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Notes

Unit 1: The Jordan Form

CONTENTS
Objectives
Introduction

1.1  Overview
1.2 Jordan Form
1.3 Summary
14 Keywords

1.5 Review Questions

1.6 Further Readings

Objectives

After studying this unit, you will be able to:

° Understand the finite vector space V for a linear operator T can be written as a direct sum
of the cyclic invariant subspaces Z(a,, T).

° Know that the characteristic polynomial f of T decomposes as the product of the individual
characteristic polynomial p, = x¥ for the r annihilators such that k, >k, > ... >k . The minimal
polynomial also has the form

p=(x-c)r..(x-c)*
o See that with the help of the companion matrix the linear operator represented by the
matrix can be put into the Jordan form.
Introduction
In this unit the findings of the unit 20 are used to put any matrix A representing the linear
operator into the Jordan form.
It is seen that by using the idea of the direct decomposition of the vector space into the sum of the

cyclic subspaces the given matrix A can be shown to be similar to a Jordan matrix.

1.1 Overview

Suppose that N is a nilpotent linear operator on a finite-dimensional space. From Theorem 1 of
the last unit we find that with N-annihilators p,, p,, ..., p, for r non-zero vectors a,, a.,..,a, V is
decomposed as follows:

V=2Z(a,N)® & Z(a, N)

Here p,,, divides for i = 1,..,, r-1. As N is nilpotent the minimal polynomial is x* for K <, thus
each p, = x¥, such that
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The Jordan Form

The companion matrix of x¥ is the K, x K, matrix

00 -0 0
10 -0 0
A=|0 1 - 00
00~ 010

(1)
Thus Theorem 1 of unit 20 gives us an ordered basis for V in which the matrix of N is the direct
sum of the elementary nilpotent matrices (1). Thus with a nilpotent # x n matrix we associate an
integer rsuch thatk, +k, + ... +k =nand k, > k,,, and which determines the rational form of matrix.
The positive integer is precisely the nullity of N, as the null space has a basis the r vectors

N+t q, -(2)
For, let a be in the null space of N, we write o as

a=fo, +.. +fao

T

where f is a polynomial, the degree of f, is assumed to be less than k. Since No. = 0 for each i we
have

0 = N(fo)
= Nf(N)a,
- (o,
Thus x f, is divisible by x* and since deg (f) < k, this means that

f.=cxtt
1 1
where c, is some scalar. But then
= k-1 k-1
a=c@ o)+ ..+ a)

which shows that the vectors (2) form a basis for the null space of N.

1.2 Jordan Form

Now we combine our findings about nilpotent operators or matrices with the primary
decomposition theorem of unit 18. Suppose that T is a linear operator on V and that the
characteristic polynomials for T factors over F as follows:

f= (x - Cl)dl ... (x - Ck)dk
where c,,..., ¢, are distinct elements of F and d, > 1. Then the minimal polynomial for T will be
p = (x - Cl)’l ... (x - Ck)’k

where 1 <r, <d. If W, is the null space of (T - c])", then the primary decomposition theorem tells
us that

V=W, @ ®W,

and that the operator T, induced on W, by T has minimal polynomial (x - c)". Let N, be the linear
operator on W, defined by N, = T - cI. Then N, is nilpotent and has minimal polynomial x'i. On W,
T acts like N, plus the scalar c, times the identity operator. Suppose we choose a basis for the
subspace W, corresponding to the cyclic decomposition for the nilpotent operator N.. Then the
matrix of T, in this ordered basis will be the direct sum of matrices
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00
1 S 00
: ()
C
00 -« 1c¢

each with ¢ = ¢. Furthermore, the sizes of these matrices will decrease as one reads from left to
right. A matrix of the form (3) is called an elementary Jordan matrix with characteristic value c.
Now if we put all the bases for the W, together, we obtain an ordered basis for V. Let us describe
the matrix A of T in this ordered basis.

The matrix A is the direct sum

A 0 0
0 A, 0

A= : (4
0 0 A,

oo 0
R 0
0 0 ](l)

where each ]](.i) is an elementary Jordan matrix with characteristic value c. Also, within each A,

the sizes of the matrices ]| decrease as j increases. An n x n matrix A which satisfies all the

conditions described so far in this paragraph (for some distinct scalars c,,..., ¢,) will be said to be
in Jordan form.

We have just pointed out that if T is a linear operator for which the characteristic polynomial
factors completely over the scalar field, then there is an ordered basis for V in which T is
represented by a matrix which is in Jordan form. We should like to show now that this matrix is
something uniquely associated with T, up to the order in which the characteristic values of T are
written down.

The uniqueness we see as follows. Suppose there is some ordered basis for V in which T is
represented by the Jordan matrix A described in the previous paragraph. If A is a d, x d, matrix,
then d, is clearly the multiplicity of c, as a root of the characteristic polynomial for A, or for T. In
other words, the characteristic polynomial for T is

f=-c)m.. (x-c)%

This shows that Cyonnr G and d,, ..., d_are unique, up to the order in which we write them. The fact
that A is the direct sum of the matrices A, gives us a direct sum decomposition V=W, & ... ® W,
invariant under T. Now note that IV, must be the null space of (T - c])", where n = dim V; for,
A, - clis clearly nilpotent and A, - ¢ is non-singular for j # i. So we see that the subspaces W, are
unique. If T, is the operator induced on W, by T, then the matrix A, is uniquely determined as the
rational form for (T, ... cl).

LOVELY PROFESSIONAL UNIVERSITY



The Jordan Form

Now we wish to make some further observations about the operator T and the Jordan matrix A
which represents T in some ordered basis. We shall list a string of observations:

(1)  Every entry of A not on or immediately below the main diagonal is 0. On the diagonal of
A occur the k distinct characteristic values c,,..., ¢, of T. Also, c,is repeated d, times, where d,
is the multiplicity of c, as a root of the characteristic polynomial, i.e., d, = dim W,

(2)  For each i, the matrix A, is the direct sum of 7, elementary Jordan matrices ]}” with

characteristic values c. The number 7, is precisely the dimension of the space of characteristic
vectors associated with the characteristic value c. For, n, is the number of elementary
nilpotent blocks in the rational form for (T, - c ), and is thus equal to the dimension of the
null space of (T - c). In particular notice that T is diagonalizable if and only if #n, = d, for
eachi.

(3)  For each i, the first block ]Y) in the matrix A, is an r, X ¥, matrix, where r, is the multiplicity

of ¢, as a root of the minimal polynomial for T. This follows from the fact that the minimal
polynomial for the nilpotent operator (T, - c) is x"i.

Of course we have as usual the straight matrix result. If B is an n X n matrix over the field F and
if the characteristic polynomial for B factors completely over F, then B is similar over F to an
n X n matrix A in Jordan form, and A is unique up to a rearrangement of the order of its
characteristic values. We call A the Jordan form of B.

Also, note that if F is an algebraically closed field, then the above remarks apply to every linear
operator on a finite-dimensional space over F, or to every n x n matrix over F. Thus, for example,
every n X n matrix over the field of complex numbers is similar to an essentially unique matrix
in Jordan form.

If the linear transformation T is nilpotent then T™ =( where n, is the index of nilpotency. If
T"-1 2 we can find a vector v in the space V such that 717! » (. Then we can form the vectors
v,=v,0,=Tv,v,=T%,..0, = T" v vectors which are claimed to be linearly independent over
the field F.

Let V, be the subspace of V spanned by v, =v,v,=To, ... v, = ", V, is invariant under T, and
in the basis above, the linear transformation induced by T on V, has a matrix A,, of the form (1).

Let the vector space V is of the form V = V, ® W where W is invariant under T. Using the basis

v, 0, ... U, of V and any basis of W as a basis of V, the matrix of T in this basis has the form

4 27
A, 0
0 A,

where A, is the matrix of T,, the linear transformation induced on Wby T. Since T™ =0, T,”* =0

for some n, < n,.

Let Tis a linear operator on C* The characteristic polynomial for T is either (x - C,) (x - C,) where
C, and C, are distinct or is (x - C)>. In the former case T is diagonalizable and is represented in
some ordered basis by the matrix

cC, 0

0G|

In the later case, the minimal polynomial for T may be (x - C), in which case T = C I, or may be
(x = €)% in which case T is represented in some order basis by the matrix
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Thus every 2 x 2 matrix over the field of complex numbers is similar to a matrix of one of the two
types displayed above, possibly with C, = C,.

' Example 1: Let T be represented in ordered basis by the matrix

011
A=[000|eF,
000

The ordered basis is €, = (1,0, 0),&,= (0,1, 0), &, = (0, 0, 1)
Letv, =g, v,=Ag =¢,+¢, v, = &, In this basis
(v, v,, v,) the matrix A becomes

A’ = PAP?

where pP= !

S O =
oS = O

— = o
[
N

A straight forward method gives

7

b

1
1
cor
orR o

|
Lo
| S

Juy

then A = ]

(o]
SO =
o OO

which is in Jordan form. Thus A is similar to A’.

' Example 2: Let A be a complex 3 x 3 matrix
0
0

i

The characteristic polynomial for A is obviously (x - 2)? (x + 1). Either this is the minimal
polynomial, in which case A is similar to

200

120

00-1

or the minimal polynomial is (x - 2) (x + 1), in which case A is similar to
200
020
00-1
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The Jordan Form

Now
000
(A-2D)(A+I)=|3a 00
ac 00

and thus A is similar to a diagonal matrix if and only if a = 0.

' Example 3: Let

OO~ N
oo nNNO
QT NO O
NO oo

The characteristic polynomial for A is (x - 2)*. Since A is the direct sum of two 2 x 2 matrices, it
is clear that the minimal polynomial for A is (x - 2)%. Now if a = 0 or if 2 = 1, then the matrix A is
in Jordan form. Notice that the two matrices we obtain for 2 = 0 and a = 1 have the same
characteristic polynomial and the same minimal polynomial, but are not similar. They are not
similar because for the first matrix the solution space of (A - 2I) has dimension 3, while for the
second matrix it has dimension 2.

Example 4: Linear differential equations with constant coefficients provide a nice
illustration of the Jordan form. Let a,,..., a,_, be complex numbers and let V be the space of all n
times differentiable functions f on an interval of the real line which satisfy the differential
equation

n n-1
d '{: + ﬂ”4 d nf
dx dx

+--~+a1%+a0f:0
Let D be the differentiation operator. Then V is invariant under D, because V is the null space of
p(D), where
p=x"+-+axta,
What is the Jordan form for the differentiation operator on V?
Let c,,..., ¢, be the distinct complex roots of p:
p=(x-c)if (x-c)
Let V, be the null space of (D - c])%, that is, the set of solutions to the differential equation
(D-clyif=0

Then the primary decomposition theorem tells us that

V=V, ®..0V,

Let N, be the restriction of D - ¢] to V.. The Jordan form for the operator D (on V) is then
determined by the rational forms for the nilpotent operators N.,...,, N, on the spaces V,..., V..

So, what we must know (for various values of c) is the rational form for the operator N = (D - cI)
on the space V, which consists of the solutions of the equation

(D-ch)yf=0

LOVELY PROFESSIONAL UNIVERSITY
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How many elementary nilpotent blocks will there be in the rational form for N? The number
will be the nullity of N, i.e., the dimension of the characteristic space associated with the
characteristic value c. That dimension is 1, because any function which satisfies the differential
equation

Df=¢f
is a scalar multiple of the exponential function h(x) = e¢*. Therefore, the operator N (on the
space V) has a cyclic vector. A good choice for a cyclic vector is g = x'h:

g(x) = xr—lecx

This gives

Ng = (r-1)x"h

N''g= (r-1h

The preceding paragraph shows us that the Jordan form for D (on the space V) is the direct sum
of k elementary Jordan matrices, one for each root c,

Self Assessment

1.  If Ais an n x n matrix over the field F with characteristic polynomials
f=E-c)t(x-c)2.. (x-c)*
What is the trace of A?

2. Show that the matrix

0 1 0
A=1 0 1
0 -1 0

is nilpotent. Show also that the Jordan form of A consists of a single 3 x 3 matrix.

1.3 Summary

o The findings of the theorem 1 of the last unit helps us to see that the finite vector space V
for a linear nilpotent operator is decomposed as the direct sum of its cyclic invariant
subspaces Z(a,; N) with N annihilators p,, p,, ..., p,-

o Since N is nilpotent, the minimal polynomial is x* where k < 7, and thus each p, is also of the
form p, = x*.
o Theorem 1 of the last unit also helps us to write N as the direct sum of the elementary

nilpotent matrices known as companion matrices.

1.4 Keywords

Companion Matrix: is such an n x n matrix whose elements are zeros every where except
immediately below the diagonal line has 1s.

Nilpotent Matrix: A matrix A such that A* = 0, is called nilpotent matrix of index k. Provided
at 0.
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The Jordan Form

1.5 Review Questions Notes

1.  The differentiation operator on the space of the polynomials of degree less than or equal
to 3 is represented by the matrix

o O O O
[ R
o O N O
S W o O

What is the Jordan form of the matrix?
2. If Ais a complex 5 x 5 matrix with the characteristic polynomial
f=(e-2) (e +7p

and the minimal polynomial p = (x - 2)* (x + 7), what is the Jordan form for A?
Answer: Self Assessment

1. Traceof A=cd +cd,+..+cd

Kk

1.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

L.N. Herstein, Topics in Algebra
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Unit 2: Computation of Invariant Factors

CONTENTS

Objectives

Introduction

21 Overview

2.2 Computation of Invariant Factors
2.3 Summary

24 Keywords

2.5 Review Question

2.6 Further Readings

Objectives

After studying this unit, you will be able to:

° Understand how to obtain the characteristic polynomial for a matrix of large size with the
help of the elementary row and column operations.

° See that this unit gives a detailed method which can be used by computation of invariant
factors as the matrix involved depends upon the polynomials in the field F'(x).

° See that with method of elementary row and column operations a matrix can be put into
the Jordan form.

° Understand that if P is an m x m matrix with entries in the polynomial algebra F(x) then P
is invertible means that P is row equivalent to the m x m identity matrix and P is a product
of elementary matrices.

Introduction
In this unit a method for computing the invariant factors p,, ... p, is given where p,, p,, ... p, define

the rational form for the n X n matrix A.

The elementary row operations and column operations are to be used to reduce (xI - A) into an
row equivalent matrix.

Itis also shown that if N is row equivalent to M then N = PM, where P an m X m matrix is a product
of elementary matrices.

2.1 Overview

We wish to find a method for computing the invariant factors p,, p,, ... p, which define the
rational form for an n x n matrix A with entries in the field F. To begin with a very simple case
in which A is the companion matrix (2) of unit 9 of a monic polynomial

= 4 n-1
p=x"+C _x"+.+Cx+C,

In unit (19) we saw that p is both the minimal and the characteristic polynomial for the companion
matrix A. Now, we want to give a direct calculation which shows that p is the characteristic
polynomial for A.

LOVELY PROFESSIONAL UNIVERSITY



Computation of Invariant Factors

In this case

x 0 0 0 Co
-1 x O 0 Cy
0 -1 «x 0 C,
xI-A = .
0 0 0 - - Cuo
|0 0 0 - -1 x+Cyq|

In the row-operation, let us add x times row 7 to row (1 - 1). This will remove the x in the (n - 1,
n - 1) place and still the determinant of [x] - A] does not change. To continue, add x times the new
row (n - 1) to row (n - 2). Continuing successively unit all of the x’s on the main diagonal have
been removed by that process, the result is the matrix

0 0 0 0 xn+...+C1x+Co
-1 0 0 L 4 Cx+ G
0 -1 0 -« 0 x"24..+4Cyx+Cy

0 x*+C, 1x+C,p
[0 0 0 - 01 x+Cpq

which has the same determinant as xI - A. The upper right-hand entry of this matrix is the
polynomial p. Now we use column operations to clean up the last columns. We do so by adding
to last column appropriate multiples of the other columns:

[0 0 0 - 0 p
1 0 0 - 0 0
0 10 00
0 00 - 00
(0 0 0 - -1 0]

Multiply each of the first (1 - 1) columns by -1 and then perform (1 - 1) interchanges of adjacent
columns to bring the present nth column to the first position. The total effect of the 2n - 2 sign
changes is to have the determinant unaltered. We obtain the matrix

100 - 0
01 0
001 0
L - (1)
000 1

It is then clear that p = det (xI - A).

2.2 Computation of Invariant Factors

We are going to show that for any n x n matrix A, there is a succession of row and column
operations which will transform xI - A into a matrix, in which the invariant factors of A appear
down the main diagonal.

LOVELY PROFESSIONAL UNIVERSITY
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mxn
We will be concerned with F (x) the collection of m x n matrices with entries which are

polynomials over the field F. If M is such a matrix, an elementary row operation on M is one of
the following;:

1.  multiplications of one row of M by a non-zero scalar in F;

2. replacement of the rth row of M by row r plus f times row s, where f is any polynomial
over Fand r = s;

3.  interchange of two rows of M.

The inverse operation of an elementary row operation is an elementary row operation of the
same type. Notice that we could not make such an assertion if we allowed non-scalar polynomials
in (1). An m X m elementary matrix, that is, an elementary matrix in F[x]"*™, is one which can be
obtained from the m x m identity matrix by means of a single elementary row operation. Clearly
each elementary row operation on M can be effected by multiplying M on the left by a suitable
m x m elementary matrix; in fact, if e is the operation, then

e(M) =e()M.

Let M, N be matrices in F[x]"*". We say that N is row-equivalent to M if N can be obtained from
M Dy a finite succession of elementary row operations:

M=M,—->M —..—>M=N.

Evidently N is row-equivalent to M if and only if M is row-equivalent to N, so that we may use
the terminology 'M and N are row-equivalent.' If N is row-equivalent to M, then

N =PM
where the m x m matrix P is a product of elementary matrices:
P=E, ..E.
In particular, P is an invertible matrix with inverse
-l — T -1 .
Pt =E".. E.
Of course, the inverse of E, comes from the inverse elementary row operation.

All of this is just as it is in the case of matrices with entries in F. Thus, the next problem which
suggests itself is to introduce a row-reduced echelon form for polynomial matrices. Here, we
meet a new obstacle. How do we row-reduce a matrix? The first step is to single out the leading
non-zero entry of row 1 and to divide every entry of row 1 by that entry. We cannot (necessarily)
do that when the matrix has polynomial entries. As we shall see in the next theorem, we can
circumvent this difficulty in certain cases; however, there is not any entirely suitable
row-reduced form for the general matrix in F[x]"*". If we introduce column operations as well
and study the type of equivalence which results from allowing the use of both types of operations,
we can obtain a very useful standard form for each matrix. The basic tool is the following.

Lemma: Let M be a matrix in F[x]™" which has some non-zero entry in its first column, and let p
be the greatest common divisor of the entries in column 1 of M. Then M is row-equivalent to a
matrix N which has

as its first column.

LOVELY PROFESSIONAL UNIVERSITY
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Computation of Invariant Factors

Proof: We shall prove something more than we have stated. We shall show that there is an Notes
algorithm for finding N, i.e., a prescription which a machine could use to calculate N in a finite
number of steps. First, we need some notation.

Let M be any m X n matrix with entries in F[x] which has a non-zero first column

h
M = .

; :
fm
Define

I(M,) = min degf,

pM,) =gcd. (f,..f) -(2)

Let j be some index such that deg f, = I(M,). To be specific, let j be the smallest index i for which
deg f, = I(M,). Attempt to divide each f, by f:

fi=f8& *tr, 1=0or degr,<degf ..(3)

For each i different from j, replace row i of M by row i minus g, times row j. Multiply row j by the
reciprocal of the leading coefficient of f; and then interchange rows j and 1. The result of all these
operations is a matrix M' which has for its first column

f]

)

M, =|7" (4

where f j is the monic polynomial obtained by normalizing f to have leading coefficient 1. We
have given a well-defined procedure for associating with each M a matrix M' with these properties.

(@) M'is row-equivalent to M.
(b)  p(M;) = p(M,).
() Either (M) <[(M,) or

M= .(4A)

Itis easy to verify (b) and (c) from (3) and (4). Property (c) is just another way of stating that either
there is some i such that 7, # 0 and deg r, < deg f, or else r,, = 0 for all i and fj is (therefore) the
greatest common divisor of f,, ..., f .

The proof of the lemma is now quite simple. We start with the matrix M and apply the above
procedure to obtain M'. Property (c) tells us that either M' will serve as the matrix N in the
lemma or [(M’)) < [(M,). In the latter case, we apply the procedure to M' to obtain the matrix
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M® = (M")'. If M® is not a suitable N, we form M® = M®)', and so on. The point is that the strict
inequalities

(M) > 1(M7) > (M@ > ..
cannot continue for very long. After not more than /(M,) iterations of our procedure, we must
arrive at a matrix M® which has the properties we seek.

Theorem 1: Let P be an m x m matrix with entries in the polynomial algebra F[x]. The following
are equivalent.

(i) P is invertible.

(ii) The determinant of P is a non-zero scalar polynomial.
(iii) P is row-equivalent to the m x m identity matrix.

(iv) P is a product of elementary matrices.

Proof: Certainly (i) implies (ii) because the determinant function is multiplicative and the only
polynomials invertible in F[x] are the non-zero scalar ones. Our argument here provides a proof
that (i) follows from (ii). We shall complete the merry-go-round

®) — ()
T \J
(iv) « (iii).
The only implication which is not obvious is that (iii) follows from (ii).
Assume (ii) and consider the first column of P. It contains certain polynomials p,, ..., p,, and
gcd. (p,..p,)=1

because any common divisor of p,, ..., p,. must divide (the scalar) det P. Apply the previous
lemma to P to obtain a matrix

1 ay - Ay

Q=1 (5

which is row-equivalent to P. An elementary row operation changes the determinant of a matrix
by (at most) a non-zero scalar factor. Thus det Q is a non-zero scalar polynomial. Evidently the
(m -1) x (m - 1) matrix B in ( 5) has the same determinant as does Q. Therefore, we may apply the
last lemma to B. If we continue this way for m steps, we obtain an upper-triangular matrix

1 Ay Ay,

which is row-equivalent to R. Obviously R is row-equivalent to the m x m identity matrix.

Corollary: Let M and N be m X n matrices with entries in the polynomial algebra F]x]. Then N is
row-equivalent to M if and only if

N =PM

where P is an invertible m x m matrix with entries in F[x].

LOVELY PROFESSIONAL UNIVERSITY
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Computation of Invariant Factors

We now define elementary column operations and column-equivalence in a manner analogous
to row operations and row-equivalence. We do not need a new concept of elementary matrix
because the class of matrices which can be obtained by performing one elementary column
operation on the identity matrix is the same as the class obtained by using a single elementary
row operation.

Definition: The matrix N is equivalent to the matrix M if we can pass from M to N by means of
a sequence of operations

M=M->M—-..-M=N
each of which is an elementary row operation or an elementary column operation.

Theorem 2: Let M and N be m X n matrices with entries in the polynomial algebra F[x ]. Then N
is equivalent to M if and only if

N =PMQ
where P is an invertible matrix in F[x]"*" and Q is an invertible matrix in F[x]"*".

Theorem 3: Let A be an 1 x n matrix with entries in the field F, and let p,, ..., p, be the invariant
factors for A. The matrix x I - A is equivalent to the n x n diagonal matrix with diagonal entries
Py p, L1 1

Proof: There exists an invertible n x n matrix P, with entries in F, such that PAP is in rational
form, that is, has the block form

A 0 0
oape | 0 A 0
0 0 A,

where A, is the companion matrix of the polynomial p,. According to Theorem 2, the matrix
P(xI - A)P' =xI - PAP! ...(6)
is equivalent to xI - A. Now

xI-A, 0 0

oI - PAP- = 0 x[-Ay, - 0

. . : (7)
0 0 - xl-A,

where the various I's we have used are identity matrices of appropriate sizes. At the beginning

of this section, we showed that xI - A, is equivalent to the matrix

pPi 0 0
01 -0
00 -1

From (6) and (7) it is then clear that xI - A is equivalent to a diagonal matrix which has the
polynomials p, and (n - r) 1's on its main diagonal. By a succession of row and column
interchanges, we can arrange those diagonal entries in any order we choose. For example: p,, ...,
p,1,..1

Theorem 3 does not give us an effective way of calculating the elementary divisors p,, ..., p,
because our proof depends upon the cyclic decomposition theorem. We shall now give an
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explicit algorithm for reducing a polynomial matrix to diagonal form. Theorem 3 suggests that
we may also arrange that successive elements on the main diagonal divide one another.

Definition: Let N be a matrix in F[x]J"*". We say that N is in (Smith) normal form if
(@) every entry off the main diagonal of N is 0;

(b) on the main diagonal of N there appear (in order) polynomials f,, ..., f, such that f, divides
feop1Sk<I-1.

In the definition, the number [ is [ = min (m, n). The main diagonal entries are f, = N,, k=1, .., L

Theorem 4: Let M be an m x n matrix with entries in the polynomial algebra F[x]. Then M is
equivalent to a matrix N which is in normal form.

Proof: If M = 0, there is nothing to prove. If M # 0, we shall give an algorithm for finding a matrix
M' which is equivalent to M and which has the form

M=, ~(8)

where R is an (m - 1) x (n - 1) matrix and f, divides every entry of R. We shall then be finished,
because we can apply the same procedure to R and obtain f,, etc.

Let [(M) be the minimum of the degrees of the non-zero entries of M. Find the first column which
contains an entry with degree /(M) and interchange that column with column 1. Call the resulting
matrix M©. We describe a procedure for finding a matrix of the form

0
: S -(9)
0
which is equivalent to M©. We begin by applying to the matrix M© the procedure of the lemma
before Theorem 1, a procedure which we shall call PL6. There results a matrix

poa - b
0 ¢ --- d

mo=|, o8 ..(10)
0 e - f

If the entries g, ..., b are all 0, fine. If not, we use the analogue of PL6 for the first row, a procedure
which we might call PL6'. The result is a matrix

a' CI e e'
FYCI : (1)
b4 .. fv

where g is the greatest common divisor of p, g, ..., b. In producing M®, we may or may not have
disturbed the nice form of column 1. If we did, we can apply PL6 once again. Here is the point.
In not more than I(M) steps:
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we must arrive at a matrix M® which has the form (9): because at each successive step we have
I(ME*D < [(M®. We name the process which we have just defined P7-36.

MO _PL-36 5 (t)

In (9), the polynomial g may or may not divide every entry of S. If it does not, find the first
column which has an entry not divisible by g and add that column to column 1. The new first
column contains both g and an entry gh + r where r # 0 and deg r < deg g. Apply process P7-36 and
the result will be another matrix of the form (9), where the degree of the corresponding g has
decreased.

It should now be obvious that in a finite number of steps we will obtain (8), i.e., we will reach a
matrix of the form (9) where the degree of g cannot be further reduced.

We want to show that the normal form associated with a matrix M is unique. Two things we
have seen provide clues as to how the polynomials f, ..., f, in Theorem 4 are uniquely determined
by M. First, elementary row and column operations do not change the determinant of a square
matrix by more than a non-zero scalar factor. Second, elementary row and column operations
do not change the greatest common divisor of the entries of a matrix.

Definition: Let M be an m x n matrix with entries in F[x]. If 1 < k < min (i, ), we define § (M) to
be the greatest common divisor of the determinants of all k x k submatrices of M.

Recall that a k x k submatrix of M is one obtained by deleting some m - k rows and some n - k
columns of M. In other words, we select certain k-tuples

I=(,..1), 1<i<.<i<m
J= G er ji) 1<j,<..<j<n

and look at the matrix formed using those rows and columns of M. We are interested in the
determinants

Mi j, Mijy
D, (M) =det| : -(12)
M M

ikj1 ikjk

The polynomial §,(M) is the greatest common divisor of the polynomials D, (M), as I and ] range
over the possible k-tuples.
Theorem 5: If M and N are equivalent m x n matrices with entries in F[x], then

3,M) =9, (N), 1=<k<min (m,n) ...(13)

Proof: 1t will suffice to show that a single elementary row operation e does not change 9,. Since
the inverse of e is also an elementary row operation, it will suffice to show this: If a polynomial
fdivides every D, (M), then f divides D, (e(M)) for all k-tuples I and J.

Since we are considering a row operation, let a., ..., o, be the rows of M and let us employ the

notation
D(a, ..., o)) =D, (M).

Given I and ], what is the relation between D, (M) and D, (e(M))? Consider the three types of
operations e:

(@) multiplication of row r by a non-zero scalar c;
(b) replacement of row r by row r plus g times row s, 1 # s;

(¢) interchange of rows rand s, r # s.
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Forget about type (c) operations for the moment, and concentrate on types (a) and (b), which
change only row . If r is not one of the indices i,, ..., i, then

D, (e(M)) =D, (M).
If r is among the indices i,, ..., i,, then in the two cases we have
@ D, (eM) =D(o,, ..., cat, ..., &)
=cD (0, v O ey O)
=cD, (M);
(b) D, (e(M) =D(a, ..., o0, + g0, ..., O,)
=D, (M) +gD (o, ..., Ot ..., )

For type (a) operations, it is clear that any f which divides D, (M) also divides D, (e(M)). For the
case of a type (c) operation, notice that

D(a

D (a

coer Oy O

=0, if s = i, for some j

i1’

s Oy O) =2 DY (M), if s # 1, forall j.

i1/
The I’ in the last equation is the k-tuple (i, ..., s, ..., i,) arranged in increasing order. It should now
be apparent that, if f divides every D, (M), then f divides every D, (e(M)).

Operations of type (c) can be taken care of by roughly the same argument or by using the fact
that such an operation can be effected by a sequence of operations of types (a) and (b).

Corollary: Each matrix M in F[x]™" is equivalent to precisely one matrix N which is in normal
form. The polynomials f,, ... , f, which occur on the main diagonal of N are

f. = %, 1< k<min (m, n)

where, for convenience, we define § (M) = 1.
Proof: If N is in normal form with diagonal entries f,, ..., f; it is quite easy to see that

8(N) = ffy - fie

Of course, we call the matrix N in the last corollary the normal form of M. The polynomials f,, ...,
f, are often called the invariant factors of M.

Suppose that A is an n x n matrix with entries in F, and let p,, ..., p, be the invariant factors for A.
We now see that the normal form of the matrix xI - A has diagonal entries 1,1, ..., 1, p,, ..., p,. The
last corollary tells us what p,, ..., p, are, in terms of submatrices of xI - A. The number # - 7 is the
largest k such that § (xI - A) = 1. The minimal polynomial p, is the characteristic polynomial for
A divided by the greatest common divisor of the determinants of all (n - 1) X (1 - 1) submatrices
of xI - A, etc.

Self Assessment

1.  True or false? Every matrix in F"*" is row-equivalent to an upper-triangular matrix.

2. T be a linear operator on a finite dimensional vector space and let A be the matrix of T in
some ordered basis. Show that T has a cyclic vector if and only if the determinants of the
(n - 1) (n - 1) sub-matrices of (xI - A) are relatively prime.
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2.3 Summary

° In this unit a method for computing the invariant factors p, ... p, which define the rational
form of the matrix, is given. It is shown that by elementary row and column operations it
can be achieved.

° It is shown that if N is row-equivalent to a matrix M then N = PM where p is a product of
elementary matrices.

° By this method one can show that

x[-A; 0 - 0
0 xI-Ay - 0
P(xI - A) P = xI - PAP' =
0 e xl—A,

where A, is companion matrix.

2.4 Keywords

nxn
An Elementary Matrix in F (x) is one which can be obtained from n X n identity matrix by

means of a single elementary operation.

An Elementary Row Operation: An elementary row operation on a matrix M whose determinant
has to be found, will not change the determinant of M if this row operation is one of the
following: (i) multiplication of one row of M by a non-zero scalar in F; (ii) replacement of the rth
row of M by the row r plus f times row s, where f is any polynomial over F and r #s; (iii)
interchange of two rows of M.

mxXm

Row equivalent: Let M, N be matrices in F (x ). We say that N is row equivalent to M if N can

be obtained from M by a finite succession of elementary row operations.

2.5 Review Question

1. Let T be the linear operator on R® which is represented in the standard basis by the matrix
(1 1 1 1 1 1 1 1]
0 0 0 0 00 1
00 0 0 0 001
0 -1 1 0 0 00 1
A%loo0 01 1 00 0
01 1 1 1 10 1
0 -1 -1-1-101 -1
00 0 0 000 O]

(@)  Find the characteristic polynomial and the invariant factors.
(b)  Find the Jordan form of A.

(c)  Find a direct sum decomposition of R® into T-cyclic subspaces as in theorem 1 of
unit 20.
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Answer: Self Assessment
1. True

2.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

LN. Herstein, Topics in Algebra
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Unit 3: Semi-simple Operators

CONTENTS

Objectives

Introduction

.1 Overview

Semi-simple Operators

Summary

Review Questions

W W W W W Ww

2
3
4 Keywords
5
6

Further Readings

Objectives

After studying this unit, you will be able to:

° Understand the meaning of semi-simple linear operator T by means of a few lemma stated
in this unit.

o See that if T is a linear operator on V and the minimal polynomial for T is irreducible over
the scalar field then T is semi-simple.

° Know that T, a linear operator on a finite-dimensional space is semi-simple if and only if
T is diagonalizable.

o Understand that if T is a linear operator on V, a finite dimensional vector space over F a
subfield of the field of complex numbers, then there is a semi-simple operator S and a
nilpotent operator N on V such that T=S + N and SN = NS.

Introduction
In this unit the outcome of the last few units is reviewed and a few lemmas based on these ideas

are proved.

The criteria for an operator to be semi-simple are given. It is shown that a linear operator on
finite dimensional space having minimal polynomial to be irreducible is semi-simple.

It is also shown that for a linear operator T on a finite dimensional vector space V over the field
F which is subfield of the field of complex numbers, the operator is the sum of a semi-simple
operator S on V and a nilpotent operator N on V such that T =S + N and SN = NS.

3.1 Overview

In the last couple of units we have been dealing with a single linear operator T on a finite
dimensional vector space V. The aim has been to decompose T into a direct sum of linear
operators of an elementary nature.

We first of all studied the characteristic values and characteristic vectors and also constructed
diagonalizable operators. It was observed then that the characteristic vectors of T need not space
the space.
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Then the cyclic decomposition theorem help us in expressing any linear operator as a direct sum
of operators with a cyclic vector. If U is a linear operator with a cyclic vector, there is a basis
(o, 0Ly ..., 0 ) With

Ua, = -c,o, = ¢,0L, ... =C,_ O .

This means that action of U on this basis is to shift each a, to the next vector o, ,, except that U,
is some prescribed linear combination of the vectors in the basis. The general operator T is the
direct sum of a finite number of such operators U and got reasonably elementary description of
the action of T. Then cyclic decomposition theorem to nilpotent operators is applied and with
the help of the primary decomposition theorem Jordan form is obtained.

The importance of the rational form or the Jordan form is obtained from the fact that these forms
can be computed in specific cases. Of course, if one is given a specific linear operator T and if its
cyclic or Jordan form can be computed, one can obtain vast amounts of information about T.
However there are some difficulties in this method. At first the computation may be lengthy.
The other difficulty is there may not be any method for doing computations. In the case of
rational form the difficulty may be due to lengthy calculation. It is also worthwhile to mention
a theorem which states that if T is a linear operator on a finite-dimensional vector space over an
algebraically closed field then T is uniquely expressible as the sum of a diagonalizable operator
and a nilpotent operate which commute.

In this unit we shall prose analogous theorem without assuming that the scalar field is
algebraically closed. We begin by defining the operators which will play the role of the
diagonalizable operators.

3.2 Semi-simple Operators

We say that T a linear operator on a finite dimensional space V over the field F, is semi-simple
if every T-invariant subspace has a complementary T-invariant subspace.

We are going to characterize semi-simple operators by means of their minimal polynomials,
and this characterization will show us, that, when F is algebraically closed, an operator is semi-
simple if and only it is diagonalizable.

Lemma: Let T be a linear operator on the finite dimensional vector space V and let
V=W®e.+W,
be the primary decomposition for T. In other words, if p is the minimal polynomial for T and

p= p{l P,:k is the prime factorization of p, then V\/] is the null space of pj(T)yf . Let W be any
subspace of V which is invariant under T. Then

W=WnW)®..0 ( WnW)

Proof: If E,, E,, ..... E, the projections associated with the decomposition V=W, ® ... ® W, then
each E, is a polynomial in T. That is, there are polynomials #,, ..., h such that E = (T).

Now let W be a subspace which is invariant under T. If a is any vector in W, then oo = o, + ... + @,
where o is in W. Now o, = E o= ii(T)0,, and since Wis invariant under T, each o is also in W. Thus
each vector o in Wis of the form o = a, + ... + o, where 0, is in the intersection W W, This
expression is unique, since V=W, @ ... ® W,. Therefore

W=WnW)® .0 WAW)

Lemma: Let T be a linear operator on V, and suppose that the minimal polynomial for T is
irreducible over the scalar field F. Then T is semi-simple.
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Proof: Let W be a subspace of V which is invariant under T. We must prove that IV has a
complementary T-invariant subspace. According to corollary of Theorem 1 of unit 20 it will
suffice to prove that if fis a polynomial and f is a vector in V such that {T)p is in WV, then there
is a vector o in W with f{T)B = f(T)a.. So suppose B is in V and fis a polynomial such that f(T)f is
in W. If AT)B = 0, we let oo = 0 and then « is a vector in W with AT)B = AT)a. If AT)B # 0, the
polynomial f is not divisible by the minimal polynomial p of the operator T. Since p is prime,
this means that fand p are relatively prime, and there exist polynomials g and & such that fg + ph
=1. Because p(T) =0, we then have f{T)g(T) = I. From this it follows that the vector  must itself be
in the subspace W; for

B =g(DADB

=8(DADB)
while f(T)B is in W and W is invariant under T. Take a = 3.

Theorem 1: Let T be a linear operator on the finite-dimensional vector space V. A necessary and
sufficient condition that T be semi-simple is that the minimal polynomial p for T be of the form
p=p, .. p, wherep, ..., p, are distinct irreducible polynomials over the scalar field F.

Proof: Suppose T is semi-simple. We shall show that no irreducible polynomial is repeated in
the prime factorization of the minimal polynomial p. Suppose the contrary. Then there is some
non-scalar monic polynomial g such that g divides p. Let W be the null space of the operator g(T).
Then Wis invariant under T. Now p = g°h for some polynomial /. Since g is not a scalar polynomial,
the operator g(T)h(T) is not the zero operator, and there is some vector f in V such that g(T)h(T)B
# 0, i.e., (gh)p # 0. Now (gh)B is in the subspace W, since g(ghP) = ghp = pp = 0. But there is no
vector o in W such that ghP = gho; for, if o is ill W

(gh)oe = (hg)or = h(ger) = h(0) = 0.

Thus, W cannot have a complementary T-invariant subspace, contradicting the hypothesis that T
is semi-simple.

Now suppose the prime factorization of p is p = p, ... p,, where p,, ..., p, are distinct irreducible
(non-scalar) monic polynomials. Let W be a subspace of V which is invariant under T. We shall
prove that W has a complementary T-invariant subspace. Let V=W, @ ... ® W, be the primary
decomposition for T, i.e., let W, be the null space of p(T). Let T, be the linear operator induced on
W, by T, so that the minimal polynomial for T} is the prime p. Now W W, is a subspace of WV,
which is invariant under T, (or under T). By the last lemma, there is a subspace V, of W such that
W,=(WnW)® V and V is invariant under T, (and hence under T). Then we have

V=We.ew
=WAW)®V, 8.0 WAIW) 8V,
=WAW)+ ..+ WAW)®V, @ .8V,

By the first lemma above, W= (WnW)® .. ® Wn W) sothatif W=V, ®..®V, then V=W
® W’ and W' is invariant under T.

Corollary: 1If T is a linear operator on a finite-dimensional vector space over an algebraically
closed field, then T is semi-simple if and only if T is diagonalizable.

Proof: If the scalar field F is algebraically closed, the monic primes over F are the polynomials
x - c. In this case, T is semi-simple if and only if the minimal polynomial for Tis p = (x - c,) ...
(x = ¢), where c,, ..., ¢ _are distinct elements of F. This is precisely the criterion for T to be
diagonalizable.

We turn now to expressing a linear operator as the sum of a semi-simple operator and a nilpotent
operator which commute. In this, we shall restrict the scalar field to a subfield of the complex
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numbers. We will see that what is important is that the field F be a field of characteristic zero,
that is, that for each positive integer n the sum 1 + ... + 1 (n times) in F should not be 0. For a
polynomial fover F, we denote by f¥ the kth formal derivative of f. In other words, f* = D'f, where
D is the differentiation operator on the space of polynomials. If g is another polynomial, f(g)
denotes the result of substituting g in f, i.e., the polynomial obtained by applying f to the
element g in the linear algebra F[x].

Lemma (Taylor's Formula): Let F be a field of characteristic zero and let g and / be polynomials
over F. If fis any polynomial over F with deg f < n, then

iy =00 + g 1) + Lo e L0 oy,

Proof: What we are proving is a generalized Taylor formula. The reader is probably used to
seeing the special case in which /1 = ¢, a scalar polynomial, and g = x. Then the formula says

@ (n)
fofw) =fi0+ 20 (-0 + LD o+ e Dy

The proof of the general formula is just an application of the binomial theorem

(a+b) =a*+kab + wak'zbz +. D

Since substitution and differentiation are linear processes, one need only prove the formula

n
when f = x*. The formula for f = 2 Ckxk follows by a linear combination. In the case f = x* with
k=0
k < n, the formula says

k(k 1)
g =K - ) + = (g P+ .+ (g - B

which is just the binomial expansion of

g =[h+@-nl.

Lemma: Let F be a subfield of the complex numbers, let f be a polynomial over F, and let f be the
derivative of f. The following are equivalent:

(@)  fis the product of distinct polynomials irreducible over F.
(b) fand f are relatively prime.
(c)  As a polynomial with complex coefficients, f has no repeated root.

Proof: Let us first prove that (a) and (b) are equivalent statements about f. Suppose in the prime
factorization of f over the field F that some (non-scalar) prime polynomial p is repeated. Then f
= p*h for some h in F[x]. Then

f =yt 2pp'h
and p is also a divisor of f. Hence fand f' are not relatively prime. We conclude that (b) implies (a).

Now suppose f = p, ... p,, where p,, ..., p, are distinct non-scalar irreducible polynomials over F.
Letf =f/p, Then

f=PA+P S+ + P,

Let p be a prime polynomial which divides both fand f'. Then p = p, for some i. Now p, divides
J;for j # i, and since p, also divides
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f= Zp}fj
=1

we see that p, must divide p’f. Therefore p, divides either f, or p’. But p, does not divide f, since p,,
..., p, are distinct. So p, divides p!. This is not possible, since p; has degree one less than the degree
of p. We conclude that no prime divides both fand f, or that (f, f) = 1.

To see that statement (c) is equivalent to (a) and (b), we need only observe the following:
Suppose fand g are polynomials over F, a subfield of the complex numbers. We may also regard
fand g as polynomials with complex coefficients. The statement that f and g are relatively prime
as polynomials over F is equivalent to the statement that f and g are relatively prime as
polynomials over the field of complex numbers. We use this fact with g = f. Note that (c) is just
(a) when fis regarded as a polynomial over the field of complex numbers. Thus (b) and (c) are
equivalent, by the same argument that we used above.

Theorem 2: Let F be a subfield of the field of complex numbers, let V be a finite-dimensional
vector space over F, and let T be a linear operator on V. Let B be an ordered basis for V and let
A be the matrix of T in the ordered basis B. Then T is semi-simple if and only if the matrix A is
similar over the field of complex numbers to a diagonal matrix.

Proof: Let p be the minimal polynomial for T. According to Theorem 1, T is semi-simple if and
onlyif p=p, ... p, wherep,, ..., p,, are distinct irreducible polynomials over F. By the last lemma,
we see that T is semi-simple if and only if p has no repeated complex root.

Now p is also the minimal polynomial for the matrix A. We know that A is similar over the field
of complex numbers to a diagonal matrix if and only if its minimal polynomial has no repeated
complex root. This proves the theorem.

Theorem 3: Let F be a subfield of the field of complex numbers, let V be a finite-dimensional
vector space over F, and let T be a linear operator on V. There is a semi-simple operator S on V
and a nilpotent operator N on V such that

() T=S+N;
(i) SN=NS.

Furthermore, the semi-simple S and nilpotent N satisfying (i) and (ii) are unique, and each is a
polynomial in T.

Proof: Let pi P be the prime factorization of the minimal polynomial for T, and let f=p, ...
p, - Let r be the greatest of the positive integers r,, ... , 7,, Then the polynomial f is a product of
distinct primes, f is divisible by the minimal polynomial for T, and so

fixy =o.

We are going to construct a sequence of polynomials: g, g,, &, ... such that

j=0

f(x— Y if J

is divisible by f*!, n =0, 1,2, .... We take g, = 0 and then f{x - g f° = f(x) = fis divisible by f. Suppose
we have chosen g, ..., g, .. Let

n-=1 i
h=x-% gif

j=0
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so that, by assumption, f{h) is divisible by f. We want to choose g, so that f{I) is divisible by f*.
We apply the general Taylor formula and obtain

fth=g.f) =fth) -g,ff(h) + [

where b is some polynomial. By assumption f{l) = gf*. Thus, we see that to have f{h - g f*) divisible
by f*! we need only choose g in such a way that (g - g f) is divisible by f. This can be done,
because f has no repeated prime factors and so f and f are relatively prime. If a and e are
polynomials such that af + ¢f =1, and if we let g, = eq, then q - g f is divisible by f.

n .

Now we have a sequence g, ,, .., such that f* divides f [x ->g if l] .Letus taken=r-1and
=0

then since AT) =0 !

r=1 .
f[T -2 gj(T)f(T)lJ 0.
j=0
Let

r=1 oor-1 .
N = 2 &(MATY =X g;(DATY
j=0 j=0

1 .
Since 2 8if ' is divisible by f, we see that N' = 0 and N is nilpotent. Let S = T - N. Then f(S) =
j=1
AT - N) = 0. Since f has distinct prime factors, S is semi-simple.
Now we have T = S + N where S is semi-simple, N is nilpotent, and each is a polynomial in T. To
prove the uniqueness statement, we shall pass from the scalar field F to the field of complex
numbers. Let  be some ordered basis for the space V. Then we have

[T], =[], + [N,

while [S], is diagonalizable over the complex numbers and [N], is nilpotent. This diagonalizable
matrix and nilpotent matrix which commute are uniquely determined.

Self Assessment

1.  If N is a nilpotent linear operator on V, show that for any polynomial f the semi-simple
part of f(N) is a scalar multiple of the identity operator (F a subfield of C).

2. Let T be a linear operator on R*® which is represented by the matrix
-1
-1
2 0

in the standard ordered basis. Show that there is a semi-simple operator S on R® and a
nilpotent operator N on V such that T= S + N and SN = NS.

3.3 Summary

o In this unit the idea of semi-simple linear operator is explored after a brief review of the
outcome of the previous few units.

o It is shown that a linear operator is semi-simple if every T-invariant subspace W of the
finite dimensional space V, has a complementary T-invariant subspace W’ such that
V=wew.
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° It is seen that for a linear operator T on V, a finite dimensional vector space over a field of
complex numbers has a semi-simple operator S on V and a nilpotent operator N on V such
that T=S+ N, SN =NS.

3.4 Keywords

Complementary T-invariant subspace: Let T a linear operator has a T-invariant sub-space W
such that V=W ® W’ then W’ is a subspace which is complementary to W. However if W’ is also
T-invariant then W’ is known as complementary T-invariant subspace.

Semi-simple operator: Let T be a linear operator on V, and suppose that the minimal polynomial
for T is irreducible over the scalar field F, then T is called a semi-simple operator.

3.5 Review Questions

1.  Let T be a linear operator on a finite dimensional space over a subfield of C. Prove that T
is semi-simple and only if the following is true. If fis a polynomial and f(T) is nilpotent,

then f(T) = 0.

2. Let T a linear operator on V is represented by the matrix
4 2 2
A=|-53 2
-2 4 1

Show that T is diagonalizable.

3.6 Further Readings

Books Kenneth Hoffman and Ray Kunze, Linear Algebra
Michael Artin, Algebra

LOVELY PROFESSIONAL UNIVERSITY

Notes

26



Sachin Kaushal, Lovely Professional University

Notes

Unit 4: Inner Product and Inner Product Spaces
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4.6  Further Readings

Objectives

After studying this unit, you will be able to:

° See that there is some similarity between the scalar product in vector analysis and the
concept of inner product.

° Understand that an inner product on a vector space V is a function which assigns to each
ordered pair of vectors o, § in V a scalar (0,/) in the field F such a way that for all o, §, y
in V and all scalars C

(a/cP+y)=C (alB)+(at]V)

o Know the importance of the construction known as Gram-Schmidt orthogonalization
process to convert a set of independent vector (8, B,, ... f,) into an orthogonal set of
vectors (0, O, ... O ).

o Understand orthogonal projection operators and their importance.

Introduction

In this unit the concept of inner product and inner product space is introduced and a similarity
is shown with the scalar product of dot product in vector analysis.

The Cauchy-Schwarz inequality is introduced.

With the help of examples it is shown how to obtain a set of orthogonal vectors (o, o,, ... @)
from a set of independent vectors (B, B,, ... B,) by means of a construction known as Gram-
Schmidt orthogonalization process.

By introducing orthogonal projection, E of V on W, it is seen that E is an idempotent linear
transformation of V onto W, W is the null space of Fand V= W @ W*.

41 Inner Product

In this unit we consider the vector space V over a field of real or complex numbers. In the first
case V is called a real vector space, in the second, a complex vector field. We have had some
experience of a real vector space in fact both analytic geometry and the subject matter of vector
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analysis deal with these spaces. In these concrete examples, we had the idea of length, secondly Notes
we had the idea of the angle between two vectors. These became special cases of the notion of a

dot product (often called a scalar or inner product.) of vectors in R®. Given the vectors v = (x,, x,,

x,) and w = (y,, ¥,, ¥,) in R® the dot product of v and w is defined as

v'w=xlyl +x2y2+x3y3'

Note that the length of the vector v is given by vv.v and the angle 6 between v and w is given by

0w
cos 6 = VoodJww'

We list a few of the properties of a dot product:

1. 02020
2. 0.W = W.0
3. v.(aw + bw) =av.w + bov.w

for any vectors v, w and real numbers g, b. If now include the complex field we slightly modify
the above relations and list them as follows:

1 VW= w0

2. v.v20and v.v=0if and only if v=0;

3. (au + bw).v = au.v + bw.v

4. u(av + bw) = A(w.v) + b ww

for all complex numbers a, b and all complex vectors u, v, w.

Definition. Let F be the field of real numbers or the field of complex numbers, and V a vector
over F. An inner product on V is a function which assigns to each ordered pair of vectors o, f§ in
V a scalar (o | B) in F in such a way that for all o, §, y in V and all scalars C.

@  (a+Bly)=(olv)+Blv)
(b)  (cot|B)=c(ot|B)
(©  (Blo)={c[B), the bar denoting complex conjugation;
) (c|]o)>0if o0,
It should be observed that conditions (a), (b) and (c) imply that
(e) (afeB+y)=c(a|B)+(ct|v).

In the examples that follow and throughout the unit F is either the field of real numbers or the
field of complex numbers.

' Example 1: In F® define, for a = (x,, x,, ... x,) and B=(y, v, ...,), (¢|B)=x,7, +x, ¥, + ...+
x,y, we call (o | B) the Standard Inner Product.

' Example 2: In F® define for o = (x,, x,) and = (y,, v,),

(@]B) = 2%, 9, + %, Y, + X, + X, 5.
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Since
(alo) = 2Jx,[" +2xy, +|x,|

2 _
= ‘xl‘ +(x +1,) (X, +X,)

It follows that (o] ) >0if ao# 0. Conditions (a), (b), and (c) of the definition are easily verified.

So (o | B) defines an inner product on F®.

' Example 3: Let V be F™", the space of all n x n matrices over F. Then V is isomorphic to
F2 in a natural way. It follows from Example 1 that the equation

(A1B) = Y A, B,
jk

defines an inner product on V. Furthermore, if we introduce the conjugate transpose matrix B*,

where B¥, = B;, we may express this inner product of F* in terms of the trace function:

(A|B) =tr (A| B¥) = tr (B* A).

For tr (AB*) = Z(AB*)]']'

' Example 4: Let F*! be the space of n x 1 (column matrices over F, and let Q be an n x n
invertible matrix over F. For X, Y in F™!set
(X]Y) = Y*QQX.

We are identifying the 1 x 1 matrix on the right with its single entry. When Q is the identity
matrix, this inner product is essentially the same as that in Example 1; we call it the standard
inner product on F*!. The reader should note that the terminology ‘standard inner product’ is
used in two special contexts. For a general finite-dimensional vector space over F, there is no
obvious inner product that one may call standard.

' Example 5: Let V be the vector space of all continuous complex-valued functions on the
unit interval, 0<#<1. Let

119 = [ roz@ar

The reader is probably more familiar with the space of real-valued continuous functions on the
unit interval, and for this space the complex conjugate on ¢ may be omitted.

' Example 6: This is really a whole class of examples. One may construct new inner
products from a given one by the following method. Let V and W be vector spaces over F and
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suppose ( |) is an inner product on W. If T is a non-singular linear transformation from V into W,
then the equation

pr (o, B) = (To| TB)

defines an inner product pr on V. The inner product in Example 4 is a special case of this
situation. The following are also special cases.

(a) Let V be a finite-dimensional vector space, and let,
B={a .., o)

be an ordered basis for V. Let ¢, ..., €, be the standard basis vectors in F”, and let T be the
linear transformation from V into F" such that Ta,, = ¢, j =1, ..., n. In other words, let T be
the ‘natural” isomorphism of V onto F” that is determined by B. If we take the standard
inner product on F”, then

EDRTD TS
i k =1
Thus, for any basis for V there is an inner product on V with the property (| o) = 8,; in
fact, it is easy to show that there is exactly one such inner product. Later we shall show that
every inner product on V is determined by some basis B in the above manner.

(b) Welook again at Example 5 and take V = IV, the space of continuous functions on the unit
interval. Let T be the linear operator ‘multiplication by ¢, that is, (Tf) () = #f(t), 0 <t<1.It
is easy to see that T is linear. Also T is non-singular; for suppose Tf = 0. Then #f{t) = 0 for
0 < t < 1; hence f{t) = 0 for t > 0. Since fis continuous, we have f(0) = 0 as well, or f= 0. Now
using the inner product of Example 5, we construct a new inner product on V by setting

pite) = [ anemmma

- J'Ol F(HgDrdt.

We turn now to some general observations about inner products. Suppose V is complex vector
space with an inner product. Then for all o,  in V

(|B) =Re (a[B) +iIm (| ) - (1)

where Re (0| B) and Im (o | B) are the real and imaginary parts of the complex number (o | ). If
z is a complex number, then Im (z) = Re (- iz). It follows that

Im (ot |B) = Re [-i(|B)] = Re (o] ).
Thus the inner product is completely determined by its ‘real part” in accordance with
(e]B) =Re (o|B) + i Re (x| iB) O

Occasionally it is very useful to know that an inner product on a real or complex vector space is
determined by another function, the so-called quadratic form determined by the inner product.
To define it, we first denote the positive square root of (a|a) by ||a||; ||o|]| is called the norm
of oo with respect to the inner product. By looking at the standard inner products in R*, C', R? and
R3, the reader, should be able to convince himself that it is appropriate to think of the norm of o
as the ‘length’ or ‘magnitude’ of o. The quadratic form determined by the inner product is the
function that assigns to reach vector o the scalar || ot||2 It follows from the properties of the
inner product that

J£ B = Joff 2Re (@lB) + B
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for all vectors o and B. Thus in the real case

1 > 1 2
©@1B) = Lo b - Lo 0

In the complex case we use (2) to obtain the more complicated expression

(1) = glo+BF ~Jlo-Bf + Lo+ BF ~la—iBf (@
Equations (3) and (4) are called the polarization identities. Note that (4) may also be written as
follows:
4

@) = 07

n=1

2

o+1"P

The properties obtained above hold for any inner product on a real or complex vector space V,
regardless of its dimension. We turn now to the case in which V is finite-dimensional. As one
might guess, an inner product on a finite-dimensional space may always be described in terms
of an ordered basis by means of a matrix.

Suppose that V is finite-dimensional, that
B ={o, .., a}

is an ordered basis for V, and that we are given a particular inner product on V; we shall show
that the inner product is completely determined by the values

Gy = (o | o) .. ()

it assumes on pairs of vectors in $. If o = Zxkotk and § = Zyjoc]., then
k j

(a]B) = (anoak |B]

k

= ) (0 1B)

k

= Zxkzyj((x‘k |O‘j)
N

= zyjcjkxk
Tk

= Y*GX

where X, Y are the coordinate matrices of o, § in ordered basis B, and G is the matrix with entries
G, = (o |a). We call G the matrix of the inner product in the ordered basis B. It follows from (5)
that G is Hermitian i.e., that G = G*; however, G is a rather special kind of Hermitian matrix. For
G must satisfy the additional condition

X*GX >0, X # 0. .. (6)

In particular, G must be invertible. For otherwise there exists an X # 0 such that GX =0, and for
any such X, (6) is impossible. More explicitly, (6) says that for any scalars x,, ..., x, not all of which
are 0.
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inckak >0 e (7)

jk

From this we see immediately that each diagonal entry of G must be positive; however, this
condition on the diagonal entries is by no means sufficient to insure the validity of (6). Sufficient
conditions for the validity of (6) will be given later.

The above process is reversible; that is, if G is any n x n matrix over F which satisfies (6) and the
condition G = G*, then G is the matrix in the ordered basis B of an inner product on V. This inner
product is given by the equation

(@] B) = Y*GX

where X and Y are the coordinate matrices of o and f in the ordered basis B.
Self Assessment

1.  Let V be a vector space (|) an inner product on V.
(@) Show that (0|B) =0 for all § in V.
(b)  Show thatif (a|f) =0 for all B in V, then o = 0.
2. Let (|) be the standard inner product on R
(@) Leta=(1,2),p=(-1,1).If yis a vector such that (o|y) = -1 and (B |y) =3, find y.
(b) Show that for any o in R* we have
o =(ale,) e+ (a]g,) e,

Where g, =(1,0)and g, = (0,1).

4.2 Inner Product Space

After gaining some insight about an inner product we want to see how to combine a vector space
to some particular inner product in it. We shall thereby establish the basic properties of the
concept of length and orthogonality which are imposed on the space by the inner product.

Definition: An Inner Product space is a real or complex vector space together with a specified
inner product on that space.

A finite-dimensional real inner product space is often called a Euclidean Space. A complex inner
product space is often referred to as a unitary space.

We now introduce the theorem:

Theorem 1. If V is an inner product space, then for any o, f in V and any scalar

@ feo]=lellod:
(i) |[of>0fora=0;

(i) [(ceIB) < il B]

(v) oot Bl < flod|+ ]

Proof: Statements (i), (ii) can be proved from various definitions. The inequality in (iii) is valid
for a=0.If o £ 0, put
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Y=B—(B|(Z)(x,so(y|oc)=0and
o]
: |a_ Bloal, Bloo
o< ‘(B o P el ]

I

= (BIB)- (Blo)(a|B) - HBHZ _ H((X [B)

Jodf Jod?
Hence ‘(Oﬂﬁ)‘z < HOﬂHZ HBHZ Now using (iv) we find that
Jor B = o + (cu1B) + (Bl + B
= ol + 2 Re(er| ) + B[
< Jlod*+ 2 oo 18]+ 1B

= (o +IBI)"-

Thus,

o+ B < o + B

The inequality in (iii) is called the Cauchy-Schwarz inequality. It has a wide variety of applications.

The proof shows that if (for example) o is non-zero, then |(ct|B| < o] B unless

B = Blao) o
Jod?

Thus, equality occurs in (iii) if and only if o and f are linearly dependent.

' Example 7: If we apply the Cauchy-Schwarz inequality to the inner products given in
Examples 1, 3, and 5, we obtain the following:

@ [Seal<(Dhf) (Bhw)”

(b)  |tr (AB*)|< (tr (AA*))"/*(tr (BB*))'/?

S( Iolf(x)zdx]l/z( I:g<x)2dx]m-

Definitions: Let o and  be vectors in an inner product space V. Then a is orthogonal to f if (ot | B)
= (; since this implies B is orthogonal to o, we often simply say that o and f are orthogonal. If S

©

INCEGE:

is a set of vectors in V, S is called an orthogonal set provided all pairs of distinct vectors in S are
orthogonal. An orthonormal set is an orthogonal set S with the additional property that || =1 for
every o in S.

The zero vector is orthogonal to every vector in V and is the only vector with this property. It is
appropriate to think of an orthonormal set as a set of mutually perpendicular vectors, each
having length 1.
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Notes
' Example 8: The standard basis of either R" or C" is an orthonormal set with respect to the
standard inner product.

' Example 9: The vector (x, y) in R? is orthogonal to (-y, x) with respect to standard inner
product, for

(6, )| (-y,x)) = —xy+yx=0.

However if R? is equipped with the inner product of Example 2, then (x, y) and (- y, x) are
orthogonal if and only if

y=xx

' Example 10: Let V be C"*", the space of complex n x n matrices, and let E be the matrix
whose only non-zero entry is a 1 in row p and column 4. Then the set of all such matrices E? is
orthonormal with respect to the inner product given in Example 3. For

(E"|E") = te(E"E”) =3, tr(E") = 8,

s prt

' Example 11: Let V be the space of continuous complex-valued (or real-valued) functions

on the interval 0 <x <1 with the inner product
1 J—
(19= [ reze

Suppose f,(x) =2 cos 2nnx and that g, (x) =2 sin 2nnx. Then {1, f, g, f,, g, -} is an infinite

orthonormal set. In the complex case, we may also form the linear combinations

1 .
ﬁ(fnﬂgn), n=1,2....

In this way we get a new orthonormal set S which consists of all functions of the form
h,(x)=e™", n=t1,+2,....

The set S” obtained from S by adjoining the constant function 1 is also orthonormal. We assume
here that the reader is familiar with the calculation of the integrals in equation.

The orthonormal sets given in the examples above are all linearly independent. We show now
that this is necessarily the case.

Theorem 2: An orthogonal set of non-zero vectors in linearly independent.

Proof: Let S be a finite or infinite orthogonal set of non-zero vectors in a given inner product
space. Suppose o, @, . . ., 0o, are distinct vectors in S and that
B=c0 +c,00, +...+c¢,0

mm*

Then

Bloy) = [Zc,ajmk]

i
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zcj((xj o)

(o | o).

Since (o, |oy)#0, it follows that

Blo) 5 cx<

2 7
o]

G

Thus, when § =0, each ¢, = 0; so S is an independent set.

Corollary: If o vector P is a linear combination of an orthogonal sequence of non-zero vectors

o, ... o, then B is the particular linear combination

p =3Bl . (8)

1 k*
& fou]

This corollary follows from the proof of the theorem. There is another corollary which although
obvious, should be mentioned. If {a, . . ., @, } is an orthogonal set of non-zero vectors in a finite-
dimensional inner product space V, then m < dim V. This says that the number of mutually
orthogonal directions in V cannot exceed the algebraically define dimension of V. The maximum
number of mutually orthogonal directions in V is what one would intuitively regard as the
geometric dimension of V, and we have just seen that this is not greater than the algebraic
dimension. The fact that these two dimensions are equal is a particular corollary of the next

result.

Theorem 3: Let V be an inner product space and let §, .. ., B, be any independent vectors in V.
Then one may construct orthogonal vectors a.,, . . ., & in V such that foreachk=1, 2, ..., n the set

{og, ..., o)
is a basis for the subspace spanned by B, ..., ..

Proof: The vectors a, . .., a, will be obtained by means of a construction known as the
Gram-Schmidt orthogonalization process. First let o, = . The other vectors are then given
inductively as follows:

Suppose o, ..., & (1<m <n)have been chosen so that for every k
{aw-“/(xk}/ 1Sk£m

is an orthogonal basis for the subspace of V that is spanned by o, . . ., f,. To construct the next

vector o, let
m
(B.alow)
Oy = Bm+1 - ZLZI{ Oy (9)
= o]
Thena.,, ., #0. For otherwise B_,, is a linear combination of o, . . ., &, and hence a linear
combination of B, . . ., B, . Futhermore, if 1< j <m, then
1
- (B [0)
(amﬂ IOL]') - (bm+l |aj) - EM(%{ | O‘j)

2
o |

k=1
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= (Bm+l |(x/) - (Bm+1 |O(j)
=0.

Therefore {a, ..., o, } is an orthogonal set consisting of m + 1 non-zero vectors in the subspace
spanned by B,, ..., B, ,,. By theorem 2, it is a basis for this subspace. Thus the vectors o, . .., o,
may be constructed one after the other in accordance with (9). In particular, when n = 4, we have

(xl = B1
o, = p, - Lel) .. (10)
o
= By (B, |0§1) o, - (B, |(Xzz) o,
‘ ot | o
o= B, - (B. |0§1) o, - (B4|0€22) o, - (B4|023) o, .. (1)
o o s

Corollary: Every finite-dimensional inner product space has an orthonormal basis.

Proof: Let V be a finite-dimensional inner product space and {8, . .., B, } a basis for V. Apply the
Gram-Schmidt process to construct an orthogonal basis {a.,, .. ., @ }. Then to obtain an orthonormal

basis, simply replace each vector a, by o /|-

One of the main advantages which orthonormal bases have over arbitrary bases is that
computations involving coordinates are simpler. To indicate in general terms why this is true,
suppose that V is a finite-dimensional inner product space. Then, as in the last section, we may
use Equation (5) to associate a matrix G with every ordered basis B={a,, ..., o } of V. Using this
matrix

v
Gy = (o | o)

we may compute inner products in terms of coordinates, If 3 is an orthonormal basis, then G is
the identity matrix, and for any scalars x; and y,

(ijocj Zykak] = ijyff.
i k j

Thus in terms of an orthonormal basis, the inner product in V looks like the standard inner
product in F".

Although it is of limited practical use for computations, it is interesting to note that the
Gram-Schmidt process may also be used to test for linear dependence. For suppose B, ..., B, are
linearly dependent vectors in an inner product space V. To exclude a trivial case, assume that
B, #0.Let m be the largest integer for which f,, ..., B, are independent. Then 1 < m < n. Let
a,, ..., o, be the vectors obtained by applying the orthogonalization process to f, ..., B, . Then
the vector « ,, given by (9) is necessarily 0. For o ,, is in the subspace spanned by o, a,, ..., o,
and orthogonal to each of these vectors; hence it is 0 by (6). Conversely it ., ..., & are different

from0and o ,, =0, then B B, ..., B,,, are linearly dependent.
' Example 12: Consider the vectors
B, =(40,3)
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Notes Bz =(7,0,-1)

B, =(154)

in R® equipped with the standard inner product. Applying the Gram-Schmidt process to 3,, B,, B,,
we obtain the following vectors.

o, =(40,3)

1

_(7,0,-1]4,0,3)

o, =(7,0,-1) %

2

(4,0,3)

=(7,0,-1)-(4,0,3) = (3,0, - 4)

(1,5,413,0,-4)

¢ 25

- (1,5,4)- floo 31403

(3,0,—4)- (5 > (4,0,3)

3

13 16
=(1,54)+ —=(3,0,-4)-—(4,0,3
(1,5,4) 52 (3,0,~4)-2(4,0,3)

=(0,50)

These vectors are evidently non-zero and mutually orthogonal. Hence (a.,, ., o) is an orthogonal
basis for R®. To express an arbitrary vector (x,, x,, x,,) in R* as a linear combination of o, a,, a.,,
it is not necessary to solve any linear equation. For it suffices to use (8).

Thus

3x, + 4x, o+ (3x, —4x;)

X
(x,, x, x,) = 25 1 n *» + gz 05

as is readily verified. In particular,
13 9 2
= —(4,0,3)-—(3,0,-4)+=(0,5,0
(1,2,3) = 3 (4,0,3)=5-(,0,-4)+ = (0,5,0)

To put this point in another way, what we have shown in the following: The basis (f,, f,, f,) of (R?)*
which is dual to basis (a,, @, o) is defined explicitly by the equations

4x, + 3x,

fl(xl’ xZ’ x3) = 25

3x, —4x
fz(xl' Xy xa) = #

x
-fl"(xl’ xZ’ 'x3) = ?2’
and these equations may be written more generally in the form

(21, %5, %, |0Lj)
P ol

Finally, note that from o, a,, o, we get the orthonormal basis

1 1
—(4,0,3),=(3,0,-4),(0,1,0).
5(4,0,3),2(3,0,-4),(0,1,0)
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' Example 13: If F be the real field and V be the set of polynomials, in a variable x over F
of degree 2 or less. In V we define an inner product by: If p(x), g(x) € V, then

(), 90) = [ plan (o) ax

Let us start with the basis B, =1, §, = x, B, = x> of V and obtain orthogonal set by applying Gram-
Schmidt process. Let

_ B 1
ARl V2
2 +1
as IB.S = j ldr=2.

OL/Z B, _(BZ/(XI )oy

+1

x—L xldx—x—i
N2 R V2

+1
-1

x
2

So the orthonormal «, is given by

a, = = ——= |[—Xx

Finally
o =B —(Bs, o) 0, — (s, 0)0y
=x*—|x \/Ex \/Ex—(xz i) L
7 2 2 /\/E ,\/E
Now
" 4+l
x’, 3y =\/§I x2,xdx—\/§x— =0
2 2J4 2 4],
and
1 3|+
(;) =Lf e LX) 2
V2 2J, V23|, 3
Thus
1
oy = xz—g
and normalized a, is given by
2y 21
X A x =% =—\/1—0(3x2—1)

Q
S
Il
Q
=
1
1
- A
/N
=
[N
|
[SSERT
N—
©
ISY
)
|
2,
=
S
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Thus o, o, and o, are orthornormal set of polynomials in V.

In essence, the Gram-Schmidt process consists of repeated applications of a basic geometric
operation called orthogonal projection, and it is best understood from this point of view. The
method of orthogonal projection also arises naturally in the solution of an important
approximation problem.

Suppose W is a subspace of an inner product space V, and let f§ be an arbitrary vector in V. The
problem is to find a best possible approximation to B by vectors in W. This means we want to

find a vector o for which |8 —of| is as small as possible subject to the restriction that o should
belong to . Let us make our language precise.

A best approximation to [} by vectors in W is a vector o in W such that

B =l <[l

for every vector y in V.

By looking at this problem in R? or in R®, one sees intuitively that a best approximation to f by
vectors in W ought to be a vector o in W such that f§ - o is perpendicular (orthogonal) to W and
that there ought to be exactly one such o. These intuitive ideas are correct for finite-dimensional
subspace and for some, but not all, indefinite-dimensional subspaces. Since the precise situation
is too complicated to treat here, we shall only prove the following result.

Theorem 4: Let W be a subspace of an inner product space V and let §§ be a vector in V.

1.  The vector o in W is a best approximation to f by vectors in W if and only if f - o is
orthogonal to every vector in W.

2. If a best approximation to § by vectors in W exists, it is unique.
3. If W is finite-dimensional and {c, . . ., o } is orthonormal basis for IV, then the vector
o
T ITAM
o]

is the (unique) best approximation to f§ by vectors in W.

Proof: First note that if y is any vector in V, then f -y = (B - o) + (o - y), and
1B+ =HB—O€H2 +2Re (B—oc|oc—y)+Hoc—yH2.

Now suppose P - a is orthogonal to every vector in W, that y is in W and that y # .. Then, since
o -y isin W, it follows that

IB=v* =IB—of +[lec=+[
> [B—of.

Conversely, suppose that HB - YH 2 HB - OLH for every y in W. Then from the first equation above it

follows that
2
2Re(B-a]o—y)+]o—y[ =0
for all y in W. Since every vector in W may be expressed in the form o - y with y in W, we see that

2Re (B-a|7)+|t >0
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for every t in W. In particular, if y is in W and y # o, we may take Notes
S (ALl RO
o=

Then the inequality reduces to the statement

le-ale—yf [@B-ale—pf

Jor - o=

This holds if and only if (§ - o | o - ) = 0. Therefore, - a is orthogonal to every vector in W. This
completes the proof of the equivalence of the two conditions on a given in (i). This orthogonality
condition is evidently satisfied by at most one vector in W, which proves (ii).

Now suppose that W is a finite-dimensional subspace of V. Then we know, as a corollary of
Theorem 3, that W has an orthogonal basis. Let {., . . ., o } be any orthogonal basis for W and
define o by (11). Then, by the computation in the proof of Theorem 3, - a is orthogonal to each
of the vectors o, (B - o is vector obtained at the last stage when the orthogonalization process is
applied to o, . . ., &, B). Thus § - a is orthogonal to every linear combination of o, ..., o, i.e,

to every vector in W. If y is in W and y # o, it follows that HB - YH > HB - OCH. Therfore, o is the best
approximation to f that lies in W.

Definition: Let V be an inner product space and S any set of vectors in V. The orthogonal
complement of S is the set S* of all vectors in V which are orthogonal to every vector in S.

The orthogonal complement of V is the zero subspace, and conversely {0}" = V.If S is any subset

of V, its orthogonal complement S* (S perp) is always a subspace of V. For S is non-empty, since
it contains 0; and whenever o and B are in S* and ¢ is any scalar,

(co+Bly) = cla]v)+(Bly)
=c0+0
=0

for every y in S, thus co + f also lies in S. In Theorem 4 the characteristic property of the vector
o is that it is the only vector in W such that 3 - o belongs to W*.

Definition: Whenever the vector o in Theorem 4 exists it is called the orthogonal projection of 3
on W. If every vector in V has an orthogonal projection on IV, the mapping that assigns to each
vector in V its orthogonal projection on W is called the orthogonal projection of V on W.

By Theorem 4, the orthogonal projection of an inner product space on a finite-dimensional
subspace always exists. But Theorem 4 also implies the following result.

Corollary: Let V be an inner product space, W a finite-dimensional subspace, and E the orthogonal
projection of V on W. Then the mapping

B—p-EB
is the orthogonal projection of V on W-.

Proof: Let B be an arbitrary vector in V. Then B - EB is in W™, and for any yin W*, -y = Ef +
(B-EB-Yy).Since EB isin Wand p - Ef -y is in W*, it follows that
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18-+ = |EBF +[B-EB |

> [B-@-EB)

with strict inequality when v # 8 — EB. Therefore, § - E is the best approximation to 3 by vectors
in W+,

' Example 14: Given R® the standard inner product. Then the orthogonal projection of
(- 10, 2, 8) on the subspace W that is spanned by (3, 12, -1) is vector

o= ((_ 10/ 2/ 8) | (3’ 12/ _1)) (3, 12, _ 1)
9+144 +1

- M1
154

The orthogonal projection of R* on W is the linear transformation E defined by

3x, +12x, — x,

3,12,-1).
154 j( )

(x, xz,xa)—>(

The rank of E is clearly 1; hence its nullity is 2. On the other hand,
E(x,, x,,%3)=(0,0,0)

if and only if 3x, + 12x, - x, = 0. This is the case if and only if (x,, x,, x,, is in W+. Therefore, W*.

is the null space of E, and dim (W*)=2. Computing

(2, %, x,) - (%) (3,12,-1)

we see that the orthogonal projection of R* on W* is the linear transformation I - E that maps the
vector (x,, x,, x,) onto the vector

é(léﬁxl - 36x, +3x, — 36x, +10x, +12x,, 3x, + 12x, +153x;).

The observations made in Example 14 generalize in the following fashion.

Theorem 5: Let W be a finite-dimensional subspace of an inner product space V let E be the
orthogonal projection of V on W. Then E is an idempotent linear transformation of V onto W,

W* is the null space of E, and
V= WaeWw-

Proof: Let § be an arbitrary vector in V. Then E is the best approximation to f that lies in W. In
particular, E = f when B is in W. Therefore, E(EB) = EP for every f in V; that is, E is idempotent:
E? = E. To prove, that E is a linear transformation, let o and B be any vectors in V and ¢ an
arbitrary scalar. Then, by Theorem 4, o - Eo. and f§ - Ef are each orthogonal to every vector in W.
Hence the vector

c(oo—Eat) + (B — EB) = (co.+ B) — (cEa + EB)
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also belongs to W*. Since cEa + Ep is a vector in WV, it follows from Theorem 4 that
E(co + B) = cEa +EB.

Of course, one may also prove the linearity of E by using (11) . Again let  be any vector in V.
Then EB is the unique vector in W such that § - Ef} is inW*. Thus Ef} = 0 when f is in W".
Conversely, § is in W* when EB = 0. Thus p* is the null space of E. The equation

P=EB+H-EB
show that V =W+ W"; moreover, M nW" = {0}. For if a is vector in M " W™, then (a| ) =
Therefore, o = 0, and V is the direct sum of Wand W+,
Corollary: Under the conditions of the theorem, I - E is orthogonal projection of Von W+, Itis

an idempotent linear transformation of V onto i+ with null space W.

Proof: We have already seen that the mapping B — B — Ef is the orthogonal projection of V on

W*.Since E is a linear transformation, this projection on W* is the linear transformation I - E.
From its geometric properties one sees that I - E is an idempotent transformation of V onto V.
This also follows from the computation

(I-Ey(I-Ey=I1-E-E+E
=1-E

Moreover, (I - E)f = 0if and only if B = E, and this is the case if and only if § is in W. Therefore
W is the null space of I - E.

The Gram-Schmidt process may now be described geometrically in the following way. Given an
inner product space V and vectors f,, ..., B, in V, let P_(k > 1) be the orthogonal projection of V
on the orthogonal complement of the subspace spanned by 8, ..., B, _,, and set P, =I. Then the
vectors one obtains by applying the orthogonalization process to f,, . .., B, are defined by the
equations

o=Pp, 1<k<n
Theorem 5 implies another result known as Bessel’s inequality.

Corollary: Let {o, . . ., o, } be an orthogonal set of non-zero vectors in an inner product space V.
If B is any vector in V, then

Z(ﬁ'“k L < g

and equality holds if and only if

- Z(Bmk)ak

2
Jou

Proof: Lety = 2[([3 | ock)/H(kaz]ock. Then f =y + § where (y/3) = 0. Hence
k

IBIF = Il +[8I"-

It now sulffices to prove that
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This is straightforward computation in which one uses the fact that (o | o) = 0 for j # k.

In the special case in which {a, ..., o } is an orthonormal set, Bessel’s inequality says that
2
N @re) <8
k

The corollary also tells us in this case that f is in the subspace spanned by a., . . ., @, if and only
if

B=Y Bloe

or if and only if Bessel’s inequality is actually an equality. Of course, in the event that V is finite
dimensional and {a., . .., o} is an orthogonal basis for V, the above formula holds for every
vector f in V. In other words, if {a,, . .., o } is an orthonormal basis for V, the kth coordinate of
B in the ordered basis { o, ..., o} is (B] ).

' Example 15: We shall apply the last corollary to the orthogonal sets described in Example
11. We find that

@ Y

k=-n

o |

1
(c) J. (\/5 cos 21t ++/2 sin 4nt)2 dt=1+1=2.
0

j 01 e < j; Ff dt

2
n

dt=Y |of

k=-n

n

2mikt
E ce

Self Assessment

3. Apply the Gram-Schmidt process to the vectors 8, = (1, 0, 1), B, (1, 0, -1), B, = (0, 3, 4) to
obtain an orthonormal basis for R® with the standard inner product.

4. Let V be an inner product space. The distance between two vectors o and f in V is defined
by
(o, B) = o~
so that

@ dop) =0
(b) d(a,B)=d(B o)
© dloyB) <d(o,v)* (¥ B).

4.3 Summary
° The idea of an inner product is somewhat similar to the scalar product in the vector
calculus.
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° With the help of a few examples the concept of inner product is illustrated.
° The inner product is also related to the polarization identities.
° The relation between the vector space and the inner product is established.

° The Cauchy-Schwarz inequality is established.

° The Gram-Schmidt orthogonalization process help us to find a set of orthogonal vectors as
a bases of the vector space V.

44 Keywords

An Inner Product Space is a real or complex vector space, together with a specified inner product
on that space.

An Orthogonal Set: If S is a set of vectors in V, S is called an orthogonal set provided all pairs of
distinct vectors in S are orthogonal. An orthonormal set is an orthogonal set S with the additional

property that ||af =1 for every d in S.

Bessel’s Inequality: Let (o, 0., . . ., o) be an orthogonal set of non-zero vectors in an inner

product space V. If § is any vector in V, then the Bessel Inequality is given by 2‘ ‘ <IBF.

o kH

Cauchy-Schwarz Inequality: If V is an inner product space, then for any vectors o, fin V,

(eI B)| < el Bl

is called the Cauchy-Schwarz inequality and the above equality occurs if and only if o and f are
linearly dependent.

Conjugate Transpose Matrix: The conjugate transpose matrix B* is defined by the relation
B*; =By, where B is complex conjugate of the matrix B.
Gram-Schmidt Orthogonalization Process: Let V be an inner product space and let ,, ,, . .. B,

be any independent set of vectors in V, then one may construct orthogonal vectors o, ,, ... o,
in V by means of a construction known as Gram-Schmidt orthogonalization process.

n

Linearly Independent: An orthogonal set of non-zero vectors is linearly independent.

Polarization Identities: For the real vector space polarization identities are defined by

(1B =t B = e8]

Standard Inner Product: If o.= (x,, x,, ... x ), B = (y,, Y, - . . y,) are vectors in F*, there is an inner
product which we call the standard inner product, defined by the relation

n

(@1B)= Y %7

i=1

The Orthogonal Complement: Let V be an inner product space and S any set of vectors in V. The
orthogonal complement of S is the set S* of all vectors in V which are orthogonal to every vector
in S.
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4.5 Review Questions

1. Verify that the standard inner product on F" is an inner product.

2. Consider R* with the standard inner product. Let W be the subspace of R* consisting of all
vectors which are orthogonal to both o. = (1,0, -1, 1) and § = (2, 3, - 1, 2). Find the basis for
W.

3. Consider C°, with the standard inner product. Find an orthonormal basis for the subspace
spanned by B, = (1,0, i) and B, = (2, 1, 1+ ).

Answers: Self Assessment

2. (@y= (‘%%)

1 1
> ﬁ(lf 0,+1), ﬁ(l, 0,-1),(0,1,0)

4.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

I N. Herstein, Topics in Algebra
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5.6  Further Readings

Objectives

After studying this unit, you will be able to:

° Understand that any linear functional f on a finite-dimensional inner product space is
‘inner product with a fixed vector in the space’.

° Prove the existence of the ‘adjoint’ of a linear operator T on V, this being a linear operator
T* such that (T a | B) = (a| T* B) forall ccand fin V.

° A linear operator T such that T = T* is called self-adjoint (or Hermitian). If § is an
orthonormal basis for V, then [T*], = [T],.

Introduction

The idea of the linear functional helps in understanding the nature of the inner product.

The concept of adjoint of a linear transformation with the help of the inner product helps in
understanding the self-adjoint operators or Hermitian operators.

This unit also makes a beginning to the understanding of unitary operators and normal operators.
The normal operator T has the property that T*T = TT*.

5.1 Linear Functional

In this section we treat linear functionals on inner product space and their relation to the inner
product. Basically any linear functional f on a finite dimensional inner product space is ‘inner
product with a fixed vector in the space’, i.e. that such an fhas the form f{a) = (| B) for some fixed
B in V. We use this result to prove the existence of the ‘adjoint’ of a linear operator T on V, this
being a linear operator T* such that (To | B) = (o | T* B) for all o and P in V. Through the use of an
orthonormal basis, this adjoint operation on linear operators (passing from T to T*) is identified
with the operation of forming the conjugate transpose of a matrix.

We define a function f, from V, any inner product space into the scalar field by

i (@) = (a1 B).

LOVELY PROFESSIONAL UNIVERSITY

Notes

46



Notes

This function f; is a linear functional on V, because by its very definition, (| B) is linear as a function
of a. If V is finite-dimensional, every linear functional on V arises in this way from some f.

Theorem 1: Let V be a finite-dimensional inner product space, and fa linear functional on V. Then
there exists a unique vector f in V such that f{a) = (o0 | B) for all o in V.

Proof: Let {a,, a,, ...., &} be an orthonormal basis for V. Put

B = X fl) (1)

and let f; be the linear functional defined by

fi(@ = (@1p).
Then

file) [akf,mi)aj}f(ak)
j

Since this is true for each a,, is follows that f = f,. Now suppose y is a vector in V such that (| )

= (au|y) for all o. Then (B -y | P —v) =0 and B =y. Thus there is exactly one vector f§ determining
the linear functional fin the stated manner.

The proof of this theorem can be reworded slightly, in terms of the representation of linear
functionals in a basis. If we choose on orthonormal basis {a,, ..., &) for V, the inner product of
o=x0o +..+xo and =y +..+yo willbe

(O( | B) = xlyl +"'+x71y17'
If fis any linear functional on V, then f has the form

flo) = cx + ... +cx

nn

for some fixed scalars c,, ...., ¢, determined by the basis. Of course = f (OL].). If we wish to find a
vector 3 in V such that (o | §) = f (@) for all o, then clearly the coordinates y, of f must satisfy

yi=cj or y; = f(a;). Accordingly,

B = f(al) OC1 +"'+f(arz) an
is the desired vector.

Some further comments are in order. The proof of Theorem 1 that we have given is admirably
brief, but it fails to emphasize the essential geometric fact that f3 lies in the orthogonal complement
of the null space of f. Let Wbe the null space of f. Then V =W+ W', and fis completely determined
by its values on W*. In fact, if P is the orthogonal projection of V on W*, then

flo) = f(Pa)
for all vin V. Suppose f# 0. Then fis of rank 1 and dim (W") = 1. If y is any non-zero vector in W*,
it follows that

(aly)
Iy I

Y

for all o in V. Thus

- f)
fla) (o] ). ||Y||2
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for all o, and B=[f(v)/IlvIF]v. Notes

' Example 1: We should give one example showing that Theorem 1 is not true without the
assumption that V is finite dimensional. Let V be the vector space of polynomials over the field
of complex numbers, with the inner product

1 R
(19 = [ fogbat

This inner product can also be defined algebraically. If f=Z ax*and g =X . bx, then

= ]
= E iby.
(flg) o j+k+1a] k

Let z be a fixed complex number, and let L be the linear functional “evaluation at z’:

L) = fia).

Is there a polynomial g such that (f| g) = L(f) for every f? The answer is no; for suppose we have

1 N
fo = [ fgat

for every f. Let h = x - z, so that for any fwe have (hf) (z) = 0. Then

1 I
0 = [ ntfgbar

0

for all f. In particular this holds when f =g so that

1 2 2
[ risoea = o
and so hg = 0. Since h # 0, it must be that ¢ = 0. But L is not the zero functional; hence, no such g
exists.

One can generalize the example somewhat, to the case where L is a linear combination of point
evaluations. Suppose we select fixed complex numbers z,, ..., z, and scalars c,, ..., c, and let

L) = cflz)+..*+c f(z).

Then L is a linear functional on V, but there is no g with L(f) = (f| g), unless ¢, =c, = .... = ¢, = 0. Just
repeat the above argument with 1 = (x - z,) ... (x - z,) in the Example 1.

We turn now to the concept of the adjoint of a linear operator.

5.2 Adjoint of Linear Operators

Theorem 2: For any linear operator T on a finite-dimensional inner product space V, there exists
a unique linear operator T* on V such that

(Te|B) = (o] T*B) ~(2)
forall o, B in V.

Proof: Let f be any vector in V. Then a — (T «|p) is a linear functional on V. By Theorem 1 there
is a unique vector f” in V such that (T alf}) = (o | f’) for every o in V. Let T* denote the mapping
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B P
B = T.

We have (2), but we must verify that T* is a linear operator. Let 3, y be in V and let c be a scalar.
Then for any o,

(UT* (B +v) = (To|cB+7)
= (To|cB) + (Tar]y)
= c(TalP)+(Taly)
= T(aIT*B)+ (I T*y)
= (| cT*B) + (| T)
= (@lcT+T%).
Thus T* (cf +y) = cT* B + T* and T* is linear operator.

The uniqueness of T*is clear. For any f in V, the vector T*§ is uniquely determined as the vector
" such that (T o | ") = (o | B’) for every o

Theorem 3: Let V be a finite-dimensional inner product space and let B = {a,, ..., o} be an
(ordered) orthonormal basis for V. Let T be a linear operator on V and let A be the matrix of T in
the ordered basis B. Then A = (To, | o).

Proof: Since B is an orthonormal basis, we have

n

o = 2(oc|ock)ock.
k=1
The matrix A is defined by
To, = ;Ak]_ock
and since
To, = (To o) oy

k=1
we have Ak]_ =(To; | oy).

Corollary: Let V be a finite-dimensional inner product space, and let T be a linear operator on V.
In any orthonormal basis for V, the matrix of T* is the conjugate transpose of the matrix of T.

Proof: Let B = {a,, ..., 0, } be an orthonormal basis for V, let A = [T], and B = [T*],. According to
Theorem 3,

= (Tola)
g = (T7 o] o).
By the definition of T* we then have
B, = (T* o] o)

LOVELY PROFESSIONAL UNIVERSITY

49



Linear Functional and Adjoints of Inner Product Space

(Toy |OC]')

= A

' Example 2: Let V be a finite-dimensional inner product space and E the orthogonal
projection of V on a subspace W. The for any vectors oc and f in V.

(EaB) = (EGIER+(1-E)p)
Ea|EB)

Ea + (1 -E)a|EB)
a|EB)

From the uniqueness of the operator E* it follows that E* = E. Now consider the projection E
described in Example 14 of unit 24. Then

(
(
(
(

1 9 36 -3

A = —|36 144 -12
154

-3 12 1

is the matrix of E in the standard orthonormal basis. Since E = E*, A is also the matrix of E¥, and
because A = A* this does not contradict the preceding corollary. On the other hand, suppose

o, = (154,0,0)
o, = (145,-36,3)
o, = (-36,10,12)
Then {a,, o, o} is a basis, and
Ea, = (9,36,-3)
Ea, = (0,0,0)
Ea, = (0,0,0)

Since (9, 36, -3) = -(154, 0, 0) - (145, -36, 3), the matrix B of E in the basis {a,, a,,
the equation

} is defined by

3

In this case B # B*, and B*is not the matrix of E* = E in the basis {a, ,, 0.,}. Applying the corollary,
we conclude that {o, o, 0.} is not an orthonormal basis. Of course this is quite obvious anyway.

Definition: Let T be a linear operator on an inner product space V. Then we say that T has an
adjoint on V if there exists a linear operator T* on V such that (Talf) = (aT*B) for all . and fin V.

By Theorem 2 every linear operator on a finite-dimensional inner product space V has an adjoint
on V. In the finite-dimensional case this is not always true. But in any case there is at most one
such operator T*; when it exists, we call it the adjoint of T.

Two comments should be made about the finite-dimensional case.

1.  The adjoint of T depends not only on T but on the inner product as well.
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2. As shown by example 2, in an arbitrary ordered basis B, the relation between [T], and [T*],
is more complicated than that given in the corollary above.

' Example 3: Let V be C?, the space of complex n x 1 matrices, with inner product (X/Y) =
Y * X.If A is an n X n matrix with complex entries, the adjoint of the linear operator X — AX is
the operator X - A * X. For

(AX]Y) = Y*AX = (A*Y)*X = (X|A*Y)

Example 4: This is similar to Example 3. Let V be C"*" with the inner product (A|B) =
tr (B*A). Let M be a fixed n X n matrix over C. The adjoint of left multiplication by M is left
multiplication by M*. Of course, ‘left multiplication by M’ is the linear operator L,, defined by
L, (A) = MA.

tr (B* (MA))
tr (MAB¥)
tr (AB*M)

(Ly(A)IB)

tr (A(M*B)*)
(AIL,* (B)).

Thus (L,)* = L,,.. In the computation above, we twice used the characteristic property of the trace
function: tr (AB) = tr (BA).

' Example 5: Let V be the space of polynomials over the field of complex numbers, with
the inner product.

1 -
(i) = [ fgb.

If fis a polynomial, f= % ax", we let f=32mx". Thatis, f is the polynomial whose associated
polynomial function is the complex conjugate of that for f:

fy = f@, t real

Consider the operator ‘multiplication by f," that is, the linear operator M, defined by M(g) = fg.
Then this operator has an adjoint, namely, multiplication by f. For

M) = ()

[ riosoiwmar

1
=
=l

|
(0
<
=l
S
=

and so (M7)*=M;.
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Example 6: In Example 5, we saw that some linear operators on an infinite-dimensional
inner product space do have an adjoint. As we commented earlier, some do not. Let V be the
inner product space of Example 6, and let D be the differentiation operator on C[x]. Integration
by parts shows that

(Dr1g) = f1)s(1) -A0) g(0) - (fIDg).

Let us fix g and inquire when there is a polynomial D*g such that (Df|g) = (f|D*g) for all f. If such
a D*g exists, we shall have

(fID%g) = f(1) g(1) - f(0) 8(0) - (F1Dg)

or

(fID*g+Dg) = f(1)g(1)-£(0) g(0).

With g fixed, L(f) = f(1) g(1) - f(0) g(0) is a linear functional of the type considered in Example 1 and
cannot be of the form L( f) = (f|1) unless L = 0. If D*g exists, then with 1 = D*¢ + Dg we do have L(f)
= (flh), and so g(0) = g(1) = 0. The existence of a suitable polynomial D*g implies g(0) = g(1) = 0.
Conversely, if g(0) = g(1) = 0, the polynomial D*g = - Dg satisfies (Df|g) = (f|D*g) for all f. If we
choose any g for which g(0) # 0 or g(1) # 0, we cannot suitable define D*g, and so we conclude that
D has no adjoint.

We hope that these examples enhance the reader’s understanding of the adjoint of a linear
operator. We see that the adjoint operation, passing from T to T*, behaves somewhat like
conjugation on complex numbers. The following theorem strengthens the analogy.

Theoreimn 4: Let V be a finite-dimensional inner product space. If T and U are linear operators on
V and cis a scalar,

() (T+Ur=T"+ Uy

(if) (cT)*=cT%

(iii) (TUY* = U*T*;

(iv) (T"=T.

Proof: To prove (i), let o and f be any vectors in V.

Then

(T + U) o) Ta+ U olf)

(

(Tod) + (U )
(T"B) + (o] UP)
(

(

o|T*B + U*B)

of (T*+ U%) p)

From the uniqueness of the adjoint we have (T + U)* = T* + U* We leave the proof of (ii) to the
reader. We obtain (iii) and (iv) from the relations

(TUolp) = (UodT*B) = (alU*T*B)

(T*alB) = BIT*o)=(TB/ )= (a|TP).

Theorem 4 is often phrased as follows: the mapping T — T*is a conjugate-linear anti-isomorphism
of period 2. The analogy with complex conjugation which we mentioned above is, of course,

LOVELY PROFESSIONAL UNIVERSITY

Notes

52



Notes

based upon the observation that complex conjugation has the properties (z, +2z,) = z; +2,,(2,2,)

= Z,7,, z = z. One must be careful to observe the reversal of order in a product, which the adjoint
operation imposes: (UT)* = T*U*. We shall mention extensions of this analogy as we continue
our study of linear operators on an inner product space. We might mention something along
these lines now. A complex number z is real if the only if z=Z. One might expect that the linear
operators T such that T = T* behave in some way like the real numbers. This is in fact the case. For
example, if T is a linear operator on a finite-dimensional complex inner product space, then

T = U +il,

where U, = U} and U, = U;. Thus, in some sense, T has a ‘real part’ and an ‘imaginary part.” The
operators U, and U, satisfying U, = U7, and U,= U}, and are unique, and are given by

1

Ul = E(T‘FT*)
1

= —(T-T%).

U = %=1

A linear operator T such that T = T*is called self-adjoint (for Hermitian). If 5 is an orthonormal
basis for V, then

[T, = [T1;

and so T is self-adjoint if and only if its matrix in every orthonormal basis is a self-adjoint
matrix. Self-adjoint operators are important, not simply because they provide us with some sort
of real and imaginary part for the general linear operator, but for the following reasons:
(1) Self-adjoint operators have many special properties. For example, for such an operator there
is an orthonormal basis of characteristic vectors. (2) Many operators which arise in practice are
self-adjoint. We shall consider the special properties of self-adjoint operators later.

Self Assessment

1. Let V be a finite-dimensional inner product space T a linear operator on V. If T is invertible,
show that T* is invertible and (T%)™ = (T)*.
2. Show that the product of two self-adjoint operators is self-adjoint if any only if the two

operators commute.

5.3 Summary

° The linear functional f concept is also a form of inner product on a finite-dimensional
inner product space.

° The fact that fhas the form f(o) = (af) for some f in V helps us to prove the existence of the
‘adjoint’ of a linear operator T on V.

° A linear operator T such that T = T* is called self-adjoint (or Hermitian) and so T is
self- adjoint if and only if its matrix in every orthonormal basis is a self-adjoint matrix.

5.4 Keywords

A linear functional f on a finite dimensional inner product space is “inner-product with a fixed
vector in the space’. Let B be some fixed vector in any inner product space V, we then define a
function £, from V into the scalar field by
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fo(@) = (IP)
A linear operator T* is an adjoint of T on V, such that (Talf) = (a|T*B) for all o and B in V.

Self-adjoint (or Hermitian): A linear operator T such that T = T* is called self-adjoint
(or Hermitian). If f is an orthonormal basis for V, then [T*] = [T]} and so a self-adjoint if and only
if its matrix in every orthonormal basis is a self-adjoint matrix.

5.5 Review Questions

1. Let T be the linear operator on C* defined by Te, = (1 + i, 2), T¢e, = (i, i). Using the standard
inner product, find the matrix of T* in the standard ordered basis.

2. Let V be a finite-dimensional inner product space and T a linear operator V. Show that the
range of T* is the orthogonal complement of the null space of T.

5.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

I N. Herstein, Topics in Algebra
Michael Artin, Algebra
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Unit 6: Unitary Operators and Normal Operators
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Objectives

After studying this unit, you will be able to:

° Understand the meaning of unitary operators, i.e. a unitary operator on an inner product
space is an isomorphism of the space onto itself.

° See that unitary and orthogonal matrices are explained with the help of some examples.

° Understand that for each invertible n X n matrix B in the general linear group GL (1) there
exist unique unitary matrix U and lower triangular matrix M such that U = MB.

° Know that the linear operator T is normal if it commutes with its adjoint TT* = T*T.

° Understand that for every normal matrix A there is a unitary matrix P such that P'AP is a
diagonal matrix.

Introduction

In this unit there are two sections - one dealing with unitary operators on finite dimensional

inner product spaces and other dealing with the normal operators.

It is shown that if an n X n matrix B belongs to GL (1) then there exist unique matrices N and U
such that Nisin T* (n), Uis in U (n), and B = N.U.

In the second section properties of normal operators are studied. It is seen that a complex n x n
matrix A is said to be normal if A*A = AA*.

With the help of some theorems it is shown that for a normal operator T on V, a finite dimensional
complex inner product space, V has an orthonormal basis consisting of characteristic vectors
for T.

6.1 Unitary Operators

In this unit we first of all consider the concept of an isomorphism between two inner product
spaces. An isomorphism of two vector spaces V onto W is a one-one linear transformation from
V onto W. Now an inner product space consists of a vector space and a specified inner product on
that space. Thus, when V and W are inner product spaces, we shall require an isomorphism from
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V onto W not only to preserve the linear operations, but also to preserve products. An
isomorphism of an inner product space onto itself is called a “unitary operator’ on that space. Some
of the basic properties of unitary operators are being established in the section along with some
examples.

Definition: Let V and W be inner product spaces over the same field and let T be a linear
transformation from V onto W. We say that T-preserves inner products if (To\ TB) = (a\ ) for all
0, Bin V. An isomorphism of V onto W is a vector space isomorphism T of V onto W which also
preserves inner products.

If T preserves inner products then|| Ta || = || ot || and so T is non-singular. Thus if T'is an isomorphism
of V onto W, then T is an isomorphism of Wonto V; hence, when such a T exists, we shall simply
say V and W are isomorphic. Of course, isomorphism of inner product spaces is an equivalence
relation.

Theorem 1: Let V and W be finite-dimensional inner product spaces over the same field, having
the same dimension. If T is a linear transformation from V into W, the following are equivalent.

(i) T preserves inner products.

(i) T is an (inner product space) isomorphism.

(iii) T carries every orthonormal basis for V onto an orthonormal basis for W.
(iv) T carries some orthonormal basis for V onto an orthonormal basis for WV.

Proof: (i) — (ii) If T preserves inner products, then || Ta || = || o || for all o in V. Thus T is non-
singular, and since dim V = dim W, we know that T is a vector space isomorphism.

(ii) — (iii) Suppose T is an isomorphism. Let {a,, ..., & } be an orthonormal basis for V. Since T is
a vector space isomorphism and dim W = dim V;, it follows that {Ta,, ..., Ta, } is a basis for W.
Since T also preserves inner products, {To, | Toy} = (ot | o) = Sjk.
(iii) — (iv) This requires no comment.

(iv) — (i) Let {o,, ..., & } be an orthonormal basis for V such that {Ta,, ..., T } is an orthonormal
basis for W. Then

(Toy | Toy) = (o [ or) =,

jk

Forany a=x0, + ... +x 0 and =y + ... +y o in V, we have

n

@IB) = D5,

j=1

(Tat| TB) = (Z%T% Zykwk]

= ) Y w7 (T, | Tay)
j k

n

- 2%91

=

and so T preserves inner products.
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' Example 1: If V is an n-dimensional inner product space, then each ordered orthonormal
basis f = {o,, ..., o } determines an isomorphism of V onto F" with the standard inner product.
The isomorphism is simply
T (o +...+x0)=(x,...,X).
There is the superficially different isomorphism which §§ determines of V onto the space F™!
with (X|Y) = Y*X as inner product. The isomorphism is
o — [a],

i.e., the transformation sending o into its coordinate matrix in the ordered basis f. For any
ordered basis f, this is a vector space isomorphism; however, it is an isomorphism of the two
inner product spaces if and only if f is orthonormal.

' Example 2: Here is a slightly less superficial isomorphism. Let W be the space of all
3 x 3 matrices A over R which are skew-symmetric, i.e.,, A' = -A. We equip W with the inner

product (A |B) = % tr (AB'), the % being put in as a matter of convenience. Let V be the space R?
with the standard inner product. Let T be the linear transformation from V into W defined by
0 -x, =x,
T, x,x)=] x5 0 -x

-x, x 0

Then T maps V onto W, and putting

0 X3 X 0 “Ys Y
A=l x 0 -x, |,B=] vy, 0 -y
—X, X 0 —Y» Y 0

we have
tr (AB) = xy, + x,y, + x.y, + Xy, + x,y,

=2 (xy, + x5y, + xy,).

Thus (o | B) = (Ta | TB) and T is a vector space isomorphism. Note that T carries the standard basis
(€,, €, €,) onto the orthonormal basis consisting of the three matrices

00 O 0 01 0 -1 0
00 -1], 0 0 0, [T 0O
01 0 -1 0 0 0 00

'E Example 3: It is not always particularly convenient to describe an isomorphism in terms
of orthonormal bases. For example, suppose G = P*P where P is an invertible n x n matrix with
complex entries. Let V be the space of complex n x 1 matrices, with the inner product [X|Y] =
Y*GX.

Let W be the same vector space, with the standard inner product (X|Y) = Y*X. We know that V
and W are isomorphic inner product spaces. It would seem that the most convenient way to
describe an isomorphism between V and W is the following: Let T be the linear transformation
from V into W defined by T(X) = PX. Then

(TX|TY) = (PX| PY)
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= (PY)*(PX)
= Y*P*PX

= Y*GX

= [X] V1.

Hence T is an isomorphism.

' Example 4: Let V be the space of all continuous real-valued functions on the unit interval,
0 < t <1, with the inner product

[flgl = j: F(t)g(t)E* dt .

Let W be the same vector space with the inner product

(19 = [ g ar.

Let T be the linear transformation from V into W given by

(I (&) =1E).

Then (Tf| Tg) = [f| g], and so T preserves inner products; however, T is not an isomorphism of V
onto W, because the range of T is not all of W. Of course, this happens because the underlying
vector space is not finite dimensional.

Theorem 2: Let V and W be inner product spaces over the same field, and let T be a linear
transformation from V into W. Then T preserves inner products if and only if || To || = || o || for
every o.in V.

Proof: If T preserves inner products, T “preserves norms’. Suppose || To. || = || .|| for every ain V.
Then || To. | = || o |[>. Now using the appropriate polarization identity and the fact that T is linear,
one easily obtains (o |B) = (Ta| TB) for all o, B in V.

Definition: A unitary operator on an inner product space is an isomorphism of the space onto
itself.

The product of two unitary operators is unitary. For, if U, and U, are unitary, then U,U, is
invertible and || U,U,a || = || U,a || = || o || for each a. Also, the inverse of a unitary operator is
unitary, since || Ua|| = || o]l says || U || = | B ||, where B = Uo.. Since the identity operator is clearly
unitary, we see that the set of all unitary operators on an inner product space is a group, under
the operation of composition.

If V is a finite-dimensional inner product space and U is a linear operator on V, Theorem 1 tells
us that U is unitary if and only if (Ua | UB) = (a | B) for each o, B in V; or, if and only if for some
(every) orthonormal basis {a,, ..., o } it is true that {Uo, ..., Ua,} is an orthonormal basis.

Theorem 3: Let U be a linear operator on an inner product space V. Then U is unitary if and only
if the adjoint U* of U exists and UU* = U*U = 1.

Proof: Suppose U is unitary. Then U is invertible and
(Uoe|B) = (Uor ] UUB) = (o | ')
for all o, B. Hence U™ is the adjoint of U.

Conversely, suppose U* exists and UU* = U*U =I. Then U is invertible, with U™ = U*. So, we need
only show that U preserves inner products.
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We have
(Uo | UB) = (o UFLIB)
= (a|IB)
=(@B)
for all o, .

' Example 5: Consider C™! with the inner product (X|Y) = Y*X. Let A be an n X n matrix
over C, and let U be the linear operator defined by U(X) = AX. Then

(UX|UY) = (AX|AY) = Y*A*AX
for all X, Y. Hence, U is unitary if and only if A*A = L.
Definition: A complex n x n matrix A is called unitary, if A*A = 1.

Theorem 4: Let V be a finite-dimensional inner product space and let U be a linear operator on V.
Then U is unitary if and only if the matrix of U in some (or every) ordered orthonormal basis is
a unitary matrix.

Proof: At this point, this is not much of a theorem, and we state it largely for emphasis. If B = {a,,
..., o } is an ordered orthonormal basis for V and A is the matrix of U relative to B, then A*A =

n

Iif and only if U*U = I. The result now follows from Theorem 3.
Let A be an n X n matrix. The statement that A is unitary simply means

(A*A), =3,

n
or E ArjArk =6ﬂ<
r=1

In other words, it means that the columns of A form an orthonormal set of column matrices,
with respect to the standard inner product (X|Y) = Y*X. Since A*A =1 if and only if AA* =1, we
see that A is unitary exactly when the rows of A comprise an orthonormal set of n-tuples in C,
(with the standard inner product). So, using standard inner products, A is unitary if and only if
the rows and columns of A are orthonormal sets. One sees here an example of the power of the
theorem which states that a one-sided inverse for a matrix is a two-sided inverse. Applying this
theorem as we did above, say to real matrices, we have the following: Suppose we have a square
array of real numbers such that the sum of the squares of the entries in each row is 1 and distinct
rows are orthogonal. Then the sum of the squares of the entries in each column is 1 and distinct
columns are orthogonal. Write down the proof of this for a 3 x 3 array, without using any
knowledge of matrices, and you should be reasonably impressed.

Definition: A real or complex n X n matrix A is said to be orthogonal, if A'A = 1.

A real orthogonal matrix is unitary; and, a unitary matrix is orthogonal if and only if each of its
entries is real.

' Example 6: We give some examples of unitary and orthogonal matrices.

(@) A1 x1matrix [c] is orthogonal if and only if ¢ = £ 1, and unitary if and only if c¢c =1. The
latter condition means (of course) that |c| =1, or ¢ = ¢, where 6 is real.

(b) Let
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Then A is orthogonal if and only if Notes

1 [d—b}
T ad—bcl—c a |

The determinant of any orthogonal matrix is easily seen to be + 1. Thus A is orthogonal if

and only if
| ab
A=lp 4

_la b
or A_b—u

where a* + b* = 1. The two cases are distinguished by the value of det A.

A= A-1

(c)  The well-known relations between the trigonometric functions show that the matrix

cosO —sin®
o~ |sin® cosO

is orthogonal. If Ois a real number, then A_ is the matrix in the standard ordered basis for
R? of the linear operator U, rotation through the angle 6. The statement that A, is a real
orthogonal matrix (hence unitary) simply means that U, is a unitary operator, i.e., preserves
dot products.

(d) Let

Then A is unitary if and only if

ac] 1 [d -b
bd| ad-bcl—c a |

The determinant of a unitary matrix has absolute value 1, and is thus a complex number of

the form €, 0 real. Thus A is unitary if and only if

a b (1o a b
A= o770 e ||-b 7

where 0 is a real number, and g, b are complex numbers such that |a|*+ |b|*=1.

As noted earlier, the unitary operators on an inner product space form a group. From this and
Theorem 4 it follows that the set U (n) of all n X n unitary matrices is also a group. Thus the
inverse of a unitary matrix and the product of two unitary matrices are again unitary. Of course
this is easy to see directly. An n x n matrix A with complex entries is unitary if and only if A™ =
A*. Thus, if A is unitary, we have (A7) =A = (A*)" = (A")*. If A and B are n X n unitary matrices,
then (AB)™ = B'A! = B*A* = (AB)*.

The Gram-Schmidt process in C" has an interesting corollary for matrices that involves the
group U (n).

Theorem 5: For every invertible complex n x n matrix B there exists a unique lower-triangular
matrix M with positive entries on the main diagonal such that MB is unitary.
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Proof: The rows B, ..., B, of B form a basis for C". Let o, ..., &, be the vectors obtained from 3,
..., B, by the Gram-Schmidt process. Then, for 1 <k <#, {a,, ..., o} is an orthogonal basis for the
subspace spanned by {f,, ..., B,}, and

17

Hence, for each k there exist unique scalars C . such that
]

o, = Bk_zck]ﬁj .

j<k

Let U be the unitary matrix with rows

and M the matrix defined by

C,,, if j<k

b

HlakH

Mkj = HT]{, if ]= k
0, if j>k

Then M is lower-triangular, in the sense that its entries above the main diagonal are 0. The
entries M, of M on the main diagonal are all > 0, and

n

S =2Mk]ﬁ,, 1<k<n.
o]

j=1
Now these equations simply say that
U =MB.

To prove the uniqueness of M, let T*(n) denote the set of all complex n x n lower-triangular
matrices with positive on the main diagonal. Suppose M, and M, are elements of T*(n) such that
M.B is in U(n) for i = 1, 2. Then because U(n) is a group

(M,B) (M,B)" = M,M;!

lies in U(n). On the other hand, although it is not entirely obvious, T*(n) is also a group under
matrix multiplication. One way to see this is to consider the geometric properties of the linear
transformations

X = MX, (M in T*(n))

on the space of column matrices. Thus M;', MM;', and (M,M;")" are all in T*(n). But, since
M,M;'is in U(n), (M,M;")" = (M,M;")*. The transpose or conjugate transpose of any lower-
triangular matrix is an upper-triangular matrix. Therefore, M,M;'is simultaneously upper and
lower-triangular, i.e., diagonal. A diagonal matrix is unitary if and only if each of its entries on
the main diagonal has absolute value 1; if the diagonal entries are all positive, they must
equal 1. Hence MM;'=Tand M, = M,.
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Let GL(n) denote the set of all invertible complex n x n matrices. Then GL(n) is also a group Notes
under matrix multiplication. This group is called the general linear group. Theorem 5 is
equivalent to the following result.

Corollary: For each B in GL(n) there exist unique matrices N and U such that Nisin T*(n), U is in
U(n), and

B=N-U

Proof: By the theorem there is a unique matrix M in T*(1) such that MB is in U(n). Let MB = U and
N =M".Then Nisin T*(n) and B = N - U. On the other hand, if we are given any elements N and
U such that N is in T*(n), U is in U(n), and B = N - U, then N'B is in U(n) and N is the unique
matrix M which is characterized by the theorem; furthermore U is necessarily N'B.

' Example 7: Let x, and x, be real numbers such that x7 +x> =1and x, # 0. Let

[

Applying the Gram-Schmidt process to the rows of B, we obtain the vectors

oo
o R

o, =(x, x, 0)

a, =(0,1,0) -x, (x,, x,, 0)
=x, (-x, x,0)

a, =(0,0,1).

Let U be the matrix with rows o, (a,/x,), o,. Then U is unitary, and

x, x, 0 ; 2 0 x, x, 0
U=|-x, x 0|=-=% —0]{0 10
0 01 Yo 001
0 01
Now multiplying by the inverse of
1 00
M = ﬁ l 0
XX
0 01

we find that

x x, 0 1 00| x, x,0
010 X, %, 0f|-x, x, 0
001 0 01|l 0 01

Let us now consider briefly change of coordinates in an inner product space. Suppose V is a
finite-dimensional inner product space and that = {a,, ..., o, } and B’ = {o,,, ..., & } are two
ordered orthonormal bases for V. There is a unique (necessarily invertible) n x n matrix P such
that

[al, = Pal,
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for every o in V. If U is the unique linear operator on V defined by Uo, = o, then P is the matrix
of U in the ordered basis B:

n
’r
s
j=1

Since f and B’ are orthonormal bases, U is a unitary operator and P is a unitary matrix. If T'is any
linear operator on V, then

[T], = P[T],P = P*[T],P.

Definition: Let A and B be complex n x n matrices. We say that B is unitarily equivalent to A if
there is an n X n unitary matrix P such that B = P"AP. We say that B is orthogonally equivalent
to A if there is an n X n orthogonal matrix P such that B = P"'AP.

With this definition, what we observed above may be stated as follows: If § and B’ are two
ordered orthonormal bases for V, then, for each linear operator T on V, the matrix [T], is
unitarily equivalent to the matrix [T],. In case V is a real inner product space, these matrices are
orthogonally equivalent, via a real orthogonal matrix.

Self Assessment

1. Let B given by

30
B=|-1 0
29

NS

1
is 3 x 3 invertible matrix. Show that there exists a unique lower triangular matrix M with
positive entries on the main diagonal such that MB is unitary. Find M and MB.

2. Let Vbe acomplex inner product space and T a self-adjoint linear operator on V. Show that
(i) I+iTisnon-singular
(i) I-iTisnon-singular

(i) (I-iT)(I+iT)"is unitary.

6.2 Normal Operators

In this section we are interested in finding out the fact that there is an orthonormal basis f for V
such that the matrix of the linear operator T on a finite dimensional inner product space V, in the
basis B is diagonal.

We shall begin by deriving some conditions on T which will be subsequently shown to be
sufficient. Suppose f§ = (0., ..., 0, ) is an orthonormal basis for V with the property

Ta, =Ca,j=1,2,...n (D)

This simply says that T in this ordered basis is a diagonal matrix with diagonal entries c,, c,, ...
c,. If Vis a real inner product space, the scalars c,, ..., ¢, are (of course) real, and so it must be that
T = T*. In other words, if V is a finite-dimensional real inner product space and T is a linear
operator for which there is an orthonormal basis of characteristic vectors, then T must be
self-adjoint. If Vis a complex inner product space, the scalars c,, ..., ¢, need not be real, i.e., T need
not be self-adjoint. But notice that T must satisfy

TT* = T*T. ..
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For, any two diagonal matrices commute, and since T and T* are both represented by diagonal
matrices in the ordered basis 3, we have (2). It is a rather remarkable fact that in the complex case
this condition is also sufficient to imply the existence of an orthonormal basis of characteristic
vectors.

Definition: Let V be a finite-dimensional inner product space and T a linear operator on V. We
say that T is normal if it commutes with its adjoint i.e., TT* = T*T.

Any self-adjoint operator is normal, as is any unitary operator. Any scalar multiple of a normal,
operator is normal; however, sums and products of normal operators are not generally normal.
Although it is by no means necessary, we shall begin our study of normal operators by considering
self-adjoint operators.

Theorem 6: Let V be an inner product space and T a self-adjoint linear operator on V. Then each
characteristic value of T'is real, and characteristic vectors of T associated with distinct characteristic
values are orthogonal.

Proof: Suppose c is a characteristic value of T, i.e., that Ta. = co. for some non-zero vector a.. Then

Since (o | o) # 0, we must have ¢ =¢. Suppose we also have TP = df with § # 0. Then
c(a|p) = (Ta| B)
= (| TP)
= (a|dB)

= d(e|p)

= d(a|B)
If c#d, then (o |B) = 0.

It should be pointed out that Theorem 6 says nothing about the existence of characteristic values
or characteristic vectors.

Theorem 7: On a finite-dimensional inner product space of positive dimension, every self-adjoint
operator has a (non-zero) characteristic vector.

Proof: Let V be an inner product space of dimension 1, where n > 0, and let T be a self-adjoint
operator on V. Choose an orthonormal basis B for V and let A = [T],. Since T = T*, we have
A = A*. Now let W be the space of 1 x 1 matrices over C, with inner product (X|Y) = Y*X. Then
U(X) = AX defines a self-adjoint linear operator U on W. The characteristic polynomial, det
(xI - A), is a polynomial of degree n over the complex numbers; every polynomial over C of
positive degree has a root. Thus, there is a complex number c such that det (cI - A) = 0. This means
that A - cl is singular, or that there exists a non-zero X such that AX = cX. Since the operator U
(multiplication by A) is self-adjoint, it follows from Theorem 6 that c is real. If V is a real vector
space, we may choose X to have real entries. For then A and A - cI have real entries, and since
A - cl is singular, the system (A - cI)X = 0 has a non-zero real solution X. It follows that there is
a non-zero vector o in V such that Ta = co.
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There are several comments we should make about the proof.

1. The proof of the existence of a non-zero X such that AX = cX had nothing to do with the fact
that A was Hermitian (self-adjoint). It shows that any linear operator on a finite-dimensional
complex vector space has a characteristic vector. In the case of a real inner product space,
the self-adjointness of A is used very heavily, to tell us that each characteristic value of A
is real and hence that we can find a suitable X with real entries.

2. The argument shows that the characteristic polynomial of a self-adjoint matrix has real
coefficients, in spite of the fact that the matrix may not have real entries.

3. The assumption that V is finite-dimensional is necessary for the theorem; a self-adjoint
operator on an infinite-dimensional inner product space need not have a characteristic
value.

'E Example 8: Let V be the vector space of continuous complex-valued (or real-valued)
continuous functions on the unit interval, 0 < t <1, with the inner product

(flg) = ff(f)g@dt.

The operator ‘multiplication by ¢, (Tf)(f), is self-adjoint. Let us suppose that Tf = cf. Then
(t-o)f(t) =0, 0<t<1
and so f{(t) = 0 for t # c. Since fis continuous, f = 0. Hence T has no characteristic values (vectors).

Theorem 8: Let V be a finite-dimensional inner product space, and let T be any linear operator on
V. Suppose Wis a subspace of V which is invariant under T. Then the orthogonal complement of
W is invariant under T*.

Proof: We recall that the fact that W is invariant under T does not mean that each vector in W is
left fixed by T; it means that if o is in W then Ta is in W. Let f§ be in W*. We must show that T*f
is in W*, that is, that (ot | (T*B) = 0 for every o in W. If ot is in W, then Ta is in W, so (Ta | f) = 0. But
(To[B) = (| T*B).

Theorem 9: Let V be a finite-dimensional inner product space, and let T be a self-adjoint linear
operator on V. Then there is an orthonormal basis for V, each vector of which is a characteristic
vector for T.

Proof: We are assuming dim V > 0. By Theorem 7, T has a characteristic vector o Let o, = ot/ &t ||
so that o, is also a characteristic vector for T and || o, || = 1. If dim V =1, we are done. Now we
proceed by induction on the dimension of V. Suppose the theorem is true for inner product
spaces of dimension less than dim V. Let W be the one-dimensional subspace spanned by the
vector a,. The statement that o, is a characteristic vector for T simply means that IV is invariant
under T. By Theorem 8, the orthogonal complement W* is invariant under T* = T. Now W*, with
the inner product from V, is an inner product space of dimension one less than the dimension of
V. Let U be the linear operator induced on W+ by T, that is the restriction of T to IW*. Then U is
self-adjoint and by induction hypothesis, W* has an orthonormal basis {a.,, . . ., @ } consisting of
characteristic vectors for U. Now each of these vectors is also a characteristic vector for T, and
since V=W ® W+, we conclude that {a,, . . ., o } is the desired basis for V.

Corollary: Let A be an n X n Hermitian (self-adjoint) matrix. Then there is a unitary matrix P such
that P'AP is diagonal (A is unitary equivalent to a diagonal matrix). If A is real symmetric
matrix, there is a real orthogonal matrix P such that P'AP is diagonal.

Proof: Let V be C™?, with the standard inner product, and let T be the linear operator on V which
is represented by A in the standard ordered basis. Since A = A*, we have T =T*. Let B={a,, ..., & }
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be an ordered orthonormal basis for V, such that To, = c; o, j=1,...,nIf D =[T], then D is the
diagonal matrix with diagonal entries c, ..., ¢,. Let P be the matrix with column vectors o,
..., . Then D = P'AP.

In case each entry of A is real, we can take V to be R”, with the standard inner product, and repeat
the argument. In this case, P will be a unitary matrix with real entries, i.e., a real orthogonal
matrix.

Combining Theorem 9 with our comments at the beginning of this section, we have the following:
If V is a finite-dimensional real inner product space and T is a linear operator on V, then V has
an orthonormal basis of characteristic vectors for T if and only it T is self-adjoint. Equivalently,
if A is an n x n matrix with real entries, there is a real orthogonal matrix P such that P'AP is
diagonal if and only if A = A". There is no such result for complex symmetric matrices. In other
words, for complex matrices there is a significant difference between the conditions A = A’ and
A= A*,

Having disposed of the self-adjoint case, we now return to the study of normal operators in
general. We shall prove the analogue of Theorem 9 for normal operators, in the complex case.
There is a reason for this restriction. A normal operator on a real inner product space may not
have any non-zero characteristic vectors. This is true, for example, of all but two rotations in R

Theorem 10: Let V be a finite-dimensional inner product space and T a normal operator on V.
Suppose a is a vector in V. Then a is a characteristic vector for T with characteristic value c if and
only if o is a characteristic vector for T* with characteristic value ¢ .

Proof: Suppose U is any normal operator on V. Then || Ua || = || U*a ||. For using the condition
UU* = U*U one sees that

Il Uat P = (Ut | Udr) = (er| U*Uo)
= (0| UU*0) = (U*o | U*ar) = || Ut P
If c is any scalar, the operator U =T - cl is normal. For (T- cI)* = T* - ¢ I, and it is easy to check that
uu* = u*U. Thus
(T =chocll =1 (T* - chou |l

so that (T - ch)a =0 if and only if (T* - ¢ )o. = 0.

Definition: A complex n x n matrix A is called normal if AA* = A*A.

It is not so easy to understand what normality of matrices or operators really means; however,

in trying to develop some feeling for the concept, the reader might find it helpful to know that
a triangular matrix is normal if and only if it is diagonal.

Theorem 11: Let V be a finite-dimensional inner product space, T a linear operator on V, and § on
orthonormal basis for V. Suppose that the matrix A of T in the basis f} is upper triangular. Then
T is normal if and only if A is a diagonal matrix.

Proof: Since P is an orthonormal basis, A* is the matrix of T* in f. If A is diagonal, then AA* =
A*A, and this implies TT* = T*T. Conversely, suppose T is normal, and let § = {a., .. ., o }. Then,

since A is upper-triangular, Ta, = A, 0. By Theorem 10 this implies, T*o, = A | a,. On the other
hand,
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Therefore, A, = 0 for every j > 1. In particular, A, = 0, and since A is upper-triangular, it follows
that

Ta, = A0,

Thus T*a, = A ,,0,, and A, =0 forall j # 2. Continuing in this fashion, we find that A is diagonal.

Theorem 12: Let V be a finite-dimensional complex inner product space and let T be any linear
operator on V. Then there is an orthonormal basis for V in which the matrix of T is upper
triangular.

Proof: Let n be the dimension of V. The theorem is true when n =1, and we proceed by induction
on 1, assuming the result is true for linear operators on complex inner product spaces of dimension
n - 1. Since V is a finite-dimensional complex inner product space, there is a unit vector o in V
and a scalar c such that

T o = cal.

Let W be the orthogonal complement of the subspace spanned by o and let S be the restriction of
T to W. By Theorem 10, W is invariant under T. Thus S is a linear operator on W. Since W has
dimension 7 - 1, our inductive assumption implies the existence of an orthonormal basis {a,, . .
., o} for Win which the matrix of S is upper-triangular; let o, = o. Then {a, . . ., o } is an
orthonormal basis of V in which the matrix of T is upper-triangular.

This theorem implies the following result for matrices.

Corollary: For every complex n x nn matrix A there is unitary matrix U such that U?AU is upper-
triangular.

Now combining Theorem 12 and Theorem 11, we immediately obtain the following analogue
of Theorem 9 for normal operators.

Theorem 13: Let V be a finite-dimensional complex inner product space and T a normal operator
on V. Then V has an orthonormal basis consisting of characteristic vectors for T.

Also for every normal matrix A, there is a unitary matrix P such that P'AP is a diagonal matrix.
Self Assessment

3. For each of the following real symmetric matrices A, find a real orthogonal matrix P such
that P'AP is diagonal

i A= :_11 'f]

i) A- [ 4/3 J§/3}

V2/3 5/3

m)A=?ﬂ

4. Prove that Tis normal if T = T, + i T,, where T, and T, are self-adjoint operators which
commute.

6.3 Summary

° In this unit we have studied unitary operators and normal operators.
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° With the help of a few theorems and examples the properties of unitary operators are
explained.

° The distinction between unitary operators, orthogonal operators and normal operators is
established.

° With the help of a few theorem it is shown that for every normal matrix A, there is a

unitary matrix P such that P'AP is a diagonal matrix.

6.4 Keywords

General Linear Group: A general linear group denotes the set of all invertible complex n x n
matrices and is denoted by GL(n).

Isomorphism: An isomorphism of inner product spaces V onto IV is a vector space isomorphism
of the linear operator T of V onto W which also preserves inner products.

Orthogonal: A real or complex n X n matrix A is said to be orthogonal if A'A = 1.
Unitary: A complex n x n matrix A is called unitary if A*A =1.
Unitary Operator: A unitary operator on an inner product space is isomorphism of the space

onto itself.

6.5 Review Questions

1. For A =

W N =
= W N
Ul = W

there is a real orthogonal matrix P such that P'"AP = D is diagonal. Find such a diagonal
matrix D.

2. If T is a normal operator. Prove that characteristic vectors for T which are associated with
distinct characteristic values are orthogonal.

6.6 Further Readings

N

Books Michael Artin Algebra

I N. Herstein Topics in Algebra

Kenneth Hoffman and Ray Kunze Linear Algebra
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Unit 7: Introduction and Forms on Inner Product Spaces
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Objectives

After studying this unit, you will be able to:

° See that the material covered in this unit on inner product spaces is more sophisticated and
generally more involved technically

° Understand more clearly sesquilinear form as well as bilinear forms

° See that the map f— T isomorphism of the space of forms onto L(V, V) is understood well
) Know how to obtain the matrix of fin the ordered basis f.

Introduction

In this unit the topics covered in the units 24, 25 and unit 26 are reviewed.

It is seen that these ideas can further be elaborated on an advanced stage.

It is shown that the section devotes to the relation between forms and linear operators.

One can see that for every Hermitian form f on a finite dimensional inner product space V, there

is an orthonormal basis of V in which fis represented by a diagonal matrix with real entries.

7.1 Overview

In the units 24, 25, 26 we have covered topics which are quite fundamental in nature. It covered
basically a lot of topics like inner products, inner product spaces, adjoint operators, unitary
operators and linear functionals. However, in the next few units we shall deal with inner product
spaces and spectral theory, forms on inner product spaces, positive forms and properties of the
normal operators. Apart from the formulation of the principal axis theorem or the orthogonal
diagonalization of self-adjoint operators the material covered in these units is sophisticated and
generally more technically involved. In these units the arguments and proofs are written in a
more condensed forms. Units 27 and 28 are devoted to results concerning forms on inner product
spaces and the relations between forms and linear operators. Unit 2 deals with spectral theory,
i.e. with the implication of the ideas of units 24, 25 and 26 concerning the diagonalization of self-
adjoint and normal operators.
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7.2 Forms on Inner Product Spaces

If T is a linear operator on a finite-dimensional inner product space V the function f defined on
V x Vby

flo, B) = (Teu|B)

may be regarded as a kind of substitute of T. Many questions about T are equivalent to questions
concerning f. In fact, it is easy to see that f determines T. For if § = {a,, ..., @ } is an orthonormal
basis for V, then the entries of the matrix of T in p are given by

A}.k = fla, ocj)

It is important to understand why f determines T from a more abstract point of view. The crucial
properties of f are described in the following definition.

Definition: A (sesquilinear) form on a real or complex vector space Vis a function fon V x V with
values in the field of scalars such that

@ flea+B,y)=cflo, v) + (B, v)
(b)  fla+cB,y)= ¢ fla, B) + Ao, v)
for all o, B, y in V and all scalars c.

Thus, a sesquilinear form is a function on V x V such that f{(o, B) is a linear function of o for fixed
B and a conjugate-linear function of f for fixed o. In the real case, f(a, P) is linear as a function of
each argument; in other words, fis a bilinear form. In the complex case, the sesquilinear form f
isnot bilinear unless f= 0. In the remainder of this chapter, we shall omit the adjective ‘sesquilinear’
unless it seems important to include it.

If fand g are forms on V and c is a scalar, it is easy to check that cf + g is also a form. From this it
follows that any linear combination of forms on V is again a form. Thus the set of all forms on
V is a subspace of the vector space of all scalar-valued functions on V x V.

Theorem 1: Let V be a finite-dimensional inner product space and fa form on V. Then there is a
unique linear operator T on V such that

flo, B) = (To[B)
for all o, B, in V and the map f — T is an isomorphism of the space of forms onto L(V, V).

Proof: Fix a vector f in V. Then a — f(a,, B) is a linear function on V. By theorem 6 in unit 26 there
is a unique vector " in V such that f{a, B) = (o | B’) for every a. We define a function U from V into
V by setting UP = p’. Then

flo]eB+y) = (o] U(cB +v)
(o B) + f(o )
c(aUp) + (| Uy)

(o] UB +Uy)

forall o, f, yin V and all scalars c. Thus U is a linear operator on V and T = U* is an operator such
that f(o, B) = (Tar | B) for all o and P. If we also have fla, B) = (T'o.| ), then

(Too-T'a|B) =0

for all o and f; so Ta. = T'a for all o.. Thus for each form f there is a unique linear operator T such
that

flo, B) = (Tox| B)
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for all o, B in V. If fand g are forms and ¢ a scalar, then
(o +8) (@ B) = (T,, oIP)
= f(a, B) + g(a, B)
= (Tl B) + (Tt B)
= (cT,+ T,|a[B)
for all o and f in V. Therefore,
T, =cT,+T,

so f— T, is a linear map. For each T in L(V, V) the equation
flo, B) = (Tar[B)
defines a form such that T =T, and T, = 0 if and only if = 0. Thus f — T} is an isomorphism.
Corollary: The equation
(flg) = tn(T,T)

defines an inner product on the space of forms with the property that
(flg) = X flow, aj)gloy, oy)
ik

for every orthonormal basis {a.,, ..., o} of V.

Proof: It follows easily from Example 3 of unit 24 that (T, U) — tr (TU*) is an inner product on
L(V, V). Since f — T is an isomorphism, Example 6 of unit 24 shows that

(flg) = tr (TT*)

is an inner product. Now suppose that A and B are the matrices of T, and T, in the orthonormal
basis f = {a, ..., o }. Then

A, = (Tg ) = fla, o)
and B, = (T o, | o) = g(a,, o). Since AB* is the matrix of T, T% in the basis B, it follows that
(flg) =tr (AB") = X, AuBj
jk
Definition: If fis a form and § = {a,, .., o } an arbitrary ordered basis of V, the matrix A with
entries
Ay = floy, o)
is called the matrix of fin the ordered basis .

When B is an orthonormal basis, the matrix of fin  is also the matrix of the linear transformation
T, but in general this is not the case.

If A is the matrix of fin the ordered basis B = (a.,, ... o), if follows that

f (szasi‘,yr%] = g‘;yr‘%xs (1)

for all scalars x, and y (1 < r, s < n). In other words, the matrix A has the property that
flo, B) = Y*AX

where X and Y are the respective coordinate matrices of o and f in the ordered basis f.
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The matrix of fin another basis Notes

is given by the equation

For
Al = flod, o)

jk K

= f[zpskay Zprjar]

= Zp_rjArsPsk
r,s

= (P*AP),.
Since P *= P-! for unitary matrices, it follows from (2) that results concerning unitary equivalence

may be applied to the study of forms.

Theoreimn 2: Let f be a form on a finite-dimensional complex inner product space V. Then there is
an orthonormal basis for V in which the matrix of fis upper-triangular.

Proof: Let T be the linear operator on V such that f{a, f) = (Ta| B) for all o and . By Theorem 12
of unit 26 there is an orthonormal basis (o, ..., @ ) in which the matrix of T is upper-triangular.
Hence.

floy @) = (Ta @) =0
whenj > k.

Definition: A form f on a real or complex vector space V is called Hermitian if

flo, B) = (B, o)

forall aand fin V.

If T is a linear operator on a finite-dimensional inner product space V and fis the form
flo, B) = (To|B)

then f(B, o) = (| TB) = (T * | b); so f is Hermitian if and only if T is self-adjoint.

When fis Hermitian f{o,, o) is real for every o, and on complex spaces this property characterizes
Hermitian forms.

Theoremn 3: Let V be a complex vector space and fa form on V such that f{o, o) is real for every o.
Then fis Hermitian.

Proof: Let o and P be vectors in V. We must show that f(o, B) = £(B, o) . Now

floe+ B, o+ p) =flo, B) + flo, B) + fB, @) + fB, B)-

Since fla +f, a + B) = flo, o), and f(B, B) are real, the number f(a, B) + f(B, o) is real. Looking at the
same argument with o + if} instead of o + 3, we see that - if (o, f) + if (B, o) is real. Having
concluded that two numbers are real, we set them equal to their complex conjugates and obtain

flou B) + fB, ) = f(o., B) + f(B,00)
-if(e, B) +if (B, &) = if (o, B) - if (B, o)
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If we multiply the second equation by i and add the result to the first equation, we obtain

2f(a, B) = 2f(B, o).
Corollary: Let T be a linear operator on a complex finite-dimensional inner product space V.

Then T is self-adjoint if and only if (Ta | ) is real for every o in V.

Theorem 4 (Principal Axis Theorem): For every Hermitian form f on a finite-dimensional inner
product space V, there is an orthonormal basis of V in which f is represented by a diagonal
matrix with real entries.

Proof: Let T be the linear operator such that f{a, f) = (To.|B) for all a and p in V. Then, since
flo, B)= f(B, o) and (TB|o)= (| TP), it follows that

(Toc[B) = f(B, o) =(cx| TB)

for all o and fB; hence T = T*. By Theorem 5 of unit 24, there is an orthonormal basis of V which
consists of characteristic vectors for T. Suppose {a,, ..., o } is an orthonormal basis and that

To. = co.
] 77
for 1 <j<n.Then
fla, o) = (Toy o) =8¢,
and by Theorem 2 of unit 24 each c, is real.

Corollary: Under the above conditions

FOxjo, Y ykog) = Zc]»x]yj
7 k j

Self Assessment

1.  Which of the following functions f, defined on vectors o. = (x,, x,) and B (y,, y,) = in ¢ are
sesquilinear forms on ¢?

(a) f((l, B)=(x1_ y1)2+x2]72
(b) f(ar B)=x]72_ XY,
© flB)y=xy,

2. Let f be a non-degenerate form on a finite-dimensional space V. Show that each linear
operator S has an “adjoint’ relative to f’, i.e., an operator S’ such that f(Sa, ) = f(o, S'B) for
all o, f.

7.3 Summary

° In the introduction a review of the last units 24, 25, 26 is done. It is stated that the ideas

covered in these units are fundamental.

o In this unit forms on inner product space are studied and the relation between the forms
and the linear operator is established.

o A sesquilinear form is introduced and explained for all o, 8, y in the finite vector space V
and its relation with the linear operators.

° When the basis f is an orthonormal basis, the matrix of the form fin f is also matrix of the
linear transformation Tﬁ.
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7.4 Keywords

A Sesquilinear Form: A sesquilinear form on a real or complex vector space V is a function f on
V x V with values in the field of scalars such that

flea+ B, y) = cf(e, v) + (B, v)
floe+ B, v) = cf(e, B) + fla, v)

for all a, B, yin V and all scalars c.

Hermitian: A form f on a real or complex vector space V is called Hermitian if

flo, B) = f(B, @)
for all aand B in V.

Self-adjoint: The linear operator T is self-adjoint on a complex finite-dimensional inner product
space V, if and only if (Ta | o) is real for every o in V.

7.5 Review Questions

1. Let

]

and let g be the form (on the space of 2 X 1 complex matrices) defined by g(X, Y) = Y*AX.
Is g an inner product?

2. Let fbe the form on R* defined by

f[(xl’ yl)’ (yz' yz)] = xlyl + xzyz

Find the matrix of fin each of the following bases:

{1 -1), L DL 2), (G, 4)
Answer: Self Assessment
1L (b) (o)

7.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

Michael Artin, Algebra
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Unit 8: Positive Forms and More on Forms
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Objectives

After studying this unit, you will be able to:

° Understand when a form f on a real or complex vector space v is non-negative. If the form
fis Hermitian and f(a, o) > O for every o in v, the form fis positive.

° Know that fis a positive form if and only if A = A* and the principal minors of the matrix
A of f are all positive.

° See that if A is the matrix of the form fin the ordered basis {a,, ..., & } of v and the principal
minors of A are all different from 0, then there is a unique upper triangular matrix P with
P, =1(1 £k < n) such that P*AP is upper triangular.

Introduction

In this unit the form fon a real or complex vector space is studied and seen under what conditions
the form f is positive.

On the basis of the principal minors of A being all different from 0, the positive form f, it is seen
that there is an upper-triangular matrix P with P, =1 (1 < k < n) such that B = AP is lower
triangular.

8.1 Positive Forms

In this unit we study non-negative (sesqui) forms and their relation to a given inner product on
the given finite vector space.

A form f on a real or complex vector space v is non-negative if it is Hermitian and f{a, o) > 0 for
every o in v. The form fis positive if it is Hermitian and f{a, o) > 0 for all o # 0.

A positive form on v is simply an inner production v. Let f be a form on the finite dimensional
space. Let f = (,, 0., ...0, ) be an ordered basis of v, and let A be the matrix of f on the basis f, i.e.,
A= floy, o). If o= x00 + .o, +x 0, then

flo, ) = FOxjog, Y xio)
] k
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= ()% T f(oj, o)
k

j
= (ZZAijj Xx) -(1)

So we see that f is non-negative if and only if
and

A =A*

ZZAijj X 20 for all scalars x,, x,, ... x, -(2)
S

]

For positive f, the relation should be true for all (x,, x,, ... x,) # 0. The above conditions on positive
f form are true if

g(X, Y) = Y*AX (3)
is a positive form on the space of n x 1 column matrices over the scalar field.

Theorem 1: Let F be the field of real number or the field of complex numbers. Let A be an n x n
matrix over F. The function g defined by

g(X, Y) = Y*AX .(4)

is a positive form on the space F*! if and only if there exists an invertible n X n matrix P with
entries in F such that A = P*P.

Proof: For any n x n matrix A, the function g in (4) is a form on the space of column matrices. We
are trying to prove that g is positive if and only if A = P*P. First, suppose A = P*P. Then g is
Hermitian and

g(X, X) = X*P*PX
= (PX)*PX
> 0.
If P is invertible and X # 0, then (PX)*PX > 0.

Now, suppose that g is a positive form on the space of column matrices. Then it is an inner
product and hence there exist column matrices Q,, ..., Q, such that

Sjk = g(Ql’ Qk)
= Q'AQ,
But this just says that, if Q is the matrix with columns Q,, ..., Q , then A*AQ = I. Since {Q,, ..., Q }
is a basis, Q is invertible. Let P = Q' and we have A = P*P.

In practice, it is not easy to verify that a given matrix A satisfies the criteria for positivity which
we have given thus far. One consequence of the last theorem is that if g is positive then det
A >0, because det A = det (P*P) = det P* det P = | det P | The fact that det A > 0 is by no means
sufficient to guarantee that g is positive; however, there are n determinants associated with A
which have this property: If A = A* and if each of those determinants is positive, then g is a
positive form.

Definition: Let A be an n x n matrix over field F. The principal minors of A are the scalars A, (A)
defined by
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A, - A
Ap(A)=det| : Do, 1<k<n.
A A
Lemma: Let A be an invertible n X n matrix with entries in a field F. The following two statements
are equivalent:

(@)  There is an upper triangular matrix P with P, =1 (1 £ k < n) such that the matrix B = AP is
lower-triangular.

(b) The principal minors of A are all different from 0.

Proof: Let P be any n x n matrix and set B = AP. Then
B, = X Ajr P
r

If P is upper-triangular and P, =1 for every k, then

k-1
Y APk =B -A,  k>1
r=1
Now B is lower-triangular provided B, =0 for j <k. Thus B will be lower-triangular if and only
if
k-1
Y AiPi =-A, 1<j<k-1
r=1
2<k<n. ..(5)

So, we see that statement (a) in the lemma is equivalent to the statement that there exist scalars
P, 1<r<k1<k<n,whichsatisty (§)and P, =1, 1<k<n.

In (5) for each k > 1 we have a system of k - 1 linear equations for the unknowns P, P,,, ..., P, .
The coefficient matrix of that system is
Ay A
Apo1 o Akoi -

and its determinant is the principal minor A _,(A). If each A, _,(A) # 0, the systems (5) have unique
solutions. We have shown that statement (b) implies statement (a) and that the matrix P is
unique.

Now suppose that (a) holds. Then, as we shall see,
A(A) =A(B)

=B B, By k=1, .., 1 (6)
To verify (6),let A, .., A and B,, ... B_ be the columns of A and B, respectively. Then
y 1 n 1 n p y
B, =A,
r—1
B, = Y PyAj+4A, r>1. - (7)
j=1

Fix k, 1 < k < n. From (7) we see that the rth column of the matrix

Biy - Bk

Byp -+ By
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is obtained by adding to the rth column of

a linear combination of its other columns. Such operations do not change determinants. That
proves (6), except for the trivial observation that because B is triangular A (B) = B, ... B,,. Since A
and P are invertible, B is invertible. Therefore

A(B) =B, .. B, #0

nn

andso A (A)#0,k=1,..,n

Theoremn 2: Let f be a form on a finite dimensional vector space V and let A be the matrix of fin
an ordered basis B. Then fis a positive form if and only if A = A* and the principal minors of A
are all positive.

Proof: Suppose that A = A* and A (A) > 0, 1 £k < n. By the lemma, there exists an (unique) upper-
triangular matrix P with P, = 1 such that B = AP is lower triangular. The matrix P* is lower-
triangular, so that P*B = P*AP is also lower triangular. Since A is self-adjoint, the matrix
D = P*AP is self-adjoint. A self-adjoint triangular matrix is necessarily a diagonal matrix. By the
same reasoning which led to (6),

A (D) =A(P*B)
=4,(B)
=A(A).

Since D is diagonal, its principal minors are

AD) =D, ...D,.

From A (D) >0, 1<k <n, we obtain D, > 0 for each k.

If A is the matrix of the form fin the ordered basis B = {a., ..., & }, then D = P*AP is the matrix of
fin the basis {0, ..., &} defined by

Since D is diagonal with positive entries on its diagonal, it is obvious that
X*DX>0. X#0
from which it follows that fis a positive form.

Now, suppose we start with a positive form f. We know that A = A* How do we show that
A (A)>0,1<k<n?Let V, be the subspace spanned by «,, ..., &, and let f, be the restriction of f to
V, x V.. Bvidently f, is a positive form on V| and, in the basis {a,, ..., o} it is represented by the
matrix.

As a consequence of Theorem 1, we noted that the positivity of a form implies that the determinant
of any representing matrix is positive.

There are some comments we should make, in order to complete our discussion of the relation
between positive forms and matrices. What is it that characterizes the matrices which represent
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positive forms? If fis a form on a complex vector space and A is the matrix of fin some ordered
basis, then f will be positive if and only if A = A* and

X*AX>0 for all complex X # 0 -(8)

It follows from Theorem 3 of unit 27 that the condition A = A*is redundant, i.e., that (8) implies
A = A* One the other hand, if we are dealing with a real vector space the form fwill be positive
if and only if A = A"and

X*AX>0 forallreal X #0 ...(9)

We want to emphasize that if a real matrix A satisfies (9), it does not follow that A = A’. One thing
which is true is that, if A = A" and (9) holds, then (8) holds as well. That is because

X +iV)*AX +iY) = (X' -iY)AX +iY)
=X'AX + YAY +i[X'AY - Y'AX]
and if A = A’ then Y'AX = X'AY.
If A is an nn X n matrix with complex entries and if A satisfies (9), we shall call A a positive matrix.

Now suppose that V is a finite-dimensional inner product space. Let f be a non-negative form on
V. There is a unique self-adjoint linear operator T on V such that

flo, B) = (Toe| B) ..(10)
and T has the additional property that (Tot| o) > 0

Definition: A linear operator T on a finite-dimensional inner product space V is non-negative if
T =T*and (To|o) > 0 for all o in V. A positive linear operator is one such that T = T* and
(Tor|o) > 0 for all o # 0.

If V is a finite-dimensional (real or complex) vector space and if (.|.) is an inner product on V,
there is an associated class of positive linear operators on V. Via (10) there is a one-one
correspondence between that class of positive operators and the collection of all positive forms
on V. Let us summarise as:

If A is an n x n matrix over the field of complex numbers, the following are equivalent:

1. A is positive, i.e. ZZAij ]-Ek <0 whenever x,, ..., x, are complex numbers, not all 0.
j k
2. (X1Y) = Y*AX is an inner product on the space of 1 x 1 complex matrices.
3. Relative to the standard inner product (X|Y) = Y*X on n X 1 matrices, the linear operator

X — AXis positive.
4. A = P*P for some invertible n x n matrix P over C.
5. A =A* and the principal minors of A are positive.

If each entry of A is real, these are equivalent to:

1. A=A and ZEAij Xk < 0 whenever x,, ..., x, are real numbers, not all 0.
ik

2. (X]Y) = Y'AX is an inner product on the space of n x 1 real matrices.

3. Relative to the standard inner product (X|Y) = Y’X on n x 1 real matrices, the linear
operator X — AX is positive.

4. There is an invertible n x n matrix P, with real entries, such that A = P‘P.
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8.2 More on Forms Notes

Theorem 3: Let f be a form on a real or complex vector space V and {a,,
dimensional subspace W of V. Let M be the r x r matrix with entries

A/Ijk = floy, O‘j)

and W’ the set of all vectors B in V such that f(a, B) for all o in W. Then W’ is subspace of V, and
Wn W = {0} if and only if M is invertible. When this is the case, V=W + W',

..., 0} a basis for the finite

Proof: 1If f and vy are vectors in W’ and c is a scalar, then for every o in W

floy B +v) = ¢ flo, B) + flow, v)
=0.

Hence, W’ is a subspace of V.

7 T
Now suppose o = 2 X0 and that § = 2 Y%  Then
k=1 Jj=1

fla, B) = D7, My
ik

= Z[Z ?fok]xk-
k\d
It follows from this that W W’ # {0} if and only if the homogeneous system

,
ijjk =0,1<k<r
=1

]

has a non-trivial solution (y, ..., y,). Hence W n W’ {0} if and only if M* is invertible. But the
invertibility of M* is equivalent to the invertibility of M.

Suppose that M is invertible and let
A = (M = (MY

5®) = 3 A3 B)
k=1

Then

g(cB+v) = 2 f(0 B +7)
k

Y A f (o, B)+ D Ajef (o, v)
k k

cg,(B) +g,(v)

Hence, each g, is a linear function on V. Thus we may define a linear operator E on V by setting

Ep = 2, 8B
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Since

g () = E]{:Ajkf(akran)

= D ARM),
P

=9,
jn

it follows that E(a,) = o, for 1 < n <r. This implies Ea. = o for every o in W. Therefore, E maps V
onto Wand E? = E. If § is an arbitrary vector in V, then

flo,, EB) =f[%28j(ﬁ)“j]
]

= me(aw”j)
]

_ z[xzjkf(ak,ﬁ)]/(awap
i Uk

Since A* = M7, it follows that

flo, EB) = Z[E(M‘l)ijjan<ak,B)

kd
= 2 Suf (0, B)
k
= fle,, B).
This implies f(o, EB) = f(a, ) for every o in W. Hence
f(a/ B - EB) = O
for all o in Wand B in V. Thus 1 - E maps V into W’. The equation
B=EB+(1-EMp

shows that V =W+ IW’. One final point should be mentioned. Since W n W’ = {0}, every vector
in V is uniquely the sum of a vector in W and a vector in W'. If f is in W, it follows that Ef} = 0.
Hence I - E maps V onto W'.

The projection E constructed in the proof may be characterized as follows: Ef = a if and only if
oisin Wand B — a belongs to W'. Thus E is independent of the basis of W that was used in its
construction. Hence we may refer to E as the projection of V on W that is determined by the
direct sum decomposition

V=IWoWw.
Note that E is an orthogonal projection if and only if W = W~

Theorem 4: Let fbe a form on a real or complex vector space V and A the matrix of fin the ordered
basis {a, ..., & } of V. Suppose the principal minors of A are all different from 0. Then there is a
unique upper triangular matrix P with P, =1 (1 <k <n ) such that

P*AP

is upper-triangular.
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Proof: Since A, (A¥) = A(A) (1<k<n), the principal minors of A are all different from 0. Hence,
by the lemma used in the proof of Theorem 2, there exists an upper-triangular matrix P with
P, =1 such that A*P is lower-triangular. Therefore, P*A = (A*P)* is upper-triangular. Since the
product of two upper-triangular matrices is again upper triangular, it follows that P*AP is
upper-triangular. This shows the existence but not the uniqueness of P. However, there is another
more geometric argument which may be used to prove both the existence and uniqueness of P.

Let W, be the subspace spanned by a., ..., o, and W, the set of all § in V such that f(o, ) = 0 for
every o in W,. Since A, (A) # 0, the k X k matrix M with entries

M; = flo, o) = A,
(1 <14, j <k) is invertible. By Theorem 3

V=wew.
Let E, be the projection of V on W, which is determined by this decomposition, and set E, = 0. Let

B, =0, -E o, (1<k<n)

Then B, = a,,and E,_,a, belongs to W, , for k> 1. Thus when k > 1, there exist unique scalars ij such
that

k-1
E oy =~ 2 ijaj
j=1
Setting P, =1and P, =0 forj <k, we then have an 7 x n upper triangular matrix P with P, =1and
k
B, = 2Pty
j=1

for k=1, ..., n. Suppose 1 < i < k. Then B, is in W, ¢ W,_, since B, belongs to W, , it follows that

f(B, B) = 0. Let B denote the matrix of fin the ordered basis (B,, ... B,). Then
B, =fB, B)

so B,, = 0 when k > i. Thus B is upper-triangular. On the other hand,

k-17

B = P*AP.
Self Assessment

1. Which of the following matrices are positive?

1 -1 1][1 12 1/3

L2l 2 -1 1),|12 12 1/4
3 4(1-i 3 |- Y2 2
3 -1 1]|1Y3 1/4 1/5

2. Prove that the product of two positive linear operators is positive if and only if they
commute.
3. Let S and T be positive operators. Prove that every characteristic value of ST is positive.

8.3 Summary

° In this unit we are studying the form f on a finite vector space being non-negative.

° We obtain certain equivalent properties and show that when the matrix A of linear operator
is Hermitian i.e. A + A* as well as the principal minors of the matrix A are all positive.
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° It is shown that if A is the matrix of the form fin the ordered basis {a., ... & } of V and the
principal minors are all different from zero, then there exists a unique upper-triangular
matrix P with P,, =1 (1 < k < n) such that P*AP is upper triangular.

8.4 Keywords

Non-negative Form: A form fon real or complex vector space V is non-negative if it is Hermitian
and f(a, o) > 0.

Positive Form: A form f is positive if it is Hermitian and f{a, o) > 0
Upper Triangular Matrix: A matrix P is upper triangular one if its elements P, satisfy the

relations: P, =1,1<k<nand Pi]. =0forj>k.

8.5 Review Questions

1 Let
Az {1}2 zﬂ

(b) Find an invertible real matrix P such that

(@) Show that A is positive

A =PP.
2. Does

[(xl, )| (y1, yz)] =x1y1 + 2x1 + 2x1Y5 + XY, define an inner product on ¢*?

8.6 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

I N. Herstein, Topics in Algebra
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Spectral Theory and Properties of Normal Operators

Unit 9: Spectral Theory and Properties of
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Objectives

After studying this unit, you will be able to:

o Understand that Theorems 9 and 13 of unit 26 are pursued further concerning the
diagonalization of self-adjoint and normal operators.

° See that if T is a normal operator or a self-adjoint operator on a finite dimensional inner
product space V. Let C,, C, be the distinct characteristic values of T and W, be the
characteristic space associated with C, and E, be the orthogonal projection of V on W, then
Vis the direct sum of W, W,, ... W, and T = C,E, + C,E, + ... + C,_E, which is called spectral
resolution of T.

° See that if A is a normal matrix with real (complex) entries, then there is a real orthogonal
(unitary) matrix P such that P'AP is in rational canonical form.

Introduction
In this unit the properties of the normal operators or the self-adjoint operator are studied

further.

The spectral resolution of the linear operator T is given by the decomposition T = C.E, + C,E, +

E, C,where C, C, ... C, are the distinct characteristic values of Tand E , E, ... E, are the orthogonal

projections of Von W, W, ... W,

If T is a diagonalizable normal operator on a finite dimensional inner product space V, then T is
self-adjoint, non-negative or unitary according as each characteristic value of T is real,
non-negative or of absolute value 1.

The family of orthogonal projections (P,, P,, ... P,) is called the resolution of the identity determined

bF,and T = Z”j(T)P j is the spectral resolution of T in terms of this family.
]
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9.1 Spectral Theory

In this unit we try to implement the findings of the Theorems 9 and 13 of unit 26 regarding the
diagonalization of self-adjoint and normal operators.

We start with the following spectral theorem:

Theorem 1 (Spectral Theorem): Let T be a normal operator on a finite dimensional complex inner
product space V or a self-adjoint operator on a finite dimensional real inner product space. Let
C, ... C, be the distinct characteristic values of T. Let IV, be the characteristic space associated with
C and E, the orthogonal projection of V on W. Then W, is orthogonal to W* when i # j, V'is the
direct sum of W,, W,, ... W, and

T=CE+CE,+. +CE ..(1)
Proof: Let a be a vector in W, B a vector in W, and suppose i # j. Then ¢,(a|B) = (Toc|B) =
(o] T*B) = (| ¢; B). Hence (¢, = ¢)(t|B) =0, and since. ¢, - ¢, # 0, it follows that (ot | B) = 0. Thus WV,
is orthogonal to W, when i # j. From the fact that V has an orthonormal basis consisting of

characteristic vectors (cf. Theorems 9 and 13 of unit 26), it follows that V=W, + ..+ W If o,
belongs to V, (1<j<k)and o, + ... + o, =0, then

0= (0‘1‘|20€j)=2(0‘i loj)
j j

= fou
for every i, so that V is the direct sum of W,, ..., W,. Therefore E, + ... + E = and
T =TE, +..+TE,
=c¢E +..+¢E,

The decomposition (1) is called the spectral resolution of T. This terminology arose in part from
physical applications which caused the spectrum of a linear operator on a finite-dimensional
vector space to be defined as the set of characteristic values for the operator. It is important to
note that the orthogonal projections E,, ..., E, are canonically associated with T; in fact, they are
polynomials in T.

X -
(lfe= 1 ' =e <j<k
Corollary: If e, iij[cj—ci]'then E=¢(T)for1<j<k

Proof: Since EE = 0 when i # j, it follows that

T? =cE + ..+ E,
and by all easy induction argument that

T"=cE +..+CE
for every integer n > 0. For an arbitrary polynomial

f= Doy

n=0
we have

r

fin) = X o

n=0
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Sincee(c,) = Sjm, it follows that ¢(T) = E.
Because E,,. ., E, are canonically associated with T and
[=E +..+E
the family of projections (E,, ..., E) is called the resolution of the identity defined by T.

There is a comment that should be made about the proof of the spectral theorem. We derived the
theorem using Theorems 9 and 13 of unit 26 on the diagonalization of self-adjoint and normal
operators. There is another, more algebraic, proof in which it must first be shown that the
minimal polynomial of a normal operator is a product of distinct prime factors. Then one
proceeds as in the proof of the primary decomposition theorem (Theorem 1) unit 18.

In various applications it is necessary to know whether one may compute certain functions of
operators or matrices, e.g., square roots. This may be done rather simply for diagonalizable
normal operators.

Definition: Let T be a diagonalizable normal operator on a finite-dimensional inner product
space and

k
T = ZC]E]
j=1

its spectral resolution. Suppose fis a function whose domain includes the spectrum of T that has
values in the field of scalars. Then the linear operator f(T) is defined by the equation

k
A1) = 2 f()E;. -(2)

Theorem 2: Let T be a diagonalizable normal operator with spectrum S on a finite-dimensional
inner product space V. Suppose fis a function whose domain contains S that has values in the
field of scalars. Then f(T) is a diagonalizable normal operator with spectrum f(S). If U is a unitary
map of Vonto V' and T' = UTU™, then S is the spectrum of T' and

AD) =UATYU.
Proof: The normality of f(T) follows by a simple computation from (2) and the fact that

Ay = e
]

Moreover, it is clear that for every o in E(V)

AT = fie)o

Thus, the set f(S) of all f{c) with c in S is contained in the spectrum of f{T). Conversely, suppose
o # 0 and that

ATDo = bo.
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Then o = ZE]'OL and
j

fiha = 3 F(D) Ejo
]
= Zf(C])E]OL
]
= ZbE]OC
Hence, :

2
- Slrep-o e
]

j

HZ(f(C]') —b)Ejo
=0.

Therefore, f(cj) =bor E].OL = 0. By assumption, a # 0, so there exists an index i such that Eo # 0. It
follows that f(c) = b and hence that f(S) is the spectrum of f(T). Suppose, in fact, that

fS) =1b,, ..., b}

whereb #b whenm#n.Let X bethesetofindicesisuchthat1<i<kandf(c)=b .LetP = 2 E;
i

the sum being extended over the indicesi in X, . Then P, is the orthogonal projection of V on the

subspace of characteristic vectors belonging to the characteristic value b, of AT), and

ﬂn=2ﬁ%

is the spectral resolution of f(T).
Now suppose U is a unitary transformation of V onto V' and that T" = UTU™. Then the equation
Ta = Ca
holds if and only if
T'Uo = cUa.

Thus Sis; the spectrum of T', and U maps each characteristic subspace for T onto the corresponding
subspace for T'. In fact, using (2), we see that

T = X cE,  Ej=ugu™
j

is the spectral resolution of T'. Hence

AT) = 2fEE]
]

= 2 flepueu
]

= U[Zf(cj)Ej)Ju_l
]

= Uf1)*
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In thinking about the preceding discussion, it is important for one to keep in mind that the
spectrum of the normal operator T is the set

S ={c, ... c}

of distinct characteristic values. When T is represented by a diagonal matrix in a basis of
characteristic vectors, it is necessary to repeat each value ¢, as many times as the dimension of the
corresponding space of characteristic vectors. This is the reason for the change of notation in the
following result.

Corollary: With the assumptions of Theorem 2, suppose that T is represented in the ordered
basis B = {a, ..., @, } by the diagonal matrix D with entries d,, ..., d . Then, in the basis §, AT) is
represented by the diagonal matrix f{D) with entries f(d), ..., f(d ). If B’ = {o;, ..., & } is any other
ordered basis and P the matrix such that

o = zpijai
T

then P! f(D)P is the matrix of f{T) in the basis f'.

Proof: For each index i, there is a unique j such that 1<j <k, o, belongs to E(V), and d, = ¢. Hence
f(Do, = fld)o for every i, and

Ao = ZPijf(T)oci
T
_ > diPjo
j
- Z(DP )ij i
i
_ 2(DP); ¥ Bile
j k

_ Y (P'DP)0i.
k

It follows from this result that one may form certain functions of a normal matrix. For suppose
A is a normal matrix. Then there is an invertible matrix P, in fact a unitary P, such that PAP™ is
a diagonal matrix, say D with entries d,, ..., d ; Let f be a complex-valued function which can be
applied to d, ... d,, and let f{D) be the diagonal matrix with entries f(d.) .....f(d ). Then P"'f(D)P is
independent of D and just a function of A in the following sense. If Q is another invertible matrix
such that QAQ™ is a diagonal matrix D’, then f may be applied to the diagonal entries of D" and

PTAD)P = Q" ADNQ.
Definition: Under the above conditions, f{A) is defined as P~ f(D)P.

Theorem 3: Let A be a normal matrix and c,, ..., ¢, the distinct complex roots of det (x/ - A). Let

x—Cj
e = I
! j#i Ci_Cj

and E, =¢(A) (1<i<k). Then EE =0wheni#j, EZ =E, E{=E,

and
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If fis a complex-valued function whose domain includes c,, ..., ¢, then
flA) =f(c))E, + ... + flc)E,
in particular, A=c,E + ..+ cE.

We recall that an operator on an inner product space V is non-negative if T is self-adjoint and
(Too|o) > 0 for every ovin V.

Theorem 4: Let T be a diagonalizable normal operator on a finite-dimensional inner product
space V. Then T is self-adjoint, non-negative, or unitary according as each characteristic value of
T is real, non-negative, or of absolute value 1.

Proof: Suppose T has the spectral resolution T=c,E, + ... + c,E, then T* = ¢ .E + ... + ¢,E,. To say
T is self-adjoint is to say T = T*, or

(c,-Cc)E,+..+(c,- T )E =0.

Using the fact that EE = 0 for i # j, and the fact that no E, is the zero operator, we see that T is
self-adjoint if and only if ¢;= ¢, j =1, ..., k. To distinguish the normal operators which are
non-negative, let us look at

(Taloy = [zk: c]-Ejoc|i Eioc]
j=1 i=1
= Zch(EjoﬂEioc)
ij

2
= ZC]‘ Il Ejecll
]

We have used the fact that (Eot | Et) =0 for i # j. From this it is clear that the condition (Tot| o) 2 0
is satisfied if and only if ¢, > 0 for each j. To distinguish the unitary operators, observe that

TT* =c,cE +..+ccE,.
=|c,PE, + ... +|c,PE,.
IfTT* =1, thenI= |c |’E, + ... +|q’E, and operating with E,
S
E chl Ej.
Since E}. # 0, we have Ic}.l2 =1or chl = 1. Conversely, if |cj|2 =1for eachjitis clear that TT* = I.

It is important to note that this is a theorem about normal operators. If T is a general linear
operator on V which has real characteristic values, it does not follow that T is self-adjoint. The
theorem states that if T has real characteristic values, and if T is diagonalizable and normal, then
T is self-adjoint. A theorem of this type serves to strengthen the analogy between the adjoint
operation and the process of forming the conjugate of a complex number. A complex number z
is real or of absolute value 1 according as z= z, or zz =1. An operator T is self-adjoint or unitary
according as T=T*or T*T = I.

We are going to prove two theorems now, which are the analogues of these two statements:
1 Every non-negative number has a unique non-negative square root.

2. Every complex number is expressible in the form ru, where r is non-negative and |u| = 1.
This is the polar decomposition z = re® for complex numbers.
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Theorem 5: Let V be a finite-dimensional inner product space and T a non-negative operator on
V. Then T has a unique non-negative square root, that is, there is one and only one non-negative
operator N on V such that N?> =T.

Proof: Let T=cE, + ...+ ¢E, be the spectral resolution of T. By Theorem 4, each ¢, 2 0. If ¢ is any
non-negative real number, let \/c denote the non-negative square root of c. Then according to
Theorem 3 and (2) N = JT is a well-defined diagonalizable normal operator on V. It is non-
negative by Theorem 4, and, by an obvious computation, N* = T.

Now let P be a non-negative operator on V such that P> = T. We shall prove that P = N. Let
P=dF, +..+dF

be the spectral resolution of P. Then d, 2 0 for each j, since P is non-negative. From P? = T we have
T =d’F +..+dF,

Now F,, ..., F, satisfy the conditions I = F, + ..+ F, FF, =0 for i # j, and no F, is 0. The numbers

d? ..., d? are distinct, because distinct non-negative numbers have distinct squares. By the

uniqueness of the spectral resolution of T, we must have r = k, and (perhaps reordering) F, = E,
@ =c.Thus P=N.

Theorem 6: Let V be a finite-dimensional inner product space and let T be any linear operator on
V. Then there exist a unitary operator U on V and a non-negative operator N on V such that
T = UN. The non-negative operator N is unique. If T is invertible, the operator U is also unique.

Proof: Suppose we have T = LIN, where U is unitary and N is non-negative. Then T* = (UN)* =
N*U* = NU*. Thus T*T = NU*UN = N2 This shows that N is uniquely determined as the non-
negative square root of the non-negative operator T*T.

So, to begin the proof of the existence of U and N, we use Theorem 5 to define N as the unique
non-negative square root of T*T. If T is invertible, then so is N because

(Ne|No) =(Na|a) = (T*Ta|a) = (Ter| Taw).
In this case, we define U = TN and prove that U is unitary. Now U* = (TN7)* = (N")*T* =
(N*)'T* = N'T*. Thus
uu* = TN'N'T*

= T(N)*T*

= T(N»)'T*

= T(T*T)"'T*

= TT-(T*)"T*

=1
and C is unitary.

If T is not invertible, we shall have to do a bit more work to define U. We first define U on the
range of N. Let a be a vector in the range of N say a = Nf. We define Ua = T3, motivated by the
fact that we want UBS = Tp. We must verify that U is well-defined on the range of N in other
words, if NB' = Nf then TB' = TB. We verified above that |[Ny|* = || Ty’ for every yin V. Thus, with
vy =P -p’, wesee that N (§ - ") = 0if and only if T(B - ") = 0. So U is well-defined on the range
of N and is clearly linear where defined. Now if W is the range of N, we are going to define U on
W*. To do this, we need the following observation. Since T and N have the same null space, their
ranges have the same dimension. Thus IV* has the same dimension as the orthogonal complement
of the range of T. Therefore, there exists an (inner product space) isomorphism U, of W* onto
T(V)" Now we have defined U on W, and we define U on W* to be U,
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Let us repeat the definition of U. Since V =W @ W*, each o in V is uniquely expressible in the
form o = NP} + v, where NB is in the range W of N, and y is in W*. We define

Ua =T + Ly.
This U is clearly linear, and we verified above that it is well-defined. Also
(UoUar) (TR + UYITB + Ugy)
TBITB) + (UUyy)
NBINB) + (1)

= (o)

= (
= (

and so U is unitary. We also have UNB = Tp for each 8.

We call T = UN a polar decomposition for T. We certainly cannot call it the polar decomposition,
since U is not unique. Even when T is invertible, so that U is unique, we have the difficulty that
U and N may not commute. Indeed, they commute if and only if T is normal. For example, if
T = UN = NU, with N non-negative and U unitary, then

TT* = (NU)(NU)* = NUU*N = N? = T*T.

The general operator T will also have a decomposition T = N,U,, with N, non-negative and U,
unitary. Here, N, will be the non-negative square root of TT*. We can obtain this result by

applying the theorem just proved to the operator T* and then taking adjoints.

We turn now to the problem of what can be said about the simultaneous diagonalization of
commuting families of normal operators. For this purpose the following terminology is
appropriate.

Definition: Let F be a family of operators on an inner product space V. A function r on F with
values in the field K of scalars will be called a root of F if there is a non-zero o in V such that

Ta =r(Ta

for all T in F. For any function r from F to K, let V(r) be the set of all o in V such that Ta = r(T)o
for every T in F.

Then V(r) is a subspace of V, and r is a root of F if and only if V(r) #{0}. Each non-zero a in V(r)
is simultaneously a characteristic vector for every T in F.

Theorem 7: Let F be a commuting family of diagonalizable normal operators on a finite-
dimensional inner product space V. Then F has only a finite number of roots. If r,, ..., r, are the
distinct roots of F, then

(i)  V(r) is orthogonal to V(r}.) when i # j, and
(i) V=V()®.. 0 V().

Proof: Suppose r and s are distinct roots of . Then there is an operator T in F such that (T) # s(T).
Since characteristic vectors belonging to distinct characteristic values of T are necessarily
orthogonal, it follows that V(r) is orthogonal to V(s). Because V is finite-dimensional, this
implies F has at most a finite number of roots. Let ,,..., 7,, be the roots of F. Suppose {T,, ..., T,}
is a maximal linearly independent subset of 7, and let

{EyE, ..}

i1’
be the resolution of the identity defined by T, (1 < i < m). Then the projections E, form a
commutative family. For each E, is a polynomial in T, and T), ..., T,, commute with one another.
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Since

I= [ZElji][ZEijJ[ZEmfzn]

each vector o in V may be written in the form

o = ‘ 2 Elleij'“EmijL' (3)
J1 s Jm

Suppose j, ..., j,, are indices for which =E E, , .. E _ a#0. Let

1122/ mjm

n#i
Then § = Eijﬁi; hence there is a scalar c, such that
TB=cB 1<i<m.

For each T in F, there exist unique scalars b, such that

m
T = 2T,
i=1
Thus
T8 = 2, biTH
i

(30}

The function T — zbici , is evidently one of the roots, say r, or F, and P lies in V(r,). Therefore,
i

each non-zero term in (3) belongs to one of the spaces V(r)), ..., V(r,). It follows that V is the

orthogonal direct sum of V(r), ..., V(r).

Corollary: Under the assumptions of the theorem, let P, be the orthogonal projection of V on

V(r) 1<j<k). Then PP, =0 wheni#j,
[=P,+..+P,

and every T in F may be written in the form
T = Xr(DP; (@
i
Definition: The family of orthogonal projections {P,, ..., P,} is called the resolution of the identity

determined by F, and (4) is the spectral resolution of T in terms of this family.

Although the projections P,, ..., P,, in the preceding corollary are canonically associated with the
family F, they are generally not in F nor even linear combinations of operators in F; however,
we shall show that they may be obtained by forming certain products of polynomials in elements
of F.

In the study of any family of linear operators on an inner product space, it is usually profitable
to consider the self-adjoint algebra generated by the family.

Definition: A self-adjoint algebra of operators on an inner product space V is a linear
sub-algebra of L(V, V) which contains the adjoint of each of its members.
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An example of a self-adjoint algebra is L(V, V) itself. Since the intersection of any collection of
self-adjoint algebras is again a self-adjoint algebra, the following terminology is meaningful.

Definition: If F is a family of linear operators on a finite-dimensional inner product space, the
self-adjoint algebra generated by F is the smallest self-adjoint algebra which contains F.

Theorem 8: Let F be a commuting family of diagonalizable normal operators on a finite-
dimensional inner product space V, and let A be the self-adjoint algebra generated by F and the
identity operator. Let {P,,..., P,} be the resolution of the identity defined by F. Then A is the set
of all operators on V of the form

7= 2P .. (15)

where c,, ..., c, are arbitrary scalars.

Proof: Let £ denote the set of all operators on V of the form (15). Then & contains the identity
operator and the adjoint

= 2GP
j
of each of its members. If T = ZC iPi and U = 2 d;P;, then for every scalar a
j j
aT+U = E(ac + dj)ljj

]

and

d

i

ZCld]P]
]

=UT.

Thus £ is a self-adjoint commutative algebra containing F and the identity operator. Therefore
£ contains A.

Now let r,, ..., r, be all the roots of F. Then for each pair of indices (i, n) with i # n, there is an
operator T, in Fsuch that r(T,) # r (T,). Leta, = r(T,) - r(T,) and b, = r (T,). Then the linear
operator

Q= 1 .ai_n1 (Tin - binl)
n#i
is an element of the algebra .A. We will show that Q, = P, (1< i <k). For this, suppose j # i and that
o is an arbitrary vector in V(r). Then
T =r(T)o
=ba
ij

so that (T,/ - bi]])oz = 0. Since the factors in Q, all commute, it follows that Q,o = 0. Hence Q, agrees
with P, on V(r) whenever j # i. Now suppose o is a vector in V(r). Then T, o= (T, ), and

a _1(Tm - binl)a = ain_l[ri(Tm) - rn(Tin)]a =a.

Thus Qo = aand Q, agrees with P, on V(r); therefore, Q = P, for -i =1, ..., k. From this it follows
that A= ¢.
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The theorem shows that the algebra A is commutative and that each element of A is a Notes
diagonalizable normal operator. We show next that 4 has a single generator.

Corollary: Under the assumptions of the theorem, there is an operator T in A such that every
member of A is a polynomial in T.

k
Proof: Let T = 2 t, P, where t, ..., t are distinct scalars. Then

=

—r
j=1

forn=1,2,...1f

it follows that

Given an arbitrary

=

in A, there is a polynomial f such that f{t) = ¢, (1 <j < k), and for any such f, U = f(T).

9.2 Properties of Normal Operators

In unit 26 we developed the basic properties of self-adjoint and normal operators, using the
simplest and most direct methods possible. In last section we considered various aspects of
spectral theory. Here we prove some results of a more technical nature which are mainly about
normal operators on real spaces.

We shall begin by proving a sharper version of the primary decomposition theorem of unit 18
for normal operators. It applies to both the real and complex cases.

Theorem 9: Let T be a normal operator on a finite-dimensional inner product space V. Let p be the
minimal polynomial for Tand p,, . . ., p, its distinct monic prime factors. Then each p. occurs with
multiplicity 1 in the factorization of p and has degree 1 or 2. Suppose W, is the null space of p(T).
Then

(1) I/V] is orthogonal to W, when i # j;
(i) V=Wo.. oW,

(iii) W, is invariant under T, and p, is the minimal polynomial for the restriction of T to W;
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(iv) for every j, there is a polynomial ¢, with coefficients in the scalar field such that ¢(T) is the
orthogonal projection of V on W.

In the proof we use certain basic facts which we state as lemmas.

Lemmna 1: Let N be a normal operator on an inner product space W. Then the null space of N is the
orthogonal complement of its range.

Proof: Suppose (o.| NB) = 0 for all B in W. Then (N*a. | B) = 0 for all f; hence N*o. = 0. By Theorem
10 of unit 26, this implies No. = 0. Conversely, if Na. = 0, then N*a. = 0, and

(N*ou|B) = (| NB) =0
for all § in W.
Lemma 2: If N is a normal operator and o is a vector such that N?a. = 0, then No. = 0.

Proof: Suppose N is normal and that N?a. = 0. Then No lies in the range of N and also lies in the
null space of N. By Lemma 1, this implies No. = 0.

Lemma 3: Let T be a normal operator and f any polynomial with coefficients in the scalar field.
Then f(T) is also normal.

Proof: Suppose f=a,+ax +...+ax" Then

fih) =al+aT+...+aT
and AD* =al+aT*+--+a,(T*".
Since T*T = TT¥, it follows that T) commutes with f(T)*.

Lemma 4: Let T be a normal operator and f, g relatively prime polynomials with coefficients in
the scalar field. Suppose o and P are vectors such that {T)o. = 0 and g(T)B = 0. Then (o | ) = 0.

Proof: There are polynomials 2 and b with coefficients in the scalar field such that af + bg = 1. Thus

a(DAD) +b(D (T) =1
and o = g(T) b(T)o. It follows that

(@B) = (g(T) b(T) ot |B) = (b(T) | g(T)*P)
By assumption g(T)p = 0. By Lemma 3, g(T) is normal. Therefore, by Theorem 10 of unit 26,
g(T)*B = 0; hence (a.|B) = 0.

Proof of Theorem 9: Recall that the minimal polynomial for T is the monic polynomial of least
degree among all polynomials f such that (T) = 0. The existence of such polynomials follows
from the assumption that V'is finite-dimensional. Suppose some prime factor p; of p is repeated.
Then p = p? g for some polynomial g. Since p(T) = 0, it follows that

(7(T)? g(T)ox =0
for every o in V. By Lemma 3, p(T) is normal. Thus Lemma 2 implies
p(Dg(Ma =0

for every ovin V. But this contradicts the assumption that p has least degree among all f such that
AT) = 0. Therefore, p =p, ... p, If Vis a complex inner product space each p, is necessarily of the
form

. =X-C.
p} CJ

with ¢ real or complex. On the other hand, if V'is a real inner product space, then p, = x; - ¢, with
¢ in R or
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P =(x-0)(x-7)
where ¢ is a non-real complex number.

Now let f = p/p,. Then, since f,, . . ., f, are relatively prime, there exist polynomials g with
coefficients in the scalar field such that

1= ijg,.. . (6)

We briefly indicate how such g may be constructed. If p, = x - ¢, then f(c) # 0, and for g, we take
the scalar polynomial 1/f(c). When every p, is of this form, the f g are the familiar Lagrange
polynomials associated with ¢,, .. ., ¢, and (6) is clearly valid. Suppose some p, = (x - c)(x - ¢ )
with ¢ a non-real complex number. Then V is a real inner product space, and we take

X—-¢ x-c

R

where s = (c- ¢') f(c). Then

(s—5)x—(cs+7s)

8 = =

SS

so that g is a polynomial with real coefficients. If p has degree n, then
1- Zf] 8;
i

is a polynomial with real coefficients of degree at almost n - 1; moreover, it vanishes at each of
the n (complex) roots of p, and hence is identically 0.

Now let o be an arbitrary vector in V. Then by (16)
o= f(0)g M
j

and since p(T) f(T) = 0, it follows that £(T) g (T)atis in W for every j. By Lemma 4, W is orthogonal
to VV] whenever i # j. Therefore, V is the orthogonal direct sum of W,, ..., W,. If B is any vector in
W, then

p(D TR =Tp(T)B=0;

thus W is invariant under T. Let T, be the restriction of T'to W. Then p(T) = 0, so that p, is divisible
by the minimal polynomial for T'. Since p, is irreducible over the scalar field, it follows that p, is
the minimal polynomial for T.

Next, lete = f ¢ and E = ¢(T). Then for every vector a.in V, Eo is in W, and
o= ZE]-OL
j

Thus o - Ea = E E.o. since W is orthogonal to W. when j # i, this implies that o - E ot is in W2, It
] a 7 ] ] ] t
j#i
now follows from Theorem 4 of unit 24 that E, is the orthogonal projection of V on W.

Definition: We call the subspaces W, (1 <j < k) the primary components of V under T.

Corollary: Let T be a normal operator on a finite-dimensional inner product space V and W,,
..., W, the primary components of V under T. Suppose W is a subspace of V which is invariant
under T.
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Then
W= Y waw,
]

Proof: Clearly W contains 2 W NW, . On the other hand, W being invariant under T is invariant

]

under every polynomial in T. In particular, Wis invariant under the orthogonal projection E, of

V on V\/j If o is in V\/] it follows that E].OL is in Wnw, and, at the same time, o0 = ZEj(x.
i

Therefore, W is contained in ZWF\I/V] .
i

Theorem 9 shows that every normal operator T on a finite-dimensional inner product space is
canonically specified by a finite number of normal operators T, defined on the primary
components W, of V under T, each of whose minimal polynomials is irreducible over the field of
scalars. To complete our understanding of normal operators it is necessary to study normal
operators of this special type.

A normal operator whose minimal polynomial is of degree 1 is clearly just a scalar multiple of
the identity. On the other hand, when the minimal polynomial is irreducible and of degree 2 the
situation is more complicated.

' Example 1: Suppose r > 0 and that 0 is a real number which is not an integral multiple
of 7. Let T be the linear operator on R?> whose matrix in the standard orthonormal basis is

A = cosB —sinB
=7l sin® cosd

Then T is a scalar multiple of an orthogonal transformation and hence normal. Let p be the
characteristic polynomial of T. Then
p =det (xI - A)
= (x - r cos 0)* + r* sin? O
=x-2rcos Ox + 12

Leta=rcosO,b=rsin0,and c=a+ib. Thenb#0, c=re®

a-b
it
and p = (x - ¢)(x - ¢ ). Hence p is irreducible over R. Since p is divisible by the minimal polynomial
for T, it follows that p is the minimal polynomial.

This example suggests the following converse.

Theorem 10: Let T be a normal operator on a finite-dimensional real inner product space V and p
its minimal polynomial. Suppose

p=(-ap+te

where a and b are real and b # 0. Then there is an integer s > 0 such that p® is the characteristic
polynomial for T, and there exist subspaces V,, ..., V_of V such that

(i) V/ is orthogonal to V, when i # j;

i) V=v,@..0V;
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(iii) each V, has an orthonormal basis {o,, B} with the property that
To, = ao, + b,

TB, = - bo, +af.

In other words, if r = Va’>+b* and 0 is chosen so that a = r cos 0 and b = r sin 0, then V is an
orthogonal direct sum of two-dimensional subspaces V, on each of which T acts as ‘r times
rotation through the angle 6".

The proof of Theorem 10 will be based on the following result.

Lemma: Let V be a real inner product space and S a normal operator on V such that 5> +I=0. Let
o be any vector in V and § = So.. Then

. (1)

(a|B)=0,and [[al| =B

Proof: We have So. = and Sf = S?0. = - .. Therefore 0 = || Sa. - B |+ || Sp + o |> =] Sot |> - 2(Sat | B)
+BIP+ISBIP+2(SB| o) + o

Since S is normal, it follows that
0=1S*|P-2(S*Blo) +IBIP+1I S*BIF+2(S* 0| B) + [ [P = S*ou + B P+ S*B - o [P
This implies (1); hence
(@ |B) = (S*BIB) = (BISB)
=@Bl-o
=- ()
and (o | B) = 0. Similarly
ol = (5Bl = (B]So) =11 B I~

Proof of Theorem 10: Let V,, ..., V_be a maximal collection of two-dimensional subspaces
satisfying (i) and (ii), and the additional conditions.

T*ocj = ao, - ij,
1<j<s. .. (2
T*B}. = bo, - ap,

Let W =V, + ...+ V. Then W is the orthogonal direct sum of V,, ..., V. We shall show that

W = V. Suppose that this is not the case. Then W* # {0}. Moreover, since (iii) and (2) imply that W
is invariant under T and T%, it follows that W" is invariant under T* and T = T**. Let S = b"/(T - al).
Then S§* = b™(T* - al), S*S = 55*%, and W* is invariant under S and S*. Since (T - al)* + b = 0, it
follows that S* + I = 0. Let o be any vector of norm 1 in W* and set B = Sa.. Then f is in W* and
SB = -o. Since T = al + bS, this implies

To = ao + bp
TR =-ba + ap.
By the lemma, S*a. = -, S*B =, (a.|B) =0, and || B || = 1. Because T* = al + bS*, it follows that
T*a = ao - bp
T*B = bo + ap.
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But this contradicts the fact that V,, ... V_is a maximal collection of subspaces satisfying (i), (iii),
and (2). Therefore, W=V, and since

-a b
det[x_ba x—a} = (x -a)? + b?

it follows from (i), (ii) and (iii) that
det (xI - T) = [(x - a)* + b*]~
Corollary: Under the conditions of the theorem, T is invertible, and

T* = (@ + ?) T,

a -b ab _ 112+b2 0
[b a}[—b a] - 0 a*+b

it follows from (iii) and (2) that TT* = (4> + b*)I. Hence T is invertible and T* = (4> + b*)T.

Proof: Since

Theorem 11: Let T be a normal operator on a finite-dimensional inner product space V. Then any
linear operator that commutes with T also commutes with T*. Moreover, every subspace invariant
under T is also invariant under T*.

Proof: Suppose U is a linear operator on V that commutes with T. Let E, be the orthogonal
projection of V on the primary component W, (1 <j <k) of V under T. Then E, is a polynomial in
T and hence commutes with U. Thus

EUE. = UE?>=UE.
T i j

Thus U(WWV) is a subset of W, Let T, and U, denote the restrictions of Tand U to W, Suppose [ is the
identity operator on VV/ Then ll]. commutes with Tj, and if T/ = c/,I]., it is clear that LI/ also commutes

with T] = ¢;1;. On the other hand, if T/ is not a scalar multiple of I]., then T] is invertible and there

exist real numbers a, and bj such that
* 2 2 -1
T, = (a}+b})T".

Since U/T/ = T].U]., it follows that Tj'luj = UjT/-'1 . Therefore ll]. commutes with T* in both cases.

Now T* also commutes with E, and hence W, is invariant under T*. Moreover for every o and 3
in VVJ

(Toe|B) = (Ta|B) = (| T*B) = (x| T* B).
Since T*(W) is contained in W, this implies T* is the restriction of T* to W. Thus

UT*o, = T*Uo,

for every o, in W, Since V'is the sum of W,, ..., W,, it follows that
UT*o = T*Uo

for every o in V and hence that U commutes with T*.

Now suppose Wis a subspace of V that is invariant under T, and let Z = W W, By the corollary

to Theorem 9, W= X Z; . Thus it suffices to show that each Z,is invariant under T+ . This is clear
7
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if T, = ¢I. When this is not the case, T, is invertible and maps Z, into and hence onto Z. Thus
T7(Z,)=Z;, and since

T = (@ +0)T"

it follows that T*(Z) is contained in Z, for every j.

Suppose T is a normal operator on a finite-dimensional inner product space V. Let W be a
subspace invariant under T. Then the preceding corollary shows that W is invariant under T*.
From this it follows that W* is invariant under T** = T (and hence under T* as well). Using this
fact one can easily prove the following strengthened version of the cyclic decomposition theorem.

Theorem 12: Let T be a normal linear operator on a finite-dimensional inner product space V
(dim V = 1). Then there exist r non-zero vectors @, ..., &, in V with respective T-annihilators e,,
..., e, such that

i V=Z(; .. Z,;T);
(if) if1<k<r-1, thene, dividese;

(iii)  Z(a; T) is orthogonal to Z(at,; T) when j # k. Furthermore, the integer r and the annihilators

e, ..., e, are uniquely determined by conditions (i) and (ii) and the fact that no o, is 0.

Corollary: If A is a normal matrix with real (complex) entries, then there is a real orthogonal
(unitary) matrix P such that P'AP is in rational canonical form.

It follows that two normal matrices A and B are unitarily equivalent if and only if they have the
same rational form; A and B are orthogonally equivalent if they have real entries and the same
rational form.

On the other hand, there is a simpler criterion for the unitary equivalence of normal matrices
and normal operators.

Definition: Let V and V’ be inner product spaces over the same field. A linear transformation
u:v-v

is called a unitary transformation if it maps V onto V' and preserves inner products. If T is a
linear operator on V and T’ a linear operator on V’, then T is unitarily equivalent to T” if there
exists a unitary transformation U of V onto V’ such that

urtu! =T.

Lemma: Let V and V’ be finite-dimensional inner product spaces over the same field. Suppose T
is a linear operator on V and that T” is a linear operator on V’. Then T is unitarily equivalent to
T’ if and only if there is an orthonormal basis B of V and an orthonormal basis 5’ of V’ such that

[Tl =T

Proof: Suppose there is a unitary transformation U of V onto V' such that UTU™ = T". Let B =
{a, ..., o } be any (ordered) orthonormal basis for V. Let oz’]. = Lloc]. (1<j<n).ThenB ={o’, ..., o }
is an orthonormal basis for V" and setting

1
To, = ZAk/(xk
k=1

we see that

To' =UTo,
] ]
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- 2 AUa,
k

- 2 Ao
k

Hence [T], = A =[T"],.

Conversely, suppose there is an orthonormal basis B of V and an orthonormal basis B of V" such
that

[Tl ={T},

and let A = [T],. Suppose B={a., ..., o } and that B'={o/,, ..., o }. Let U be the linear transformation
of Vinto V” such that Uo, = o, (1 <j < n). Then U is a unitary transformation of V onto V’, and

UTU‘10(’]. = LlToc].

= UZ A0,
k
= ZAkjoc; .
k

Therefore, UTU’1(X'/, = T’oc’]. (1 <£j<n), and this implies UTU™ = T".

It follows immediately from the lemma that unitarily equivalent operators on finite-dimensional
spaces have the same characteristic polynomial. For normal operators the converse is valid.

Theorem 13: Let V and V’ be finite-dimensional inner product spaces over the same field. Suppose
T is a normal operator on V and that T” is a normal operator on V’. Then T is unitarily equivalent
to T" if and only if T and T” have the same characteristic polynomial.

Proof: Suppose T and T have the same characteristic polynomial f. Let W, (1 <j < k) be the
primary components of V under T and T the restriction of T to W, Suppose I, is the identity
operator on W. Then

k
f= I'{det (xI;=T;)
p
Let p, be the minimal polynomial for T, If p, = x - ¢, it is clear that
det (xI,-T) = (x—cj)s/

where S, is the dimension of VV/ On the other hand, if p;= (x- a]_)2 + bf with a, bj real and b]. #0, then

it follows from Theorem 10 that
o
det (xI - T) = P,

where in this case 2s, is the dimension of W, Therefore f = Hpjj. Now we can also compute f by
]

the same method using the primary components of V’ under #. Sincep,, ..., p, are distinct primes,
if follows from the uniqueness of the prime factorization of f that there are exactly k primary
components W', (1<j<k) of V" under T" and that these may be indexed in such a way that p,is the
minimal polynomial for the restriction T, of T to W' If p =x - ¢, then T,=cl and T', = ¢ I', where
I is the identity operator on W', In this case it is evident that T is unitarily equivalent to T, If
p,= (x - a)* + blas above, then using the lemma and theorem 12, we again see that T, is unitarily
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equivalent to T". Thus for each j there are orthonormal bases B and B’ of W, and W', respectively
such that

(7,1, =[T;).

]
Now let U be the linear transformation of Vinto V” that maps each B, onto B’. Then U is a unitary
transformation of V onto V’ such that UTU™" = T".

Self Assessment

1.  If Uand T are normal operators which commute, prove that U + T and UT are normal.

2. Let A be ann x n matrix with complex entries such that A* = -A and let B = ¢*. Show that
(@) detB=e"4;
(b) Br=e*
(¢  Bis unitary.

3. For

=
Il
WN R
B W N
SN

there is a real orthogonal matrix p such that P'AP = D is diagonal. Find such a diagonal
matrix D.

9.3 Summary

o The properties of unitary operators, normal operators or self-adjoint operators are studied
further. This study is an improvement of the results of unit 26.

o It is seen that a diagonalizable normal operator T on a finite dimensional inner product
space is either a self-adjoint, non-negative or unitary according as each characteristic
value of T is real, non-negative or of absolute value 1.

° If A is a normal matrix with real (complex) entries, then there is a real orthogonal (unitary)
matrix P such that P'AP is in rational canonical form.

94 Keywords

A Unitary Transformation: Let V and V’ be inner product spaces over the same field. A linear
transformation U: V — V' is called a unitary transformation if it preserves inner product.

Polar Decomposition: We call T = UN a polar decomposition for T on a finite dimensional inner
product space where U is a unitary operator and a unique non-negative linear operator on V.

The Non-negative: The non-negative operator T on an inner product space is self-adjoint and
(Too| o) 2 0 for every o in V.

The Spectral Resolution: The decomposition of the linear operator T as the sum of orthogonal
projections, i.e.
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Notes 9.5 Review Questions

1.  If Tis a normal operator, prove that characteristic vectors for T which are associated with
distinct characteristic values are orthogonal.

2. Let T be a linear operator on the finite dimensional complex inner product space V. Prove
that the following statements about T are equivalent.

(@) Tis normal
(b) Il Tou|l =l T*ou || for every auin V
(¢ Ifaisa vector and c a scalar such that Ta = ca, then T*o = ¢ o

(d) There is an orthonormal basis f} such that [T], is diagonal.

Answer: Self Assessment

1 0 0
9-/57
3 D=0 5 0
0 0 9+ 57

9.6 Further Readings

Books Kenneth Hoffman and Ray Kunze, Linear Algebra
Michael Artin, Algebra
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Objectives

After studying this unit, you will be able to:

° Understand that the bilinear forms and inner products discussed in earlier units have a
strong relation.

° See the isomorphism between the space of bilinear forms and the space of n x n matrices
is established.

° Know that the linear transformations from V into V* defined by (Lo) (B) = flo,, B) = (Rf)
(o) (where fis a bilinear form) are such that rank (Lf) = rank (Rf).

Introduction

In this unit we are interested in studying a bilinear form f on a finite vector space of dimension .

With the help of a number of examples it is shown how to get various forms of bilinear forms
including linear functionals, bilinear forms involving 7 x 1 matrices.

It is also established that the rank of a bilinear form is equal to the rank of the matrix of the form
in any ordered basis.

10.1 Bilinear Forms

In this unit we treat bilinear forms on finite dimensional vector spaces. There are a few similarities
between the bilinear forms and the inner product spaces. Let V be a real inner product space and
suppose that A is a real symmetric linear transformation on V. The real valued function f(v)
defined on V by f(v) = (v, A, v) can also be called the quadratic form i.e. bilinear form associated
with A. If we assume A to be a real, n X n symmetric matrix (a,) acting on F*’ and for an arbitrary
vector v = (x,, X, ..., X,) in F®, then

f(U) = (U, A/ U) = anxlz + 1122X22 + ...+ Llymxnz + 22 gl]x]x]
iLj

In real n-dimensional Euclidean space such quadratic functions serve to define the quadratic
surfaces.
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Let us formally define the Bilinear form as follows:

A Bilinear Form: Let V be a vector space over the field F, a bilinear form is a function f, which
assigns to each ordered pair of vectors o, B in V a scalar f(a, f) in F, and which satisfies

fleaq + 0, B)=cf (o, B) + f(0a, B) } "

flog + By, Br)=cf(ag, B1) + f(0a, Bo)

Thus a bilinear form on V is a function f from V x V into F which is linear as a function of either
of its arguments when the other is fixed. The zero function from V x V into F is clearly a bilinear
form. Also any linear combination of bilinear forms on V is again a bilinear form is fand g are
bilinear on V, so is ¢f + g where c is a scalar in F. So we may conclude that the set of all bilinear
forms on V is a subspace of the space of all functions from V x V” into F. Let us denote the space
of bilinear forms on V by L(V, V, F).

' Example 1: Let m, n be positive integers and F a field. Let V be the vector space of all
m x n matrices over F. Let A be a fixed m x m matrix over F. Define

£,(XY) = tr (X"AY)
then f, is a bilinear form on V. For, if x, y, z are m X n matrices over F,
£, (CX, Z,Y) =tr [(CX + Z)* AY]
=tr [cX'AY] + tr [Z'AY]
= (X, V) +f,(Z,Y)

If we take n = 1, we have

£, Y) = XAY + EZAijxiyj
j

i

So every bilinear form f, for some A is of this form on a space of m x 1.

' Example 2: Let F be a field. Let us find all bilinear forms on the space F2. Suppose fis such
a bilinear form. If o = (x,, x,) and B = (y,, y,) are vectors in F?, then

floy B) = flx.e, + x,2, B)
=x,fe, B) + x,f(e, B)
= xflE, Vi Y,8) + (e, ViE + 1)
=x,y fle, &) + 2y, fle, &) + X,y fle, €) + x,y.fE, &)
Thus f is completely determined by the four scalars A, = f(e, €) by

f(a’ B) = Allxlyl + A12x1y2 + A21x2y1 + A22x2y2
= EA,]xly j
]
If X and Y are the coordinate matrices of o and B, and if A is the 2 x 2 matrix with entries A(j, j) =
A, =g, &), then

flo, B) = X'AY. )

We observed in Example 1 that if A is any 2 x 2 matrix over F, then (2) defines a bilinear form on
F2. We see that the bilinear forms on F? are precisely those obtained from a 2 x 2 matrix as in (2).
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The discussion in Example 2 can be generalized so as to describe all bilinear forms on a finite-
dimensional vector space. Let V be a finite-dimensional vector space over the field F and let
B ={a, .., @} be an ordered basis for V. Suppose fis a bilinear form on V. If

a=xo +.+xo and PB=yo +.+ya

are vectors in V, then
f((X, B) = f[zxiai/ B]

= inf(aifﬁ)

= inf[ai'zyj”j]
i j

szi yif (o, o))

If we let Aij = fla, ocj), then

flo, B)

ZZAijxi]/i
1 1

= X'AY

where X and Y are the coordinate matrices of o and f in the ordered basis . Thus every bilinear
form on V is of the type

fla, B) = [a]\ AlB], .. (3)

for some n x n matrix A over F. Conversely, if we are given any n x n matrix 4, it is easy to see
that (3) defines a bilinear form fon V, such that A, = f(ot, o).

Definition: Let V be a finite-dimensional vector space, and let = {o,, ..., o } be an ordered basis
for V. If fis a bilinear form on V, the matrix of fin the ordered basis f is the n x n matrix A with
entries A, = flo,, o). At times, we shall denote this matrix by [f].

Theorem 1: Let V be a finite-dimensional vector space over the field F. For each ordered basis 3
of V, the function which associates with each bilinear form on V its matrix in the ordered basis
B is an isomorphism of the space L(V, V, F) onto the space of n x n matrices over the field F.

Proof: We observed above that f — [f]; is a one-one correspondence between the set of bilinear
forms on V and the set of all n x n matrices over F. That this is linear transformation is easy to
see, because

(o +8) (@, &) = cflcy, ) + g(or, )
for each i and j. This simply says that
lef + 8y = clfl, * [8]y:

Corollary: If f = {a,, ..., o } is an ordered basis of V, and f* = {L
the n? bilinear forms

- L,}is the dual basis for V*, then

fl/(a, B) =L(o) L].(B), 1<i<n,1<j<n
form a basis for the space L(V, V, F). In particular, the dimension of L(V, V, F) is n*

Proof: The dual basis {L,, ... L } is essentially defined by the fact that L (c) is the ith coordinate of
o in the ordered basis p (for any o in V).
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Notes Now the functions f; defined by
£, B) = L@L(®)
are bilinear forms. If
a=xo +.+xo and B=yo +..+yo
then
f(o B) =xy,

Let f be any bilinear form on V and let A be the matrix of fin the ordered basis . Then
flou ) = 2AY,
which simply says that
f=2Aify
b

It is now clear that the n’ forms f, comprise a basis for L(V, V, F).

One can rephrase the proof of the corollary as follows. The bilinear from f; has as its matrix in the
ordered basis f the matrix ‘unit’ E", whose only non-zero entry is a 1 in now i and column j. Since
these matrix units comprise a basis for the space of n x n matrices, the forms f, comprise a basis
for the space of bilinear forms.

The concept of the matrix of a bilinear form in an ordered basis is similar to that of the matrix of
a linear operator in an ordered basis. Just as for linear operators, we shall be interested in what
happens to the matrix representing a bilinear form, as we change from one ordered basis to
another. So, suppose B = {a,, ... o } and §" = {a,, ..., &’ } are two ordered bases for V and that fis
a bilinear form on V. How are the matrices [f]; and [f],, related? Well, let P be the (invertible)
n x n matrix such that

[o], = Plo],

for all o in V. In other words, define P by
n
Bo;

U

For any vectors o, B in V
fo, B) = [oy [f1, 8],
(Plod,)' [f1, PIB],

= [ol, (PLf1, P)IBl,-
By the definition and uniqueness of the matrix representing f in the ordered basis f}’, we must
have
A, = PIfl,P- ..(4)

' Example 3: Let V be the vector space R% Let f be the bilinear form defined on a = (x,, x,)
and B = (v, ) by

floy B) = xy, + xyy, + X, + 1y,
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Now

CER I

and so the matrix of fin the standard ordered basis = {¢,, €,} is

11
[ﬂﬁ=[1 1]

Let B = {¢’,, €,} be the ordered basis defined by ¢’, = (1, -1), €', = (1, 1). In this case, the matrix P
which changes coordinates from ’ to f is

1 1

P-4 3]
Ay =PAP

1 1 171 1
"1 1}{1 1}[—1 1}
1 —1770 2
T |1 1}{0 2}
oo
o 4]

What this means is that if we express the vectors o and § by means of their coordinates in the
basis f}, say

Thus

S S o — S T 7
o =xe, +xLE, B—y181+x2€2
then

flo, B) = 4x3y/,

One consequence of the change of basis formula (4) is the following: If A and B are n x n matrices
which represent the same bilinear form on V in (possibly) different ordered bases, then A and B
have the same rank. For, if P is an invertible n x n matrix and B = P!AP, it is evident that A and B
have the same rank. This makes it possible to define the rank of a bilinear form on V as the rank
of any matrix which represents the form in an ordered basis for V.

It is desirable to give a more intrinsic definition of the rank of a bilinear form. This can be done
as follows: Suppose F is a bilinear form on the vector space V. If we fix a vector o in V, then
fla, P) is linear as a function of . In this way, each fixed o determines a linear functional on V;
let us denote this linear functional by Lf(a). To repeat, if o is a vector in V, then Lf(a) is the linear
functional on V whose value on any vector f is f(o, ). This gives us a transformation o — L (ct)
form V into the dual space V*. Since

flean, + oy, B) = cflo, B) + floy, B)

we see that
Lfca, + a,) = cLfo,) + L(a,)

that is Lf is a linear transformation from V into V*.
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In a similar manner, f determines a linear transformation R, from V into V*. For each fixed B in
V, flar, B) is linear as a function of o.. We define R (B) to be the linear functional on V whose value
on the vector o is f{o, B).

Theorem 2: Let f be a bilinear form on the finite-dimensional vector space V. Let L, and R, be a
linear transformation from V into V* defined by (L)(B) = f{o, B) = (R )(ct). Then rank (L) = rank
(R).

Proof: One can give a ‘coordinate free” proof of this theorem. Such a proof is similar to the proof
that the row-rank of a matrix is equal to its column-rank. Some here we shall give a proof which
proceeds by choosing a coordinate system (basis) and then using the ‘row-rank equals column-
rank’ theorem.

To prove rank (L) = rank (R), it will suffice to prove that L and R have the same nullity. Let 3 be
an ordered basis for V, and let A = [f],. If - and f are vectors in V, with coordinate matrices X and
Y in the ordered basis B, then f(a, ) = X'AY. Now R/(f) = 0 means that f(c, ) = 0 for every o in
V, i.e, that X'AY = 0 for every n X 1 matrix X. The latter condition simply says that AY = 0. The
nullity of R; is therefore equal to the dimension of the space of solutions of AY = 0.

Similarly, L(o) = 0 if and only if X’AY = 0 for every n x 1 matrix Y. Thus o is in the null space of
L, if and only if X‘A = 0, i.e. A’X = 0. The nullity of L, is therefore equal to the dimension of the
space of solutions of A’X = 0. Since the matrices A and A’ have the same column-rank, we see that

nullity (L) = nullity (R).

Definition: If f is a bilinear form on the finite-dimensional space V, the rank of fis the integer
r=rank (L) = rank (R).

Corollary 1: The rank of a bilinear form is equal to the rank of matrix of the form in any ordered
basis.

Corollary 2: If f is a bilinear form on the n-dimensional vector space V, the following are
equivalent:

(@) rank(f)=n
(b)  For each non-zero o in V, there is a f in V such that f{a, B) # 0.
()  For each non-zero f in V, there is an o in V such that f{a,, B) # 0.

Proof: Statement (b) simply says that the null space of L is the zero subspace. Statement (c) says
that the null space of R, is the zero subspace. The linear transformations L and R; have nullity 0
if and only if they have rank 7, i.e., if and only if rank (f) = n.

Definition: A bilinear form f on a vector space V is called non-degenerate (or non-singular) if it
satisfies conditions (b) and (c) of Corollary 2.

If V is finite-dimensional, then f is non-degenerate provided f satisfies any one of the three
conditions of Corollary 2. In particular, fis non-degenerate (non-singular) if and only if its
matrix in some (every) ordered basis for V is a non-singular matrix.

' Example 4: Let V = R”, and let f be the bilinear form defined on o = (x,, .., x ) and f =
v, - y,) by

floy B) =xy, + ..+ xy,.

Then f is a non-degenerate bilinear form on R". The matrix of fin the standard basis is the n x n
identity matrix.

flx, y) =X
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Self Assessment

1. Which of the following functions f, defined on vectors a = (x,, x,) and B(y,, v,) in R? are
bilinear forms?

(a) f(OL, ﬁ) = (xl - yl)z + XY,
(b)  floy, B) = (x, +y)* + (x, - y,)?
©  flo, B) =xy, -1y,

2. Let f be any bilinear form on a finite-dimensional space V. Let W be the subspace of all §
such that f(o, B) = 0 for every o. Show that

rank f = dim V - dim W.

10.2 Symmetric Bilinear Forms

In dealing with a bilinear form sometimes it is asked when is there an ordered basis f§ for V in
which fis represented by a diagonal matrix. It will be seen in this part of the unit that if fis a
symmetric bilinear form, i.e., fla, B) = f(B, o) then f will be represented by a diagonal matrix in
an ordered basis of the space V.

If V is a finite-dimensional, the bilinear form f is symmetric if and only if the matrix A in some
ordered basis is symmetric, A’ = A.

To see this, one enquires when the bilinear form
X, Y) = X'AY
is symmetric.

This happens if and only if X’AY = Y’AX for all column matrices X and Y. Since X’AYisa1x 1
matrix, we have X'AY = Y'A'X. Thus fis symmetric if and only if Y'A'X = Y'AX for all X, Y. Clearly
this just means that A = A’. In particular, one should note that if there is an ordered basis for V in
which f is represented by a diagonal matrix, then fis symmetric, for any diagonal matrix is a
symmetric matrix.

If fis a symmetric bilinear form, the quadratic form associated with fis the function q from V into
F defined by

q(e) = fle, )

If F is a subfield of the complex numbers, the symmetric bilinear form fis completely determined
by its associated quadratic form, according to the polarization identity

flo, B) = (o +B) -5 g( - B) .(5)
If fis the bilinear form of Example 4, the dot product, the associated quadratic form is
qx1, .. %,) =2+ .+ 22

In other words, g(c) is the square of the length of o. For the bilinear form f,(X, Y) = X'AY, the
associated quadratic form is

g,(X) = X'AX = XA
L]
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One important class of symmetric bilinear forms consists of the inner products on real vector
spaces discussed earlier. If V is a real vector space, an inner product on V is a symmetric bilinear
form f on V which satisfies

flo, &) >0 if o 0. ...(6)

A bilinear form satisfying (6) is called positive definite. Thus, an inner product on a real vector
space is a positive definite, symmetric bilinear form on that space. Note that an inner product is
non-degenerate. Two vectors o, § are called orthogonal with respect to the inner product f if
fla, B) = 0. The quadratic form g(a) = f{a,, o) takes only non-negative values, and () is usually
thought of as the square of the length of o.. Of course, these concepts of length and orthogonality
stem from the most important example of an inner product - the dot product.

If f is any symmetric bilinear form on a vector space V, it is convenient to apply some of the
terminology of inner products to f. It is especially convenient to say that o and P are orthogonal
with respect to fif f(a, B) = 0. It is not advisable to think of f{a,, o) as the square of the length of o;
for example if V is a complex vector space, we may have f(a, o) = \/—1 or on a real vector space,
flo, o) = -2.

Theorem 3: Let V be n finite-dimensional vector space over a field of characteristic zero, i.e. if n
is a positive integer the sum 1 + 1 + ... + 1 (n times) in F is not zero, and let f be a symmetric
bilinear form on V. Then there is an ordered basis for V in which fis represented by a diagonal
matrix.

Proof: What we must find is an ordered basis

B ={o, ..o}

such that f(o,, o) =0 fori#j. If f=0orn =1, the theorem is obviously true. Thus we may suppose
f#0and n>1.1If fla, ) = 0 for every o in V, the associated quadratic form g is identically 0, and
the polarization identity (5) shows that f = 0. Thus there is a vector o in V such that flo, o) =
g(o) # 0. Let Wbe the one-dimensional subspace of V which is spanned by o, and let W* be the set
of all vectors f in V such that f(a,, f) = 0. Now we claim that V = W@ W". Certainly the subspaces
Wand W* are independent. A typical vector in Wis co, where c is a scalar. If co is also in W*, then
flea, ca)) = *f(a, o) = 0. But fla,, o) # 0, thus ¢ = 0. Also, each vector in V is the sum of a vector in W
and a vector in W*. For, Let y be any vector in V, and put

A
P o
Then
_ S
Blaw B) = fla )~ o Ao
and since fis symmetric, f(o,, ) = 0. Thus f is in the subspace W*. The expression
_ S
" Fao *7P

shows us that V=W + W*.

The restriction of fto IW* is a symmetric bilinear form on W*. Since W* has dimension (1 - 1), we
may assume by induction that W* has a basis {a,, ..., & } such that

f(al,(x].) =0, i#j(,22,j22)

Putting o, = a, we obtain a basis {o,, ..., o } for V such that f{a, Otj) =0fori#j.
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Corollary: Let F be a subfield of the complex numbers, and let A be a symmetric n X n matrix Notes
over F. Then there is an invertible n x n matrix P over F such that P'AP is diagonal.

In case F is the field of real numbers, the invertible matrix P in this corollary can be chosen to be
an orthogonal matrix, i.e., P' = P!, In other words, if A is a real symmetric n X n matrix, there is
a real orthogonal matrix P such that P'AP is diagonal.

Theorem 4: Let V be a finite-dimensional vector space over the field of complex numbers. Let f be
a symmetric bilinear form on V which has rank r. Then there is an ordered basis § = {f,, ..., B,} for
V such that

(i)  the matrix of fin the ordered basis B is diagonal

3 B 1, j=1,..,r

() B B)= 1o i,

Proof: By Theorem 3, there is an ordered basis (a., ..., &) for V such that
flo, o) =0 for i#j.

Since f has rank r, so does its matrix is the ordered basis {a,, ... , & }. Thus we must have
flo,, ) # 0 for precisely r values of j. By reordering the vectors o, we may assume that

f(ocj, ocj) 20, j=1,..,r

Now we use the fact that the scalar field is the field of complex numbers. If /f(c}, ;) denotes

any complex square root of flo, o), and if we put
1
—(X‘JI
B, = {{f(a), )

(X]',j>1’

j=1,.,r

the basis {B,, ..., B} satisfies conditions (i) and (ii).

Of course, Theorem 4 is valid if the scalar field is any subfield of the complex numbers in which
each element has a square root. It is not valid, for example, when the scalar field is the field of
real numbers. Over the field of real numbers, we have the following substitute for Theorem 4.

Theorem 5: Let V an n-dimensional vector space over the field of real numbers, and let f be a
symmetric bilinear form on V which has rank r. Then there is an ordered basis {8, B,, ..., B,} for
V in which the matrix of fis diagonal and such that

fB, @) =#1, j=1,..r.
Furthermore, the number of basis vectors Bj for f(Bj, B].) =1 is independent of the choice of basis.
Proof: There is a basis {a., ..., @ } for V such that

flo, o) =0, i#j

f(oc]., o) #0, 1<j<r

flo, o) =0, j>r.
Let

B, = Iflo, o) [, 1<j<r

B]. = o, j>r.

Then (B,, ..., B,) is a basis with the stated properties.
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Let p be the number of basis vectors, B, for which f(8, B)) = 1; we must show that the number p is
independent of the particular basis we have, satisfying the stated conditions. Let V* be the
subspace of V spanned by the basis vectors 3, for which f(B}., B) =1, and let V" be the subspace
spanned by the basis vectors B, for which f(B, ) = -1. Now p = dim V*, so it is the uniqueness of
the dimension of V* which we must demonstrate. It is easy to see that if o is a non-zero vector in
V* then f(a, o) > 0; in other words, fis positive definite on the subspace V*. Similarly, if o is a non-
zero vector in V-, then f(a, &) <0, i.e,, fis negative definite on the subspace V-. Now let V* be the
subspace spanned by the basis vectors B, for which f(8, ) = 0. If o is in V*, then f(at, ) = 0 for all
Bin V.

Since {B,, ..., B,} is a basis for V, we have
V=vev-e V.
Furthermore, we claim that if W is any subspace of V on which fis positive definite, then the

subspaces W, V-, and V* are independent. For, suppose a.isin W, fisin V-, yisin V*, and o + 8
+v=0. Then

0=flo, o+ B+v) =flo, o) + flo, B) + Ao, v)
0=1fB, a+B+y) =fB o)+ fB B)+AB v
Since v is in V%, fla, ¥) = f(B, y) = 0; and since fis symmetric, we obtain
0 =flo, B) + flow B)
0 =£B B) + fl, B)
hence f(o,, o) = (B, B). Since fla, o) = 0 and f(B, B) < 0, it follows that
flo, o) = f(B, B) =0

But fis positive definite on W and negative definite on V-. We conclude that o = 3 = 0, and hence
thaty = 0 as well.

Since
V=VeoV-& V*

and W, V-, V* are independent, we see that dim W < dim V*. That is, if Wis any subspace of V on
which f is positive definite, the dimension of W cannot exceed the dimension of V*. If 8, is
another ordered basis for V which satisfies the conditions of the theorem, we shall have
corresponding subspaces V;, V3, and V7 and, the argument above shows that dim Vi <dim V'
Reversing the argument, we obtain dim V* < dim V3, and consequently

dim V* = dim Vj.
There are several comments we should make about the basis (B,, .., B,} of Theorem 5 and the

associated subspaces V*, V-, and V* First, note that V* is exactly the subspace of vectors which are
'orthogonal' to all of V. We noted above that V* is contained in this subspace; but,

dim V* =dim V - (dim V* + dim V") = dim V - rank f

so every vector a such that f{a, ) = 0 for all f must be in V*. Thus, the subspace V* is unique. The
subspaces V*and V- are not unique; however, their dimensions are unique. The proof of Theorem
5 shows us that dim V* is the largest possible dimension of any subspace on which fis positive
definite. Similarly, dim V- is the largest dimension of any subspace on which f is negative
definite.

Of course

dim V* + dim V- =rank f.
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The number
dim V* - dim V-

is often called the signature of f. It is introduced because the dimensions of V* and V- are easily
determined from the rank of fand the signature of f.

Perhaps we should make one final comment about the relation of symmetric bilinear forms on
real vector spaces to inner products. Suppose V is a finite-dimensional real vector space and that
V., V, V, are subspaces of V such that

V=v,eV,ev,

Suppose that f, is an inner product on V, and f, is an inner product on V,. We can then define a
symmetric bilinear form f on V as follows: If o, B are vectors in V, then we can write

a=o+o,+a, and B=p +B,+P,
with o, and B}. in V. Let
floy B) = fi(a, +B,) - fi(ar, + B,

The subspace V* for fwill be V,, V| is a suitable V* for f, and V, is a suitable V-. One part of the
statement of Theorem 5 is that every symmetric bilinear form on V arises in this way. The
additional content of the theorem is that an inner product is represented in some ordered basis
by the identity matrix.

Self Assessment

3. Let V be a finite-dimensional vector space over a subfield F of the complex numbers and
let S be the set of all symmetric bilinear forms in V. Show that S is a subspace of L(V, V, F).

4. The following expressions define quadratic forms g on R? Find the symmetric bilinear
form f corresponding to each g.

(@ ax?
(b) x?+9x}
(©  bxx,
10.3 Summary
° In this unit concept of bilinear form is introduced.
° It is seen that there a strong relation between bilinear forms and inner products.
° The isomorphism between the space of bilinear forms and the space of n x n matrices is
established.
° The rank of a bilinear form is defined and non-degenerate bilinear forms are introduced.
10.4 Keywords

A Bilinear Form: A bilinear form on V is a function f, which assigns to each pair of vectors, o, §
in V a scalar f(o, B) in F, and satisfies linear relations.

A non-degenerate bilinear form on a vector space V is a bilinear form if for each non-zero « in
V, there is a f in V such that f(a, B) # 0 as well as for each non-zero f in V, there is and o in V such
that f(a, B) # 0.
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The polarization Identity helps in determining the symmetric bilinear form by its associated

quadratic form.

10.5 Review Questions

1.

Let V be a finite-dimensional vector space over a subfield F of the complex numbers, and

let S be the set of all symmetric bilinear forms on V.
(@) Show that S is a subspace of L(V, V, F)

(b) Find Dim &

Let q be the quadratic form on R? given by

q(x,, x,) = 2bx x,

Find an invertible linear operator V on R? such that

(V*q) (x,, x,) = 2bx > - 2bx2.

Answers: Self Assessment

1. (b) and (c)
4 (@ flo,B)=axy,
(b)  flo, B) = xy, + 9%y,
b
© Ao B) =75 @y, +yx)
Here o = (x,, x,)
B=(v,)
10.6 Further Readings

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

Michael Artin, Algebra
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Unit 11: Skew-symmetric Bilinear Forms Notes

CONTENTS

Objectives

Introduction

11.1 Skew-symmetric Bilinear Forms
11.2 Summary

11.3 Keywords

11.4 Review Questions

11.5 Further Readings

Objectives

After studying this unit, you will be able to:

o See that skew-symmetric bilinear form is studied in a similar way as the symmetric
bilinear form was studied.

1
° Know that here the quadratic form is given by the difference h(a, f) = 2 [, B) B, al]

° Understand that the space L(V, V, F) is the direct sum of the subspace of symmetric forms
and the subspace of skew-symmetric forms.

Introduction

In this unit a bilinear form f on V called skew-symmetric form i.e. fla, B) = -f(B, o) is studied.
Close on the steps of symmetric bilinear form of the unit 30 the skew-symmetric form is developed.
It is seen that in the case of a skew-symmetric form, its matrix A in some (or every) ordered basis

is skew-symmetric, A’ = -A.

11.1 Skew-symmetric Bilinear Forms

After discussing symmetric bilinear forms we can deal with the skew-symmetric forms with
ease. Here again we are dealing wth finite vector space over a subfield F of the field of complex
numbers.

A bilinear form f on V is called skew-symmetric if f{c, B), -f(B, o) for all o, and B in V. It means
that flo, &) = 0. So we now need to introduce two different quadratic forms as follows:

If we let

(o, B) = 5 [fle, ) + £, o)

o, B) = 5 [fio, B) + (B, 0]

So it is seen that g is a symmetric bilinear form on V and  is a skew-symmetric form on V. Also
f =g+ h. These expressions for V, as the symmetric and skew-symmetric form is unique. So the
space L(V, V, F) is the direct sum of the subspace of symmetric forms and the subspace of
skew-symmetric forms.
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Thus a bilinear form f is skew-symmetric if and only if its matrix A is equal to -A’ in some
ordered basis.

When fis skew-symmetric, the matrix of fin any ordered basis will have all its diagonal entries
0. This just corresponds to the observation that f(a,, o) = 0 for every o in V, since f(a, o) = -f(or, o0).

Let us suppose f is a non-zero skew-symmetric bilinear form on V. Since f# 0, there are vectors
o, Bin V such that f(o, B) # 0. Multiplying o by a suitable scalar, we may assume that f{a, f) = 1.
Let y be any vector in the subspace spanned by o and B, say y = co. + df. Then

Ay, @) = fleo+dP, o) = df(B, o) = ~d
v, B) = flea+dp, B) = cfla, B) = ¢
and so

v = ftv, Boc - fty, B (1

In particular, note that oo and f§ are necessarily linearly independent; for, if y = 0, then f(y, o) =

ftv, B)=0.

Let W be the two-dimensional subspace spanned by o and . Let W* be the set of all vectors  in
V such that f(5, o) = f(§, B) =0, that s, the set of all d such that f(3, y) = 0 for every vy in the subspace
W. We claim that V =W @ W". For, let € be any vector in V, and

Y =fe, o - fle, o)
6 =e-1.

~

Then y is in W, and § is in W*, for
f6, ) =fle - fe, B)au + fle, ), )
= fle, @) + fie, f(B, o)

o

and similarly f(3, B) = 0. Thus every € in V is of the form € =y + §, with y in W and § in W*. From
(1) itis clear that W W* = {0}, and so V=W @ W".

Now the restriction of fto V" is a skew-symmetric bilinear form on W*. This restriction may be
the zero form. If it is not, there are vectors o' and B' in W* such that f{a', f') = 1. If we let W' be the
two-dimensional subspace spanned by f' and f', then we shall have

V=Wewew,

where W, is the set of all vectors § in W* such that (!, 8) = f(B', 8) = 0. If the restriction of fto W,
is not the zero form, we may select vectors o', B" in W, such that fla", ") = 1, and continue.

In the finite-dimensional case it should be clear that we obtain a finite sequence of pairs of
vectors,

with the following properties:

@ Ao, B)=1j=1, ..k

(b)  floy, o) =B, B) =floy, B) =0, #].

(©)  If W is the two-dimensional subspace spanned by B}. and B, then
V=We.oWwew,

where every vector in W is 'orthogonal' to all o, and 3, and the restriction of fto W is the zero
form.
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Theorem 1: Let V be an n-dimensional vector space over a subfield of the complex numbers, and
let f be a skew-symmetric bilinear form on V. Then the rank r of fis even, and if r = 2k there is an
ordered basis for V in which the matrix of fis the direct sum of the (1 - ¥) X (n - r) zero matrix and
k copies of the 2 x 2 matrix
0 1
kN

Proof: Let o, B,, ... o, B, be vectors satisfying conditions (a), (b), and (c) above. Let {y, ..., v} be
any ordered basis for the subspace W,. Then

B ={o, By oy By s 0 By ¥y s v

is an ordered basis for V. From (a), (b), and (c) it is clear that the matrix of fin the ordered basis
B is the direct sum of the (n - 2k) x (n - 2k) zero matrix and k copies of the 2 x 2 matrix

0 1
o p

Furthermore, it is clear that the rank of this matrix, and hence the rank of f, is 2k.

One consequence of the above is that if fis a non-degenerate, skew-symmetric bilinear form on
V, then the dimension of V must be even. If dim V = 2k, there will be an ordered basis {a, B,, ...,
a,, B,} for V such that

fla, B) = {1 %]

flo, o) =fiB, B)=0
The matrix of fin this ordered basis is the direct sum of k copies of the 2 x 2 skew-symmetric
matrix (2).

Self Assessment

1. Let fbe a symmetric bilinear form on c¢" and g a skew symmetric bilinear form on c".
Suppose f+ ¢ = 0. Show that f=0, g =0.

2. Let V be an n-dimensional vector space over a subfield F of C. Prove that

(@) The equation

(B (0 B) = 3 ic B) - 5 fib, ) defines

a linear operator Pon L (V, V, F)

(b) P2=P,i.e.Pisa projection

11.2 Summary

o A bilinear form fon V is called skew-symmetric if flo,, B) = -f( B, o)

o The space L(V, V, F) of the bilinear forms is the direct sum of the sub-space of symmetric
forms and the subspace of skew-symmetric forms.

o In an n-dimensional vector space over a subfield of the complex numbers, the skew
symmetric bilinear form f has an even rank r = 2k, k being an integer.
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11.3 Keywords

Skew Symmetric Bilinear Form: A bilinear form fon V is called skew symmetric if f{o,, B) -A(B, o)
for all vectors, o, fin V.

Skew-symmetric matrix: A matrix A in some (or every) ordered basis is skew-symmetric, if
A*=-A, i.e. the two by two matrix

0 1

-1 0

A non-degenerate skew-symmetric bilinear form f is such that

is a skew-symmetric matrix.

0, i#j
f(a‘i’ Bj) = {1, l:]

flo, o) =f(B, B)=0

the dimension of the space must be eveni.e. n = 2k.

11.4 Review Questions

1.  Let V be a vector space over a field F. Show that the set of all skew-symmetric bilinear
forms on V a sub-space of L(V, V, F)

2. Let V be a finite dimensional vector space and L,, L, linear functional on V. Show that the
equation

f(ar B) = LI(OC) Lz(ﬁ) - L1(B) Lz(a)

denotes a skew symmetric bilinear form on V. Also show that f= 0 if and only if L, L, are
linearly dependent.

11.5 Further Readings

N

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

Michael Artin, Algebra
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Unit 12: Groups Preserving Bilinear Forms

CONTENTS
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123 Summary
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12,5 Review Questions

12.6 Further Readings

Objectives

After studying this unit, you will be able to:

o Understand that there are certain classes of linear transformations including the identity
transformation that preserve the form f of bilinear forms.

° See that the collection of linear operators which preserve f, is closed under the formation
of operator products.

° Know that a linear operator T preserves the bilinear form fif and only if T preserves the
quadratic form

q(e) = fle, @)
° See that the group preserving a non-degenerate symmetric bilinear form fon V is
isomorphism to an n x n pseudo-orthogonal group.

Introduction

In this unit the groups preserving certain types of bilinear forms is studied.
It is seen that orthogonal groups preserve the length of a vector.

For non-degenerate symmetric bilinear form on V the group preserving f is isomorphic to n x n
pseudo-orthogonal group.

For the symmetric bilinear form f on R* with quadratic form
Sy z t) =P -x -1 -2
a linear operator T on R* preserving this particular bilinear form is called Lorentz transformation

and the group preserving fis called the Lorentz Group.

12.1 Overview

Here we shall be concerned with some groups of transformations which preserve the form of
the bilinear forms. Let T be a linear operator on V. We say that T preserves fif (T, T,) = f(o., f3) for
all aand B in V. Consider a function g(a, ) = AT,, T). If T preserves f it simply means g = f. The
identity operator preserves every bilinear form. If S and T are two linear operators which
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preserve f, the product ST also preserves f; for f(STa, STB) = f(Ta, TP) = f(a, B). In other words the
collection of linear operators which preserve f, is closed under the formation of operator products.

Consider a bilinear form given by

n
= 2 l?lijxi]/]'

B =
i,j=1
If we introduce
X1 n
x
x =2 v=|"
'xi’l yn
then
B = X'AY
where n rowed square matrix A is
A =[a]

In case Y = X then we have a quadratic form

n n

Q = X XX
i=1j=1
In matrix form
Q = XTAX

We now consider certain transformation operator P such that

X =PX’
where P is non-singular (or invertible), then

X' = (PX') = X"P"

So

Q =X"P'APX’
Defining

A" =P'AP
We have

Q =X"AX

If A is symmetric then

A" =(P'AP)'= PA'P = PAP= A’

Thus symmetry of the matrix is maintained. Now if Q represents the length of the vector (x,

... x,) then preservation of length means;

XX = X"P'PX = XX, if

PP =1

which means that P is an orthogonal matrix.

One of the examples of the orthogonal transformation the rotation of co-ordinate system.

LOVELY PROFESSIONAL UNIVERSITY

121



Groups Preserving Bilinear Forms

'E Example 1: Consider a three dimensional co-ordinates (x, y, z). Let us give a rotation
along z-direction by an angle Q so that the new co-ordinates are x’, y/’, 2’

then
¥ =xcos®=ysinb
Yy =xsin®+ycosb
7 =z
We see that the square of the length becomes
X2+ y?+2z? = (xcos 0 -ysin 0)’ + (x sin 6 + y cos 0)> + 2?
=x2+y*+ 2%

So the rotation is a transformation that preserves the bilinear form of the length. For more
details see the next section.

12.2 Groups Preserving Bilinear Forms

We start this section with a few theorems and examples.

Theorem 1: Let f be a non-degenerate bilinear form on a finite-dimensional vector space V. The
set of all linear operators on V which preserve fis a group under the operation of composition.

Proof: Let G be the set of linear operators preserving f. We observed that the identity operator
is in G and that whenever S and T are in G the composition ST is also in G. From the fact that fis
non-degenerate, we shall prove that any operator T in G is invertible, and T is also in G.
Suppose T preserves f. Let o be a vector in the null space of T. Then for any f in V we have

flo, B) =AT, Ty =f0, T,) =0.
Since f is non-degenerate, o = 0. Thus T is invertible. Clearly T also preserves f; for
AT, T7'B) = ATT o, TT'B) = flo,, B)

If fis a non-degenerate bilinear form on the finite-dimensional space V, then each ordered basis
B for V determines a group of matrices 'preserving' f. The set of all matrices [T];, where T is a
linear operator preserving f, will be a group under matrix multiplication. There is an alternative
description of this group of matrices, as follows. Let A = [f],, so that if o and {3 are vectors in V
with respective coordinate matrices X and Y relative to §, we shall have

fla, B) = X'AY.
Let T be any linear operator on V and M = [T],. Then
fTo, TH) = (MX) A (MY)
= Xt (MAM)Y.

Accordingly, T preserves fif and only if M'A M = A. In matrix language then, Theorem 1 says the
following: If A is an invertible n x n matrix, the set of all n x n matrices M such that MAM = A is
a group under matrix multiplication. If A = [f],, then M is in this group of matrices if and only if
M = [T],, where T is a linear operator which preserves f.

Let f be a bilinear form which is symmetric. A linear operator T preserves f If and only if T
preserves the quadratic form

8(@) = fla, &)

associated with f. If T preserves f, we certainly have

q(Ta) = f(Ta, Tor) = floy, o) = q(cr)
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for every a in V. Conversely, since f is symmetric, the polarization identity

fio, B) = T q(c+PB) - q(c-P)

shows us that T preserves f provided that g( Ty) = g(y) for each yin V. (We are assuming here that
the scalar field is a subfield of the complex numbers.)

' Example 2: Let V be either the space R" or the space C". Let f be the bilinear form

flo, B) = XX
j=1

where o= (x,, ..., x,) and B = (y,, ..., ). The group preserving fis called the n-dimensional (real
or complex) orthogonal group. The name 'orthogonal group' is more commonly applied to the
associated group of matrices in the standard ordered basis. Since the matrix of fin the standard
basis is I, this group consists of the matrices M which satisfy MM = I. Such a matrix M is called an
n x n (real or complex) orthogonal matrix. The two #n X n orthogonal groups are usually denoted
O(n, R) and O(n, C). Of course, the orthogonal group is also the group which preserves the
quadratic form

2

g(x,, .., x,) =x>+ .. +x°n

' Example 3: Let f be the symmetric bilinear form on R” with quadratic form

<

n
2 2
q(x, .., x,) = Xj = 2 X
j=1 jEp+1

Then f is non-degenerate and has signature 2p - n. The group of matrices preserving a form of
this type is called a pseudo-orthogonal group. When p = n, we obtain the orthogonal group
O( n, R) as a particular type of pseudo-orthogonal group. For each of the n + 1 values
p=0,1,2,..n, we obtain different bilinear forms f; however, for p = k and p = n - k the forms are
negatives of one another and hence have the same associated group. Thus, when # is odd, we
have (n + 1)/2 pseudo-orthogonal groups of n x n matrices, and when #n is even, we have
(n +2)/2 such groups.

Theorem 2: Let V be an n-dimensional vector space over the field of complex numbers, and let f
be a non-degenerate symmetric bilinear form on V. Then the group preserving f is isomorphic
to the complex orthogonal group O(n, C).

Proof: Of course, by an isomorphism between two groups, we mean a one-one correspondence
between their elements which 'preserves' the group operation. Let G be the group of linear
operators on V which preserve the bilinear form f. Since fis both symmetric and non-degenerate,
Theorem 4 of unit 30 tells us that there is an ordered basis f for V in which fis represented by the
n X n identity matrix. Therefore, a linear operator T preserves f if and only if its matrix in the
ordered basis f is a complex orthogonal matrix. Hence

T - [T,
is an isomorphism of G onto O(n, C).

Theorem 3: Let V be an n-dimensional vector space over the field of real numbers, and let f be a
non-degenerate symmetric bilinear form on V. Then the group preserving f is isomorphic to an
n x n pseudo-orthogonal group.

Proof: Repeat the proof of Theorem 2, using Theorem 5 of unit 30 instead of Theorem 4 of
unit 30.
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' Example 4: Let f be the symmetric bilinear form on R" with quadratic form
qex, y, z, t) = -x*-y* - 22

A linear operator T on R* which preserves this particular bilinear (or quadratic) form is called a
Lorentz transformation, and the group preserving fis called the Lorentz group. We should like
to give one method of describing some Lorentz transformations.

Let H be the real vector space of all 2 x 2 complex matrices A which are Hermitian, A = A*. It is
easy to verify that

t+x y+iz
y—iz t-x

o(x,y,zt) = {

defines an isomorphism ¢ of R* onto the space H. Under this isomorphism, the quadratic form g
is carried onto the determinant function, that is

t+x y+iz}

q(x/ y/ z, t) =det|:y_iz t—x

or

g(0) = det ¢ (a).
This suggests that we might study Lorentz transformations on R* by studying linear operators
on H which preserve determinants.

Let M be any complex 2 x 2 matrix and for a Hermitian matrix A define
U, (A) = MAM*.

Now MAM?* is also Hermitian. From this it is easy to see that U, is a (real) linear operator on H.
Let us ask when it is true that U,, 'preserves' determinants, i.e., det [Ul, (A)] = det A for each A
in H. Since the determinant of M* is the complex conjugate of the determinant of M, we see that

det [U, (A)] = [det M|> det A.
Thus U,, preserves determinants exactly when del M has absolute value 1.

So now let us select any 2 x 2 complex matrix M for which [det M| = 1. Then U,, is a linear
operator on H which preserves determinants. Define

T, =67 U,b.
Since ¢ is an isomorphism, T, is a linear operator on R*. Also, T, is a Lorentz transformation; for
4(T,0) = q(0U, 60)
= det (60U, 00)
= det (U,,0c)
= det (o)
=q())
and so T,, preserves the quadratic form g.

By using specific 2 x 2 matrices M, one can use the method above to compute specific Lorentz
transformations.

Self Assessment
1.  Suppose M belongs O(n, C). Let

[
Y, = ZMika
k=1
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Show that

n n )
Yyi o= X
i=1 j=1

2. If M be an n x n matrix over C with columns M,, M,, ... M, . Show that M belongs to O(n, c)

if and only if
MjM, =8,.

12.3 Summary

° In this unit certain groups preserving the bilinear forms is studied and seen that these set
of groups is isomorphic to the n X n pseudo orthogonal group when the bilinear form is
non-degenerate.

° The examples of rotation and Lorentz transformations that preserve certain bilinear forms
are studied.

12.4 Keywords

Orthogonal group: The group preserving f given by

fla, B) = ;xi%

for = (x, x,, ... x,), B = (Y, Y - y,), is called the n-dimensional (real or complex) orthogonal
group.

7 Aor

Pseudo-orthogonal Group: For a non-degenerate bilinear form f on R* with quadratic form

P n
q(x, Xy o X)) = ZXf - > x?

the group of matrices preserving a form of this type is called pseudo-orthogonal group.

12.5 Review Questions

1. Let fbe the bilinear form on C* defined by f[(x,, x,), (v,, ¥,)] = Xy, - XY,
show that
(@) if Tis a linear operator on C? then f{Ta, TB) = (det T) flo,, B) for o, B in C
(b) T preserves fif and only if det T = +1.
2. Let T be a linear operator C* which preserves the quadratic form x> - x,> Show that
det T =+1.
12.6 Further Readings

Books Kenneth Hoffman and Ray Kunze, Linear Algebra

Michael, Artin Algebra
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