)? =3(x—x)+ Z]y(x) + _[:[Z(x —u) =3y (u)du
or y'(x)=3-2cos x + 2y(x) + I;[Z(x —u) -3y (u)du (3)

Differentiating (3) again, we have
y”(x)=2sin x + 2y’(x) + [Z(x -x)— B]y(x) + J.UX(Z)y(u)du

or y”(x) = 2sin x + 2y(x) — 3y(x) + 2 _[O y(u)du (4
Differentiating equation (4) again, we have

y”(x)=2cos x + 2y"(x) — 3y’ (x) + 2y(x)
or y”(x) = 2y”(x) + 3y’(x) — 2y(x) =2cos x .(5)
Self Assessment

2. Convert the integral equation

y(x)=2x* = 3x +3cos x + J.Ox[Z(x —u +3(x-u)’+ 6:|y(u)du

8.3 Summary

o We have taken up the case of nth order differential equation and have seen how an
integral equation can be established.

o There is a strong connection between the initial value differential equation and the Volterra
integral equation of the second type or of first type.
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8.4 Keywords

The relation between the Volterra integral equation and linear differential equation with initial

condition has to be understood.

Method of conversion of differential equation to integral equation shows that the solution is
unique as we show that the new integral equation satisfies the original differential equation.

8.5 Review Questions

1.

Convert the differential equation
y7(x) = xy’(x) + X’y(x) =1 +x
with y(0) =4, y’(0) = 2, into integral equation.

Convert the differential equation

y7(x) =3y’ (x) + 2y(x) = 4[x - "2]

with y(0) =1, y'(0) = -2

Answers: Self Assessment

2.

x 3
G(x) + 3]0 (x - u)2G(u)du =18x - 24 - 32> with G(x) = %

¥ (x) - 6y”"(x) - 6y’(x) — 12y(x) = 3cos x

8.6 Further Readings

N

Books Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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Unit 9: Integral Equations

CONTENTS

Objectives

Introduction

9.1 Fredholm Equations

9.2 Types of Kernels

9.3  Methods of Solving Fredholm Integral Equations

9.4  Description of Some Methods used in the solution of Fredholm Integral Equation
9.5 Summary

9.6 Keywords

9.7 Review Question

9.8  Further Readings

Objectives

After studying this unit, you should be able to:
° Classify the type of Fredholm integral equations.

o Classify the Kernel of any integral equation i.e. is it symmetric or Poincere Goursat type
or of different type?

o Choose the right method of solving the integral equation.
Introduction

You have learnt in the previous few units the Volterra integral equation of the second and first
kind.

You will find similarities and differences in approach between the two types of integral equations.

9.1 Fredholm Equations

In the last three units we studied one type of integral equation known as Volterra integral
equation. In the next few units we are interested in studying an other integral equation known
as Fredholm integral equation.

In the case of Volterra integral equation we saw that linear differential equations with initial
condition lead us to Volterra integral equation. In the case of boundary value problem, the
differential equations can be converted into Fredholm integral equation.

Now the Fredholm equations can be of the form

Q(x)

b
Fx)+ f K(x,t) Q(t)dt (1)

b

AJK(x,t)Q(t)dt ()

a

or )
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Here K(x, t) the Kernel and f{x) the function are known and Q(x) is an unknown function on the
interval a<x <b.

Let ¥(x) be a function which satisfies the Fredholm integral equation
b
W) = g(t)+A f K(t,x)Q(x)dx -.(3)

Here K{(t,x)

K(x, t)

9.2 Types of Kernels

Just like in Volterra integral equation in the case of Fredholm integral equations are a variety of
Kernels as follows:

1.  Symmetric Kernels: Kernels having properties
as K(x, t) = K(t x)
are called symmetric Kernels.

2. Degenerate Kernels or Poincere Goursat type of Kernels. The Kernels of the type

K@ ) = D80 ()

These Kernels play an important part in the development of Fredholm theory of integral
equation like the eigenvalue and eigenfunction problems.

3. Difference Kernels: The Kernels of the type
K(x,t) = K(x-1t)

are known as difference Kernels. These types of Kernels do arise while converting a
differential equation with boundary conditions.

The conditions on Kernels are that they should be continuous and its partial derivatives should
be continuous. Also they should be square integrable.

9.3 Methods of Solving Fredholm Integral Equations

There are various methods of solving integral equations which can briefly summarized as follows:

(@) We can reduce integral equation to a differential equation which can be solved easily.

(b) The Fredholm integral equations can be solved by transform method. In this method the
Laplace transformation helps in writing an integral equation into an algebraic equation
and then by inverse Laplace transformation get the final solution.

(c)  The Iteration Method: The most important method of solving the Fredholm integral
equation is the iterative method. In this method the unknown function is expanded in
powers of the iterated parameter. This series is known as Neumann series. There is an
other alternate approach in which the Kernels are iterated up to nth times and then solved
the integral equations. The famous iterative method are that of Picard’s methods or by
using the idea of L, class Kernels in the iterative approaches.

(d) Numerical Methods: Sometimes the Kernel of the Fredholm equations is approximated by
a suitable Poincere Goursat Kernel on step functions, then the integral equations can be
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reduced to an algebraic system of linear equations. If the integral of the given integral
equation is replaced by a suitable sum then instead of dividing the basic integral into sub-
intervals of the same size, it may be useful to divide it according to the zeros of a certain
polynomial of Legendre. This method is developed in most books on numerical methods.

9.4 Description of Some Methods used in the solution of Fredholm

Integral Equation

In the next few units we are interested in studying the Fredholm integral equations. In the unit
29, we study the Fredholm equations by the method of successive approximation. In this iteration
method either the unknown function or the Kernel is iterated into a series known as Neumann'’s
series. The convergence of the series depends upon the iterative parameter and the nature of the
Kernel as well as the function in the domain a < x < b, a < t < b when the Kernel K(x, t) and the
function f(x) are square integrable. For this purpose the function as well as Kernel has continuous
derivations. Then in the unit 31 we will study the solution of Fredholm equations with a special
type of Kernels known as Poincere Goursat Kernels (P.G.). In the light of P.G. Kernels the
existence and uniqueness of the solution of Fredholm equations of both kinds. In the unit 32 the
final unit the famous Fredholm theorem on the existence and uniqueness of the solutions is
described along with the conditions put on the functions.

' Example: Express the differential equation

2
Yoy = 18x  y0)= y(Ej =0 (1)
dx 2
as an integral equation.
Solution: Integrating (1) from O to x,
x J ) x
-[d x+9_[y !18xdx
or 4y _ dy +9_[ = 9x2
dx
or y'(x)—y’(0)+9J.y(u)du = 9x2

0

Again integrating

Y@y~ ©O)x+9[ dt [ y(w)du 9%
0 0

or

X

)= 0) @49 y(uy [

0

3x3
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or y(x)-y'(0)x+ 9j.y(u)du (x—u) = 3x°
0

Putting x = /2 in (2) and using boundary condition we have

n/2

—y'(0)2+ 9 ! (g—u)y(u)du

3n3
Solving for 1’(0), we have
18"F(n
’ = -° o _ 2
v(0) - ! (2 u)y(u)du 67

Substituting in equation (3) we have

n/2 x
y(x)—& (E—u)y(u)du—6n2x+9_|.(x—u)y(u) = 3x°
i 2 4
18 18 n/2 x
or  y(x) Tx (g )()du—% G— )y(u)+9j(x-u)y(u) = 3% +6mix
x 0
or letting
F(x) = 3x (x*+2m?)
Bl(g—u)—%x—u) for u<x
and K(x, u) = T
&(E—u) for uzx
T \2

Equation (4) then becomes

n/2
y@) - [ K@uyw) = F@)
0

which is the required integral equation of the second kind.
Self Assessment

1.  Convert the differential equation
y” +4y =sin3x with y(0)=y(1)=0

into integral equation.
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9.5 Summary

° In Fredholm integral equations of first kind and second kind the upper limit of integration
is fixed.
° Fredholm Integral equation can be obtained from linear differential equations by applying

certain boundary conditions.

° Types of Kernels appearing in Fredholm equations are of the type; symmetric Kernels,
difference Kernels, Poincere Goursat Kernels.

9.6 Keywords

n

Degenerate Kernels or Poincere Goursat Kernels are of the type K(x,t)= 2 gi(x)h;(t) where

i=1
8i(x), hi(t) are known functions.

Symmetric Kernels: The Kernels K(x, f) having the property K(x, t) = K(t, x) are known as symmetric
Kernels.

9.7 Review Question

1.  Express the differential equation
() =y (x) =6y =2 +1
with ¥(0)=y(1)=0 into Fredholm integral equation.

Answer: Self Assessment

1. Gx)- 4j1<(x,t)c(t)dt = sin3x

where G(x)=4"(x),

K _[t1-x) t<x
(x't)_{x(l—t) t>x

9.8 Further Readings

&

Books Erwin Kreyzig, Introductory Functional Analysis with Application

Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equation
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Unit 10: Fredholm Equations Solution by the
Method of Successive Approximation

CONTENTS

Objectives

Introduction

10.1 The Method of Successive Approximation
10.2 Lower Bound for the Radius of Convergence
10.3 Summary

104 Keyword

10.5 Review Question

10.6 Further Readings

Objectives

After studying this unit, you should be able to:

o Realize that when the expansion parameter is small the unknown function is iterated in
powers of this parameter.

o Describe the Kernel iteratively in powers of the expansion parameter.

° Explain and calculate the iterated function y (x) or iterated Kernel K (x, f).

o Estimate the lower bound for the radius of convergence of Neumann series.

Introduction

You have learnt the method of successive approximation in the case of Volterra integral equations.

The method of successive approximation becomes all the more easy as upper limit of integration

is fixed.

10.1 The Method of Successive Approximation

The method of successive approximation in the earlier unit has been applied to the solution of

Volterra integral equation. This method can be applied even more easily to the basic Fredholm

equation of the second kind. Let us consider the Fredholm integral equation of the second kind.

Y@= [ Ko, ) y(adu = £(x) (1)

However, the solution obtained in this way has some difficulty in case |A| is not small and

hence may no longer converge. The method of successive approximation can be used more

easily because now all integrations are to be performed between the limits 0 and 1.

Now let

y(x) = £() + Ay (x) + A2y, (x) + ... (2)
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Fredholm Equations Solution by the Method of Successive Approximation

This is called Neumann Series. Substituting (2) into (1) we obtain

F0) + Ay (x) + A2 (x) + o — AjolK(x, ) [ F()+ My () + A2 (1) + o = f(2) . (3)

Comparing the powers of A on both sides we have
1
Wi () - [ K, w) fludu =0

W) = [KGe ) flupdu
1 1 1
wa(x) = [ K w0y = [ KGe, )] K ) fu)du,
= [ Kol o) f)

1 1
Wy = [ K wws(0du = [ Ks(x,u)f ()i

1 1
v = [ KCoww,@)de= [ K oude (forn=1,2,.)

In the above we have
K,y (x,u)= JK(x, uq) K(uy, u)du,
Ky(x, u)= IK(x, uq) Ky (uq, w)duy ¢ ..(4)

and so on.
More generally

K, (x,u)= J.K,(x, up K, (uy, u)du, [n=2,3,4,.;r=1,2..,n-1,K =K ..(5)
Thus the series for the resolvent Kernel H(x, u, 1) is given by

~H(x, u, M) = K(x, u) + MK, (x, u) + MKy (x, u) + ... + MK, (x, 1) ...(6)
The solution then is given by

y(x)= f(x) = =2 H(x,u,2) fu)du )

The main difference from the Volterra case is that the series for the resolvent Kernel (6) now
converges only for sufficiently small values of |A|. In other words, although H(x, u, A) is still
analytic function of A it is no longer an entire function of A.

10.2 Lower Bound for the Radius of Convergence

We shall now determine a lower bound for the radius of convergence of the power series (6).
We observe that if we preserve the basic hypothesis i.e. that the Kernel K(x, y) is an L, Kernel,

ie. IK|? = ”Kz(x, w)dxddu = jAz(x)dx - jBZ(u)du <N? -8

where

1/2

A(x) = [ j 011<2(x, u)du}l/z , B(u) = U:Kz(x, u)dx} -.(9)
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we have successively
2
K2(x, u)= [ [ K ) K, u)dul] < A2(x) B3 (u)
K2(x, u)= sz(x, uwy)duy f K2(uy, u)du, < A%(x) B2 (1) f A2(uy)duy < A%(x) B2 (u)N?
K2(x, u)< J'Kz(x, 2)dz ng(z, u)dz < A%(x) B (u) N2J.A2(z)dz < A2(x) B*(u)N*

and hence in general

K, 42(x, 1) < A(x) Bx)N" (n=0,1,2,..) ..(10)

If we neglect the first term of (6), this process that (6) has the majorant

A B M S (1IN
n=0

This is a geometric series with the common ratio |A | N, hence it converges for |A|N <1, i.e. for
A <IKI™ ~(11)
We thus see that under the condition (11), the partial sums of (6) have a majorant of the type
C A(x) B(x)

where Cis a constant i.e., a majorant which is L, function of both x and u. In other words (6) is an
almost uniformly convergent series, hence a series which can be integrated term-by-term in
either x or u (by Lebesgue fundamental theorem). Now the resolvent Kernel is an analytic
function whose singular points are outside or on the boundary of the circle (11).

Since term-by-term integration is permitted, we see that by using (5) under condition (11) we
have
1
—J K(x, uy)H(uq, u, A)du; = —JH(x, uy, A) K(uy, u)duy
0
=K, (x, u) + AK5(x, u) + ...
=2H(x, u, M)+ K(x, u)]
that is,
K(x,u)+ H(x,u, \) = k_[K(x, uy) H(uy, u, N)du,

(12)
= AJ.H(x, uy, M) K(uy, u)du,

Now considering that all the terms of this double equality are analytic functions of A, we can
thus assert that the basic equation (12) for the resolvent Kernel are valid not only in the circle
(11), but in the whole domain of existence of the resolvent Kernel H in the A plane. If now f(x)
belongs to the class L,, then the given equation (1) has at least one solution of the same class L,,
this solution is

y(@) = () =M Hix, u, 2) f)du .(13)
in the domain of existence H, of H.

Moreover, it is easy to see that the solution (13) is the unique L,-solution of our equation, not

only inside the circle 3| <|K|" but also in the whole domain of existence H.
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Fredholm Equations Solution by the Method of Successive Approximation

' Example: Let us consider the following integral equation

Y- e My = £ () )

we now have
1 X—up +up —u X—u 1 X—Uu
K, (x, u) =J.O et gy, =e J.o duy =e" " =K(x, u)

with this consequence that all the iterated Kernels K _coincide with the given Kernel K(x, ) and
the series (6) becomes

—H(x,u, M) =K(x, u) (1+A+A% +....) (2)
Hence we have

K(x, u)
(-1 (3)

H(x,u,A)=

and we see that the resolvent Kernel is analytic function of A. So we have one and only one
solution for A # 1.

re”
(r-1)

¥ = f(x) - e @

We started with the integral equation (1)

¥ =2 Kex, 1) y) = F2) )

and arrived at the equation (13)

1
y(x)= £() = A Hx,2) flupdu .(13)
where the resolvent Kernel satisfies the equation (12)
K(x, u)+ H(x, u, 1) = A I H(x, uy, X) (i, u)du ~(11)

Substituting (13) into L.H.S. of (1)

f(x)- xjolH(x, u, \) f(u)du — Aj:K(x, u)[f(u) - kI:H(u, Uy, A) f(ul)dul] du
1 1 1

= f(x)- A f du f(u)[K(x, u)+ H(x, u, 1)~ A f IO H(u, 1y, A f (g )du K (x, 1) du
0 0

- f@) =2 01 du[K(x, uy+ Hx,u, ) - kj:H(x, uy, MK (u, u)} Fu)

= f(x) +0=RHS.
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Notes Self Assessment

1.  Solve the following integral equation

1
y(x) =m jo y(Hdt =1.

Also find the Neumann series for y(x)

1
[Hint : J y(t)dt = Constant.}
0

10.3 Summary

° The iterative method gives the solution of the function in terms of the powers of the
parameter of the equation.

° We can either get an iterative power series in the wave function or the iterated Kernel.
° After iterating it nth times we get the solution as limiting as n tends to .

° In this way we get the Resolvent Kernel in the nth iteration when 7 is very large.
10.4 Keyword

The successive method helps in getting the solution of the problem as a power series in terms of
powers of the parameter known as Neumann series. The estimate of the radius of convergence of
the Neumann series gives an estimate of the accuracy of the solution.

10.5 Review Question

The Fredholm integral equation is

v =, Ko (e dt = f(2)

where K(x,t)= iv‘z sin (vs) sin [(v + 1)¢]

v=1

find K,(x, t), the third iterative Kernel.

Answer: Self Assessment

1. y(x)= % , the Neumann series is y(x) =1 + u? + p® + ... .
10.6 Further Readings
Books Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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Unit 11: Neumann'’s Series

CONTENTS

Objectives

Introduction

11.1 Fredholm Integral Equations, Successive Approximation Neumann'’s Series
11.2 Successive Approximation for the Resolvent Kernel

11.3 Summary

114 Keywords

11.5 Review Question

11.6 Further Readings

Objectives

After studying this unit, you should be able to:

o Find lots of similarities of the description of the successive approximation approach in
regard to getting Neumann Series.

o Observe that the unknown function can either be expanded in power series of A or the
resolvent Kernel is expanded in power series in A.

o Understand the convergence of the Neumann Series as given in unit 29.
Introduction

For small values of A the solution of the Fredholm equation can be determined as power series
known as Neumann'’s Series.
The resolvent kernel is an analytic function of the parameter A but it is not an entire function of

the whole complex plane.

11.1 Fredholm Integral Equations, Successive Approximation

Neumann’s Series

Consider the Fredholm integral equations of the first kind and second kind:

b
)= K Hy(oyat (1)

and

¥ = F)+ 1] K 1) (o 0

In these equations y(x) is an unknown function that has to be found and f{x) and K(x, t) are given
as function and the Kernel of the integral equations. Unless in the case of Volterra integral
equation, here the limits of the integral are fixed as constants a and b. The range of x and ¢t are
given as a < x < b and a < t < b. Depending upon the nature of Kernel K(x, t) a suitable method of
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solving the integral equation is to be chosen. Here the parameter A also plays an important part.
So if A is small as well as the Kernel K(x, t) is continuous along with its partial derivatives, we can
use the method of successive approximation.

Let us consider first the equation (2) of Fredholm integral equation of the second kind. To a zero
approximation

y(x) = f(x).
If we substitute this value of y(x) in the integral (2) we get
£ = £+ Ke, tyfyar 0
or Y= f()+ ()
where  W(x)= LbK(x, t)f(t)dt - (4)

So to a first approximation y(x) is given by (2). To get an improvement over the above
approximation we put this new value of y(x) given by (3) into (2) to improve the solution as
follows:

y(@) = F@)+ A ;K(x, f) [ o }»J.:K(t, 1) f(u)du}dt
b b b
= f(x)+ A j K(x, £)f(£)dt + 22 f K(x, t)dtj K(t, u) f (u)du

or ()= f(x)+ Ay (1) + Ay, (x) )

where

b b
W, (x)= f K(x, )dt j K(t, u) f(u)du
- jbdu f(u)JbK(x, B K(t, u)dt

or W)= [ duKs(xu)f) (63)

where  Ky(x, u) = j "K(x, £ K(t, u)dt ...(6b)

a

We can improve the accuracy by taking more powers of A in y(x) i.e. we may write

y(x)= F(x) + Ay + A7y, + A0y, + o+ Ay, (7)
where y,, y, are given by (4) and (6a) and other y’s are given by

v, (x) = Lbdu K, (x, u) f(u) forn=1,2, ... (8
and the n™ Kernel K (x, u) given by

K, (x, u)= LhK,(x, w)K,,_ (g, u)duy M=2,3,4,;r=1,2,.n-1 ..09)
while K (x, u) = K(x, u)

Thus y(x)= f(x)+ ikiwi(x) ... forany n ...(10)
i=1
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This series for the solution of the Fredholm integral equation of the second kind is known as
Neumann Series.

11.2 Successive Approximation for the Resolvent Kernel

Writing in full the expression for the function y(x), we have

y(x) = () + Ay (x) + A2y, (x) + A7 Py (x) + ... ..(10)

Making use of (4) (6a) and (8) for y,, y,, W,,...... into (10) we get

b b b
y(x)= f(x)+ A f K(x, t) f(t)dt + A2 f Ky (x, ) f(t)dtm?’j Ks(x, £) f(t)dt + ...
= f(x)+ f (3K (x, 1) + 2Ky (x, 1) + KKy (x, 1)+ ] f(1)dt

y(x) = Fx)+ IabH(x, t, 0 F(E) dt .11
where the resolvent Kernel H(x, t, A) is given by the series

—H(x, t, M) = Ky (x, t) + AK, (x, £) + A2K(x, £) + ... (12)
Equation (12) is now the power series known again as Neumann Series.

As discussed in unit 29, we see that the resolvent Kernel is still analytic function of A but is no
longer an entire function of A. Also the resolvent Kernel satisfies the integral equation

“H(x, 1, 1) = K(x, u) = A j H(x, uy, &) K(uy, )du, ..(13)

Now the solution (11) is the unique L,-solution of the equation (2), as f(x) and K(x, f) are L,-class
and it exists in the whole domain of C(a, b). We now show that if the homogeneous equation (1)
for A = A, has a certain non-trivial solution then with the help of equation (13) we obtain

00(x) = ho [ K(x, )00 (1)t
== o[ H(x, , 2o)0o(Bdt + 23 [00(Hdt [ H(x, 2, ho) K(z, ez
== o H(x, £ 20)00 (Bt + A3 [H(x, 2, 20)dz [ K(z, D0, (Bt
== f H(x, £, hg)0 (D)t + Aq f H(x, 2, hy)dz 0, (2)
=0

This shows that if equation (2) has a unique non-trivial solution of the form (12) then the non-
trivial solution of the homogeneous equation (1) is ¢,(x), vanishes almost everywhere.

The above analysis process the following theorem to each quadratically integrable Kernel
K(x, t) there corresponds a resolvent Kernel H(x, ¢, A) which is analytic function of A, regular at

least inside the circle || <|| K| and represented these by the power series (12). Let the domain

of existence of the resolvent Kernel in the complex plane A be H. Then if f{x) also belongs to the
class L,, the unique quadratically integrable solution of Fredholm’s equation (2) valid in H is
given by (11).

For the proof of this theorem please refer to the treatment in the unit 29.
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' Example: Consider the integral equation

b
y(x)= £+ 1] Kex,t) y(tyit ()
Find the solution when f(x) = ¢*, K(x, {) = 2¢**',a=0,b=1.

Substitute the value of f{x) and K(x, t) in (1) we have

1
y(x)=e" + 2)»6"]0 e'y(t)dt

=" [1 + zlee* (t)dt}
0 Y
1
Let C= IO e'y(t)dt = constant (2
then y(x)=¢e"(1+21C) -(3)

Substituting this value of y in (2) we have

(& -1)

1
C=(1+ 2xc>j0 ¢l eldt = (1+21C)
Solving for Ci.e.
2C - 20C(e* = 1) = (e* - 1)

_ (e -1)
2[1-Me* -1)] (4

Substituting in (3) we have

y(x) =€ /l1-Me* - 1)] .(5)

The denominator is non-zero.
Self Assessment
1.  Solve the Fredholm integral equation
b
y(x)= () + 1] Koy(tyat

where K is a constant and show that for |A| <1/K (b - a) the corresponding Neumann
Series is convergent.

11.3 Summary

° In case the parameter A is small one gets the solution of Fredholm equation of the second
kind as a power series in A called Neumann series.

° The Resolvent Kernel can also be expanded in powers of A provided the Kernel K(x, t) is of
L,-class. The resolvent Kernel is though an analytic function of A but is not an entire
function in whole of complex A-plane.
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11.4 Keywords Notes

The C(a, b) is a space of all continuous functions defined on the interval (a, b).

The unknown functions y(x) and f(x) are of C(a, b) type while K(x, f) is of C¥a, b) — C (4, b) type on
thesquarea<x<banda<t<b.

11.5 Review Question

Solve the Fredholm integral equation of the second kind
1

Y(x)= f(x)+ A[ (1 + BByt

when A is not an eigenvalue.

Answer: Self Assessment

LYW= O o a Co= [, f

Expand . in powers of A to get Neumann Series.
1—-AKy(b—a)

11.6 Further Readings

N

Books Erwin Kreyzig, Introductory Functional Analysis with Applications

Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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Unit 12: Fredholm Equations with
Poincere Goursat Kernels

CONTENTS

Objectives

Introduction

12.1 The Poincere Goursat Kernels
12.2 Resolvent Kernel H(x, u, A)

12.3 Eigenvalues and Eigenfunctions
12.4 Summary

12.5 Keywords

12.6 Review Question

12.7 Further Readings

Objectives

After studying this unit, you should be able to:

o Know that Fredholm equations may have varieties of Kernels. Among them the Poincere-
Goursat Kernel also plays an important part.

o Observe that in this type of Fredholm equation the resolvent Kernel is a quotient of two
polynomials of the nth degree in A and the denominator is independent of the variables of
the Kernel.

o Understand the nature of singular points of resolvent Kernel in terms of zeros of the

denominator polynomial D(A).
Introduction

In this unit we saw that resolvent Kernel has a structure that helps in understanding the nature
of the solution of non-homogeneous as well as homogeneous equations.

Fredholm integral equation as well as its conjugate equation can be studied together to understand
the structure of the solutions.

12.1 The Poincere Goursat Kernels

In the unit we consider again the Fredholm integral equation of the second kind i.e.

y() =4 Kx, wy(u)du = £(x) )

Here we take the structure of the Kernel to be of the form

K(x,u)=3 gi(0)h(u) -2)
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Such a Kernel has been mentioned in the case of Volterra integral equations and are called
degenerate Kernels or Poincere-Goursat Kernels i.e. P-G Kernels. In equation (2) the functions
g(x) and h(u), for i =1, 2, ..n, are L,-class. We will see that in this case the Fredholm integral
equation can be reduced to an algebraic system of a linear equation in 7 unknown. Here g.(x) and
h(x)i=1,2, ..n are independent in the basic interval (0, 1).

Substituting (2) in one we have

Y = A 0) Gy = £(2)
i=1

or Y- XM & hyd= £

i=1

If we put

1
g = f I ()g(u)du (x=1,2, ..n) e)

then equation (1) becomes
y(x) = F()+ 1Y Egi() -(4)

i=1
From equation (4) it is already seen that the difference y(x) -f(x) must necessarily coincide with

a suitable linear combination of the functions g,(x). Now multiply equation (4) by i, (x) i =1, 2,..n
and integrate between 0 and 1 we have

J ows= [T+ 2 3 f g o o
Defining

[ 8@ )= a,

(5
[ f@xydx =1,
We have
g — }»iaikei =b, ..(6)
i=1

We thus see that the unknowns ¢, ...¢, must satisfy the following system of linear equations

(7

To each set of solution €° ,€°, ...e° of this system there corresponds a solution of equation (1)
given by (4). Now the solution of equation exist if the determinant formed by the coefficients ¢,
in equation (7) defined by

Ay (1= Mgy ) e Ady,,
D(A) =| Mgy covveeeeeieeieieecieeeins ®)
“AM = My e (1-Aa,,)
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is non-zero. So there is one and only one solution of the system of n simultaneous equations ¢,
g, ...€ . Thus if D(A) # 0, then the system (7) has one and only one solution given by Gamer’s rule
ie.
ek=—lfu%w1+DM%+a“+DwaJ(k=ngme
D(2)
where D,, denotes co-factor of (I, k) the elements of the determinant (8), correspondingly, the
solution (1) has the unique solution

n

D)

y(x)=fx)+ Dk(=71») [Diiby + Dyby + oot Db, | 81(%) -.(9)

As D(A) # 0, the corresponding Fredholm equation of the first kind

¥~ 2 Ko, wpy(uydu (10)

has only the trivial solution y(x) = 0 as D(A) # 0.

12.2 Resolvent Kernel H(x, u, A)

If we now substitute the expression of b, in (5), the solution (9) can also be written as

A

m_[: [Dyhy (1) + Doy () + Dyl () + ...+ Doy, (u) | f (1) g (x)du

y(x) = f(x) +

but the sum under the integral sign can be considered as the expansion of the negative of a
determinant of the (n + 1) order i.e.

_[(Dikhl () + Dyyhy (1) + D3yhiz (4) + ... + anbn(u)gk(x)]

0 81(x)2(X) cevviiiiiiiians g,(x)
hy(u)1—Aay; — Mgy Aay,

= D(X,U,A) = [ — Ay, (11)
hn(u) .......................... ( 1_}%”1)

Hence we can write equation (9) as

A

y() =f(X)-mJ: D(x, 1, 1) f () 12)

Defining the resolvent Kernel H(x, u, A) by

HmmM:gﬁ%ﬁ .(13)
so equation (12) becomes
9= £ =2 Hx w0 fla)d a4

In the equation (13) the resolvent Kernel H(x, u, A) is the quotient of two polynomials of the nth
degree in A and the denominator is independent of x and u and this has important consequences.
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At this point it is to be noticed that the only singular points of H(x, u, A) in the A-plane are the
roots of the equation

D) =0 ..(15)

which will be called the eigenvalues of our Kernel K(x, u)

12.3 Eigenvalues and Eigenvectors

If D(A) = 0 the non-homogeneous equation (1) has no solution in general, because an algebraic
linear system with vanishing determinant can only be solved for certain values of the quantities
on the right hand side of equation (7).

Furthermore, from each non-trivial solution e?,sg,...,sg

of the homogeneous algebraic system
we obtain a non-trivial solution of the homogeneous equation (10), which we call an
eigenfunction and vice versa.

To be precise, from the theory of algebraic systems of linear equations. We infer that, if A
coincides with a certain eigenvalue A, for which the determinant D(A,) has the characteristic
P(1<p<n-1),and we put n - p = r, then there are o' solutions of the homogeneous system (7).
Furthermore, these solutions can be represented by formulae of the type

& =By Ci +ByCy+..+B,C, (k=1,2,..,n) ...(16)
where c, C,..., C denote r arbitrary constants and
Bi1, Byy, ... By,

........................ -(17)
B.,B,...B,

are r arbitrarily fixed but linearly independent solutions of the system in question.

This shows that to each eigenvalue A of index r = n - p there corresponds a solution of the
homogeneous equation (10) of the form

0o (%) =C1001 (%) Cadpp (%) + ... + C, 0, (x) --(18)

where C, C,..C arer arbitrary constants and

001(x), G2 (%), -+ O, (x)

are r linearly independent functions, which can be expressed in terms of the B, as follows:

001 ()= Y By 84(%) (h=1,2,..,7) .(19)
k=1

Moreover, we can assume that these functions are normalized, i.e., that their norms are all equal
to unity,

[odax =1 (=1,2,..,7) .(20)

Al these eigenfunctions are annihilated by the Fredholm operator

Fs[q)oh (]/)] =0. (21)

Using elementary transformations on the determinant (7), we can see that the index r=n - p of
an eigenvalue is never larger than its multiplicity m as a root of the equation D(A) = 0. Moreover,
in the important case a,, = a,, we have
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Another important fact is that to the given Kernel (1) and to the associated one
K(y,x)= Y 8(y) Iy (x) e
k=1

there corresponds the same function D(A) and consequently the same eigenvalues. This is because
the interchange of g, and , carries a,, into a,, and hence only interchanges the rows and columns
of determinant (8).

However, the eigenfunctions of the associated Kernel, i.e. the non-trivial solutions of the associated
homogeneous equation

W) = A K(y, )w(y)dy =0 (22)

for A = A, are not the previous function (16) but other ones,

Vo () = . Bl (x) (h=1,2, .., 7), (23)
k=1
where
Bll 4 BlZ 4 1n
........................ .(24)
Brl 72t m

are any r linearly independent solutions of the associated homogeneous system

(1= Aap)g; — Aay&, —...—Aa,§, =0
Ay &y + (1 - Aay)g, —...— a8, =0,

.(25)

Any eigenfunction ¢, (x) corresponding to the eigenvalue A and any associated eigenfunction
W, (x) corresponding to a different eigenvalue A, are always orthogonal in the basic interval
(0,1).

In fact we have
1= [0, (0w (x)ex = 2 [ (¥)dx [ K(x, )00, (1)ly

= ooy K 0wyt = 32 [ v )ty =

2o
A

and this equality can be true only if A, = A, or if [ = 0.

We now return to the non-homogeneous equation (1) for the case D(A) = 0. We prove that for
L = A, the non-homogeneous equation can be solved if and only if the r orthogonality
conditions

(fwa) = [ FWa(@)dx=0  (1=1,2,..,7) ..(26)
are satisfied. In this case the non-homogeneous equation has <" solutions of the form
0(x) = @(x) + C1001 () + Codop (x) + .. + C, 00, (), ~(27)

where ®(x) is a suitable linear combination of g,(x), g,(x),--g, (¥)-
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In fact, conditions (26) are necessary because if equation (1) for A = A, admits a certain solution Notes
®(x), then from the equation itself, it follows that

Jf(x)WOh (x)dx = jcp(x)ll’ml(x)dx - AojWozz(x)deK(x/ y)®(y)dy
= [ 0w () = o [ @y [ K, y)wi ().

But, since A, and v, (x) are eigenvalue and corresponding eigenfunction of the associated Kernel,
we have

o [ K, y)won(x)ex = v (v);

hence

[ Fewo,ydx=0

Furthermore, conditions (26) are also sufficient, since from them it can be easily deduced that the
non-homogeneous system (7), which we shall write briefly as
B, =0 E,=b,..,E,=b

nrs

reduces to only # - r independent equations. Consequently we can now solve it readily (carrying
runknowns on the right hand side), since the characteristic of matrix of the coefficients is exactly
p=n-r.

We can reduce the system for the following reason: Let us multiply the previous equations by

B, B, -.B,, respectively and add. Bearing in mind equations (25), we have

n
2 BiyEy =[(1 = Aayy)Byy — Ay By — ... Aayy By, 1
k=1

+[-Aay,Byy — My, By — ...+ (1 - Aa,)By, 1€, =0,

while on the other side, by virtue of (26), we also have

N Biib, = j[z B;kmx)}f(x)dx = [wa () f(x)dx =o.
k=1 k=1

Among other things, form (27) of the solution demonstrates the following obvious fact: the
general solution of equation (1) when D(A) = 0 can be considered as the sum of any particular
solution ®(x) and of the general solution (18) of the homogeneous equation.

Thus we have proved for PG Kernels the following basic Fredholm theorem, which will be
extended to general Kernels in the next section:

Fredholm’s integral equation of the second kind

0(x) = [ K(x, y)o(y)dy = f(x)

has, in general, one and only one solution of the class L, given by the formula

0(x) = f(x) = A H(x, y; M) f ()dy,
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where H(x, y; A) is the resolvent Kernel. H(x, y; ) is an analytic function A, and if |A| < | | K| |7 it
is given by the Neumann series

~H(x,y; M) = K(x, y) + MK, (x, y) + A2 K5 (x, y) + ...,

where K, K,,... are the iterated Kernels. The only exceptions are the singular points of H(x, y; )
which coincide with the zeros (called eigenvalues) of an analytic function D(A) of A. In the case
of a PG Kernel, D(A) is a polynomial.

If A =X, is a root of multiplicity m > 1 of the equation D(A) = 0, then the homogeneous equation

0(x) = A K(x, y)0(y)dy =0

has r linearly independent non-trivial solutions, called eigenfunctions, where r, the index of the
eigenvalue, satisfies the condition 1 < r < m. The same is true of the associated homogeneous
equation.

W) = A K, y)w(y)dy =0.

However, if A = X the non-homogeneous equation has solutions (exactly " solutions) if and
only if the given function f(x) is orthogonal to all the eigenfunctions of the associated homogeneous
equation.

A very important alternative theorem can immediately be deduced as a corollary:

Alternative Theorem: 1If the homogeneous Fredholm integral equation has only the trivial
solution, then the corresponding non-homogeneous equation always has one and only one
solution. On the contrary, if the homogeneous equation has some non-trivial solutions, then the
non-homogeneous integral equation has either no solution or an infinity of solutions, depending
on the given function f(x).

But even this corollary has been proved only for PG Kernels.
Self Assessment

1.  The Kernel of Fredholm integral equation

¥ = F@)+ A, Ko Doyt

k(x, t)= iisin(vx) sin[(v + 1)¢]

Find the iterated Kernel.

Ky(x,t)

. . . sinou
[Hmt : Use the relation lim = uil
a—0 o

12.4 Summary
o Fredholm integral equation of the second kind is studied with the help of Poincere Goursat
Kernels.
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° It is seen that the resolvent Kernel can be expressed in terms of quotient of two polynomials Notes
of the nth degree in A and denominator is independent of the independent variables.

° Also conditions are discussed when A is an eigenvalue and the corresponding eigenfunctions
are discussed with respect to P.G. Kernel only.

12.5 Keywords

In this unit the resolvent Kernel of the Fredholin integral equation of the second kind as well as
corresponding conjugate equation is discussed.

In the next unit we shall be studying Fredholm theorem for the existence and uniqueness of the
eigenvalue solution of the problem with only general Kernel.

12.6 Review Question

The Kernel of Fredholm integral equation

¥ = F)+A[ K (o

is given by

oo

K(x, t)= 2 viZ sin(vx) sin [(v + 1)¢]

v=1
Find the iterated Kernel
K, (x, t)

|:Hint : Use the relation lim

sino u
=ul.
a—0 o

Answer: Self Assessment

L Ky(x, )= i _sin(ox) sin(o + 2)1]

~ v?(v + 1)
12.7 Further Readings
Books Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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Unit 13: The Fredholm Theorem

CONTENTS

Objectives

Introduction

13.1 Fredholm Alternate Theorem
13.2 Proof of Fredholm Theorem
13.3 Summary

13.4 Keywords

13.5 Review Question

13.6 Further Readings

Objectives

After studying this unit, you should be able to:
o Learn that Fredholm integral equations are of two types — of first kind and of second kind

° Prove that if A is not an eigenvalue then the Fredholm Integral equation has a solution for
the second kind and the solution for the homogeneous equation is zero.

o Show that for an eigenvalue problem the Fredholm integral equation of second kind has
a solution which also contains a set of r-constants in addition to one of its solution.

Introduction

The proof of the Fredholm theorem consists of two parts. In the first part the solution is unique

and A is not an eigenvalue.

The second part explains the eigenvalue problem of the homogeneous Fredholm integral equation

and explains the structure of the main integral equation and the conjugate one.

13.1 Fredholm Alternate Theorem

The theorem states that:

Either the integral equation of the second kind

£6)=Q() -] Kes, DMyt )

with fixed A, admits a unique continuous solutions Q(s) for any continuous function f{s), in
particular Q(s) = 0 for f(s) = 0, or the associated homogeneous equation

Q) - [ K(s, ) Oty =0 Q)

admits a number r(r21) of linearly independent continuous solutions Q, (s), Q,(s)...Q,(s) - In
the first case, the conjugate equation
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b Notes
8(6) = w(s) = 1| K(t, spw(tyt -(3)

also admits a unique continuous solution y(s) for any continuous function g(s). In the second
case the associated homogeneous equation

b
W) = 2] K(t, 9wty )

admits a number r of linearly independent continuous solutions ;(s), W, (s), ¥3(s)... W, (s) . In
the second case, the equation (1) admits a solution if and only if

th(s)lTJi(s)ds =0 (i=1,2,..1) .05

If condition (5) is satisfied, the general solution of (1) is written as
Q) =QM(s)+ Y.C,Q;() (6)
j=1

by means of a particular solution Q"(s) of (1) and r arbitrary constants C,, C,, ..., C.. Similarly, the
conjugate equation (3) admits a solution if and only if

b
L 2(5)Q;(s)=0 (j=1,2,3...r) -(7)
If condition (7) is satisfied, the general solution of (3) is written as
w(s) = v () + Y, Cws(s)
=
by means of a particular solution y(s) of (3) and r arbitrary constants C,, C,, ...C..

The theorem also shows that the unique solution of (1) exists for any continuous function f(x) if
and only if A is not an eigenvalue.

The proof of the Fredholm’s alternative theorem is given in two parts for continuous Kernel
K(s, t) on the domain a<s<b, a<t<b. We shall start proving the theorem by Schmidt’s method
instead of L,-class method. Of course both the methods had to the same conclusion.

13.2 Proof of Fredholm Theorem

b b 5
Thecasewhenj J. |K(s, )| dsdt <1

For the sake of simplicity, we take A =1 and consider the equation

00) - [ K(s, ottt = fs) (1)

An equation in the unknown ¢(t), of the form

o)~ [ K(s, Do(e)ds = (1) e

a

g(t) being a given continuous function on the interval a < t < b, is called the conjugate equation
of (1).
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Theorem 1: Under the assumption

Lbj:uqs, HP dsdt <1

e

the equation (1) [(2)] admits one and only one solution ¢(s)[¢(f)] for any f(s)[g(#)]; in particular

¢(s) = O[p(t) = 0] for the homogeneous equation

b
9() - [ K(s Doyt =0

b
o(t) - [ K(s, 0()ds =0

(4

.(5)

Proof: Starting with the Kernel K(s, ), we define the iterated Kernels KOs, t), K@(s, ), ....,, K®

(s, 1), ... as follows:
KW(s, t)=K(s, t)

KOs, t) = J-hK(s, P)K(r, dr

a

b
K™ (s, b) =j K(s, YK D(r, bdr
The following relation clearly holds for the iterated Kernels
b
K (s, 1) = [ KO (s, KO (1, dr
By (6) and the Schwarz inequality, we have
b b
KOs, ) <[ [K(s,r) P dr [ 1K, 1) dr
hence

[ ; Lb| K" (s, )2 ds dt

s J.ubth K(s, r) ds dtLbLb| KOV, )] dr dt

Repeating this procedure, we finally obtain
b b b b K
j j | K" (s, )2 ds di < U J' |K(s, £) |2 ds dt}
On the other hand, according to (6) and (7), we see that for n > 3.

b b
K™, t)=j I K(s, )K" 2(r, 1)K (1, t)dr dr,
Hence by the Schwarz inequality we have
(n) 2 bpb (n-2) 2 bpb 2
| K™, )| gj j K" (r, 1) drdr]I j |K(s, P)K(r,, t) |2 dr dn,

Accordingly, by making use of (8), we obtain

|K®(s, P < D:m K(s, t) [ ds dt}”_z {j;|1<(s, ) |2drf:|1<(r1, HP drl}
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The term in braces on the right side is continuous on the domain a < s < b, a < t < b; hence

bounded. Therefore, according to the assumption (3), the series.
(s, t)= Y K"(s, 1) o)
n-1

converge uniformly on the domaina < s £ b, a < t < b. Hence by term-by-term integration and
by using (7) we obtain

(s, t) = K(s, 1) + j:K(s, PL(r, t)dr ..(10)

(s, t)=K(s, )+ j:r(s, K (r, t)dr (1)

The series (9) is known as the Neumann series for the Kernel K(s, f).

Now, by making use of (10), we can prove that

06)= £+ [ T, O Gyt 1)

satisfies the equation (1). In fact, substituting (12) in (1) and using (10), we have
b
0) - | K, o(tyat

= f(s) + Lbr(s, B f(t)dt - LbK(s, t){ fio+ | jI‘(t, r f(r)dr}dt

b b
= £(s) +j {r(s, 1 - K(s, ) —j K(s, )T(r, t)dr} F(ht
= f(s)
Conversely, we can prove that if ¢(s) satisfies the equation (1), then ¢(s) satisfies (12). In fact,

b
substituting f(s) = ¢(s) —J. K(s, t)o(t)dt in (12) and using (11), we see that

o)~ [ K(s, Do(tyat

a

+ Lbr(s, t){(p(t) - I jK(t, r)o(r)dr }dt

b

=<p(S)+f

a a

b
{F(s, 1) - K(s, t) - f (s, r)K(r, t)dr}(p(t)dt
=¢(s)

Accordingly, we see that the equation (1) is equivalent to the equation (12). Similarly, we can
prove that conjugate equation (2) is equivalent to the equation

o) =g(t)+ [ T(s, Dgle)ds 13)

' Example: Under the assumption (3), every solution ¢(s) of the equation (1) is given by
(12) by means of the Kernel I'(s, #) and every solution ¢(t) of the conjugate equation (2) is given
by (13) by means of the conjugate Kernel I'(s, ) of I'(s, t), defined by

(s, t) =T(t s) .(14)
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For this reason, the Kernels I'(s, f) and I" (s, t) are called the resolvent Kernels of the equation (1)
and (2) respectively.

The foregoing theorem shows that A is not an eigenvalue of either the Kernel K(s, t) or its
conjugate Kernel K'(s, f),

K'(s, t) = K(t, s) ...(15)
The General Case

We shall prove that there exist two sets of linearly independent continuous functions

0ty (), 0y (8), +ves 0ty (5)

By (£), By (), - By (1) ..(15)

defined on the interval [a, b], such that
[l

To prove this, let ¢ be an arbitrary positive number. Then we divide the interval (g, b) into a finite
number of sub-intervals I, I, ..., I, such that

2

dsdt<1 ..(16)

K(s, £)= 3 0t (s)B (1)

Supng s<v |K(S, t,) - K(S’ t”)lé €

for any pair of points #, #” in each I . This is possible, because of the uniform continuity of

K(s, t) on the domaina < s < b,a < t < b. Let t be an inner point of I . Let I be an interval
contained in the interior of I and containing the point ¢ . Then we define f (t) as follows:

B.(1) = 0 outsideof I,
o= 1 onl}

such that the function f (t) is continuous and 0 < f () < 1 on the interval [a, b]. We now set

a,(s)=K(s,t) and

N(s, t)=

K(s, )~ 3 oty ()8, 0

Then we see that
IN(s, t)|=[K(s, ) = K(s, t,) | s €
for tin I’v, and
IN(s, £) | =] K(s, £) = K(s, £, )B, () | £ 2M
fortin I —I where
M=58UP,cscpcasicbs K1)

Since ¢ and the sum of lengths of I — I’ are both arbitrary, we can choose the values of them so
small that

I
Clearly, the function f,(f), B,(t), ..., B,(t) are linearly independent. Hence, if a,(s), B,(s), ..., & (5)

are linearly independent, then our proof is completed. If otherwise, say, a (s) is written as a
linear combination of a(s), 0,(s), -.., & —(s), then

2

K(s, t) - 2 o, ()B, (1) dsdt<1
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R(s,£)= ) o, (5)B, (¢)
v=1
is also written in the form
n-1
R(s, )= Y o, (s)BL (1)
v=1

1t BV (t), BV (8), ..., B | (t) are linearly independent, then, by setting B (f)=B _(t), the number
n is diminished. If otherwise, say, B (£) is written as a linear combination of
B(ll)(t), B(zz)(t), s Bf}l »(t) then R(s, f) is also written as

n=2

R(s, )= Y al) (B (1)
v=1

Repeating this argument alternatively for oo and B, we finally obtain two sets of linearly
independent functions

V1(8), V2(8), s Vi (5) and 8y (£), 8 (F), -, 8, (F)

in terms of which R(s, t) is written as
1
R(s, )= Y 1,(5)8,(t)
v=1

provided that K(s, t) #0 and R(s, t) #0. Then by setting vy (s) = @ (s), and § (t) = B, (f), the proof
is completed

we now set
Ki(s, ) =K(s,t) = Y, o, (5)B, ()
v=1

and denote the resolvent Kernel of K|(s, f) by

oo

Ly(s, )= Y K" (s, )

n=1

Then, the equation (1) is written as

b
06 - [ Ki(s, o(tyat

= f(s) + jf[}_‘,ocxsmv(t)]cp(t)dt .17)

and we can prove in the same way as in last that ¢(s) is determined by

96)- [ f{f‘,[%(s) # [T o BAt)}p(t)dt
v=1

b ..(18)
= f(©)+ | Tas ) fr)r
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From this follows the fact that to solve the equation (1) is equivalent to finding a solution ¢(s) of
the equation (18) with the term in brackets as the Kernel and for the right side the given function

b
)+ [ Tu(s, nf () dr

We shall prove incidentally that

+ Lbfl(sf r)oL, (r)dr ©w=1,2,..,m) ..(19)

are linearly independent. To prove this, suppose

1 b
0= v v Fl 4 v d
UZzlc (a (S)+-[u (s, r) a,(r) r)
= icvav(s) + J‘brl(s, r)(icv(xv(r))dr
v=1 i v=1

and EZI: ,1€21#0. Then, by the properties of the resolvent Kernel T',(s, #), we have

m

Zcoc =0- IK (s,r)0.dr=0

v=1
This contradicts the linear independence of . (s).

The equation (18) is reduced to the system of equations

0(s) = £(s) + I (s, f(r) va( o )+I:F1(s/r)0tv(f)dfj (20)

Py = J:BH(t)tp(t)dt M=1,2,..,m .1

Hence, substituting (20) in (21), we have a system of linear equations in unknowns, p,, p,, ... p,,

_ ipv Dﬂbocv(s)ﬁu(s)ds + Iﬂbfl(s, 7) 0, (r)By (s)dr ds]

= J‘:’(B“(t) + Lhrl(r, t) Bu(r)dr)f(t)dt =12, ..,m) -(22)

Accordingly to solve the equation (1) is equivalent to finding the solutions p  of (22); indeed,
substituting the solution p, in (20), we obtain the solution of (1).

Similarly, we see that to solve the equation (2) is equivalent to solving the following system of
linear equations in the unknowns

p’l, p'z,..., p'm,
- S0t [ o000+ 10 000,01 ] e

= Iab(u“(S) + J.ubrl(s, r) Ocu(r)dr)g(s)ds M=1,2, .., m)

and the solution ¢(f) of (2) is given by

o)=80)+ [ Ty (r, )50y + o B0+ [ T, 001 | Y
v=1
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where the ' are the solution of (23). Notes

Let A be the matrix of the equations (22), in the unknowns p, and A’ that of the equations (23), in
the unknowns p’. Then

A’ is the transposed matrix of A ...(25)
Hence det A” # 0 if and only if det A # 0.

We first consider the case when det A # 0, and hence, det A" # 0. In this case, the equation (22)[(23)]
for any function f{s)[g(t)], admits a unique solution

P =Py Py oo P [0 = (07 Py oo 7))
Therefore, for the given function f{s)[g(t)], the equation (1) [2] admits a unique solution @(s)[¢(f)].
In particular, if f{s) = 0 [g(f) = 0], then
P=(P1/ P2/ P,)=(0,0,..., 0)
[0 =1, 02 s P)=(0,0,...,0)]
hence, ¢(s) = 0[¢(t) = 0]

We next consider the case when det A = 0, and hence det A" = 0. For the sake of simplicity we write
(22), (23) as

m
Pu = Z:lcwpv =fu W=12...,m ..(23)
P chup'v = 8u @=1,2 . m) ..24)

respectively. The matrices A, A” are of course written as

A=@ —c ) N=(

—C )
v v i it

where 6“‘, =0foru#v,and Suv =1 for pu =v. For the case when det A = det A’ = 0, the following facts
are known:

The associated systems of linear homogeneous equations

m

Pu = Zlcwpv =0 W=12m) ..(227)
and
P Zlcwp'v =0 @=1,2 . m) .23

admit a number r(r > 1) of linearly independent solutions

P(L) = (P11, P12s s P1m)s s
p(l’) = (prll prZ/ s prm)

and
P (1) = (011, P 12/ s P 1) s
p,(r) = (p,rll p’r2’ e p,rm)

respectively. The inhomogeneous system (22’) admits a solution for given f,, f,, ..., f, if and only
if

N =0 (=12, .. m)
u=1
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in other words, for the general solution of (23”).

Z [ZCpﬂ’ZC]p 72""21ij/jm
=

j=1

which contains a number r of arbitrary constants c, c,, ..., ¢, there hold the following relations

qu { CJp,ju]zo ..(26)
j=1

If the condition (26") is satisfied, then the general solution of (22) is given by the sum of a

particular solution P =(py, Py, ..., 0,,) of (22') and the general solution 2r L€iP(7) of (22'), that
j=

is, by the following expression containing r arbitrary constants ¢, ¢, ..., ¢..

p=p+ Y c;p(j) -(27)
j=1

T r T
=[p + Ecjpﬂ/ﬁZ + Ecj P weer Py + Ecjpjm
j=1 j=1 j=1

Similarly, the equations (23’) admit a solution for given g, g, ...¢_ if and only if the following
relations

Zgu [ZCJpJHJ (28)

hold; and under the condition (28), the general solution of (23") is given by the sum of a particular

solution p’=(p’y, 0"y, P’,y) of (23”) and the general solution 2;10 iP’(j) of (23"), that is, by

the following expression containing r arbitrary constants c,, c,,.... c..

=0+ Y ()
i=1
_ , -(29)
[pl +Ec]p 1P, +2c]p,2,.. D, cp,mJ

Accordingly, substituting the solution-p given by (27), if any, in (20), we obtain the general
solution ¢(s) of the equation (1). The function ¢(s) contains r arbitrary constants. In fact, if

o $fenor [ e [ Sen

then, by the linear independence of (19)

-

j=1

0= Z,Cfpjv ©=1,2,..,m)
<

This contradicts the fact that p(1), p(2), ... p(r) are linearly independent solution of (22”). We can
also obtain, substituting (29) in (24), the general solution ¢(f) of (2) which contains a number r of
arbitrary constants.
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Finally, we shall reduce the solvability condition (26”) to a more readable and usual form as
follows:

The term on the left side of (26) is, by (22) and (22")

o= {Ep] (B0 [ 0, t)Bmdrﬂf(t)dt
u=1 u=1

From (24), it is easily seen that the function in brackets on the right side is a solution of (2) with
g(t) =0, that is, of

o(t) - f :K(s, 1o (s)ds = 0 .(30)

On the other hand, the general solution of (30) is given by linear combinations of the functions
in brackets. Therefore (26) is equivalent to the following for every solution ¢(f) of (30).

j: F(HoH)dt=0 -.(31)

Similarly, we see that the condition (28) is equivalent to the following: for every solution ¢(s) of
the equation

b (32)
[ g0 =0
Self Assessment
1.  The Fredholm equation is given by
1 2,2
y(x)= f()+ [ (xt =P Yy(t)dt
solve for y(x) when f(x) = x°.
13.3 Summary
° We have seen that Fredholm integral equation has solutions that depend on the nature of
the resolvent Kernel as well on the function f{s).
° If the parameter A is not an eigenvalue then the non-homogeneous equation has one and
only one solution and the homogeneous equation has a solution Q(x) = 0.
° For A to be one of the eigenvalues, the homogeneous equation admits a number of

independent solutions.

13.4 Keywords

The nature of the solution of the Fredholin integral equation of the second kind as well as on the
first kind depends upon the constant parameter A as well as on the function f{x).

The eigenvalue problem puts certain conditions on the function f{s) for the solutions to exist.
Fredholm theorem elaborates on these points.
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13.5 Review Question

Show that for the unsymmetric Kernel

K(x, t) = i v? sin(ovx) sin[(v + 1)t]

v=1

defined on the domain 0<x <2m, 0<t<27 has the iterated Kernel given by

K, (x,t)= in"’l[vz(v +1)%(v+2)* ...(v+n—-1)*]" sinxv sin[(n + v)t]

v=1
sin ou

[Hint: Integrate term-by-term and use the relation lim =u.]
a—0 (04

Answer: Self Assessment
1. yx) =2+ Axc, — Ax’c,

(120-2)

where C, = ’
' (600 - 80A — 31%)

_ 4-5C,(1-1/3)

2 5A
13.6 Further Readings
Books Tricomi, F.G., Integral Equations

Yosida, K., Lectures in Differential and Integral Equations
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