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Unit 1: Generating Sets

Unit 1: Generating Sets
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Objectives
Introduction
1.1  Sets
1.2 Cartesian Product
1.3  Relations
1.4 Functions
141 Composition of Functions
1.5 Some Number Theory
1.5.1 Principle of Induction
1.5.2 Divisibility in Z
1.6 Summary
1.7 Keywords
1.8 Review Questions
1.9  Further Readings
Objectives

After studying this unit, you will be able to:

o Explain the operations on sets

° Define Cartesian products of sets

° Describe the equivalence classes

. Define different kinds of functions

° Explain the division algorithm and unique prime factorisation theorem
Introduction

In this unit, we will discuss some basic ideas concerning sets and functions. These concepts are
elementary to the study of any branch of mathematics, in particular of algebra. In the unit, we
discuss some basic number theory. The primary aim of this section is to assemble a few facts that
will be required in the rest of the course. We also hope to give you a glimpse of the elegance of
number theory. It is this sophistication that led the mathematician Gauss to call number theory

the "queen of mathematics". Let us start explaining these concepts one-by-one.
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1.1 Sets

You must have used the word 'set' off and on in your conversations to describe any collection.
In mathematics, the term set is used to describe any well defined collection of objects, that is,
every set should be so described that given any object it should be clear whether the given object
belongs to the set or not.

For instance, the collection N of all natural numbers is well defined, and hence is a set. But the
collection of all rich people is not a set, because there is no way of deciding whether a human
being is rich or not.

If S is a set, an object a in the collection S is called an element of S. This fact is expressed in
symbols as a € S (read as "a is in S" or "a belongs to S"). If a is notin S, we write a € S. For example,
3 e R the set of real numbers. But ~—1 ¢R..

A set with no element in it is called the empty set, and is denoted by the Greek letter ¢ (phi). For
example, the set of all natural numbers less than 1 is ¢.

There are usually two way of describing a non-empty set:
(1) Roster method, and (2) Set builder method.

Roster Method: In this method, we list all the elements of the set within braces. For instance, the
collection of all positive divisors of 48 contains 1, 2, 3, 4, 6, 8, 12, 16, 24 and 48 as its elements. So
this set may be written as (1, 2, 3,4, 6, 8, 12, 16, 24, 48).

In this description of a set, the following two conventions are followed:
Convention 1: The order in which the elements of the set are listed is not important.

Convention 2: No element is written more than once, that is, every element must be written
exactly once.

1 1
For example, consider the set S of all integers between 15 and 42. Obviously, these integers

are 2, 3 and 4. So we may write S = (2, 3, 4).

We may also write S = (3, 2, 4), but we must not write S = (2, 3, 2, 4). Why? Isn’t this what
Convention 2 says?

The roster method is sometimes used to list the elements of a large set also. In this case we may
not want to list all the elements of the set. We list a few, enough to give an indication of the rest
of the elements. For example, the set of integers lying between 0 and 100 is (0, 1, 2,,......... , 100),
and the set of all integersis Z = (0, +1, ! 2, ........ ).

Another method that we can use for describing a set is the Set Builder Method.

Set Builder Method: In this method we first try to find a property, which characterises the
elements of the set, that is, a property P which all the elements of the set possess, and which no
other objects possess. Then we describe the set as

{x | x has property P), or as
{x : x has property P).

This is to be read as “the set of all x such that x has property P”. For example, the set of all integers
can also be written as

Z = {x | xis an integer}.

LOVELY PROFESSIONAL UNIVERSITY



Unit 1: Generating Sets

Some other sets that you may be familiar with are Notes

a
Q, the set of rational numbers = {E ‘ a,beZ, b= 0}

R, the set of real numbers

C, the set of complex numbers = (a+ib | a, b @R). (Here i=+-1.)
Let us now see what subsets are.

Subsets: Consider the sets A = (1, 3, 4) and B = (1, 4). Here every element of B is also an element
of A. In such a case, that is, when every element of a set B is an element of a set A, we say that B
is a subset of A, and we write this as B < A.

It is obvious that if A is any set, then every element of A is certainly an element of A. So, for
every set A, A c A.

Also, for any set A, ¢ — A.

Now consider the setS=(1,3,5,15) and T = (2, 3, 5, 7}. Is S = T? No, because not every element
of Sisin T; for example, 1 @S but1 ¢ T. In this case we say that S is not a subset of T, and denote
itbyS &« T.

Note that if B is not a subset of A, there must be an element of B which is not an element of A. In
mathematical notation this can be written as ‘d x € B such that x” ¢ A’.

We can now say that two sets A and B are equal (i.e., have precisely the same elements) if and
onlyif AcBand Bc A.

Let us now look at some operations on sets. We will briefly discuss the operations of union,
intersection and complementation on sets.

Union: If A and B are subsets of a set S, we can collect the elements of both to get a new set. This
set is called their union. Formally, we define the union of A and B to be the set of all those
elements of S which are in A or in B. We denote the union of A and B by AU B. Thus,

AUB=(XeS | X e Aorx e B).
For example, if A={1,2}and B={4, 6,7}, then AUB={1,2,4,6,7}.

Again, if A={1,2,3,4)and B= (2,4, 6,8), then AUB={l, 2, 3, 4, 6, 8). Observe that 2 and 4 are in
both A and B, but when we write AU B, we write these elements only once, in accordance with
Convention 2 given earlier.

Can you see that, for any set A, AU A = A?
Now we will extend the definition of union to define the union of more than two sets.

IfFA,A,A, ... A, are k subsets of a set S, then their union A,/ UA,U. ..... UA, is the set of
elements which belong to at least one of these sets. That is,

A UAU... UA ={xeS|xeA forsomei=1,2,..,Kk).

k
The expression A, UA, U ........ UA, is often abbreviated to | JA,.

i=1
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If g is a collection of subsets of a set S, then we can define the union of all members of @ by

JA =(xeS| XV AforsomeA e p).

Acp

Now let us look at another way of obtaining a new set from two or more given sets.
Intersection: If A and B are two subsets of a set S, we can collect the elements that are common to
both A and B. We call this set the intersection of A, and B (denoted by AN B. So,
ANB={xeS|XVAandxeB}.

Thus, if P={1,2,3,4and Q=1{2,4, 6,8}, then PN Q= {2, 4},

Can you see that, for any set A, AN A =A?

Now suppose A = {1, 2) and B = (4, 6, 7). Then what is A () B? We observe that, in this case, A and
B have no common elements, and so A (1B = ¢, the empty set.

When the intersection of two sets is ¢, we say that the two sets are disjoint (or mutually disjoint).
For example, the sets (1, 4) and (0, 5, 7, 14) are disjoint.

The definition of intersection can be extended to any number of sets. Thus, the intersection of k
subsets A, A ,....., A, of asetSis

k
We can shorten the expression A, N A N......... NA, to nAi.
i=1

In general, if @ is a collection of subsets of a set S, then we can define the intersection of all the
members of ¢ by

ﬂA ={XeS|XeAVAecp} [ ¥ denotes ‘forever’]

AeP

Apart from the operations of unions and intersections, there is another operation on sets, namely,
the operation of taking differences.

Differences: Consider the sets A ={1, 2, 3] and B = [2, 3, 4]. Now the set of all elements of A that
are not in B is {1}. We call this set the difference A \ B. Similarly, the difference B \ A is the set of
elements of B that are not in A, that is, {4}.

Thus, for any two subsets A and B of a set S,
A\B={xeS|xeAandx¢B}

When we are working with elements and subsets of a single set X, we say that the set X is the
universal set. Suppose X is the universal set and A c X. Then the set of all elements of X which are
not in A is called the complement of A and is denoted by A’, A®or X\ A.

Thus,
Ac={xeX|xg A}

For example, if X =[a, b, p, q, r) and A = {a, p, q], then Ac = (b, ).

1.2 Cartesian Product

An interesting set that can be formed from two given sets is their Cartesian product, named after
the French philosopher and mathematician Rene Descartes (1596 - 1650). He also invented the
Cartesian co-ordinate system.

LOVELY PROFESSIONAL UNIVERSITY
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Let A and B be two sets. Consider the pair (a, b), in which the first element is from A and the
second from B. Then (a, b) is called an ordered pair. In an ordered pair the order in which the two
elements are written is important. Thus, (a, b) and (b,a) are different ordered pairs. Two ordered
pairs (a, b) and (c, d) are called equal, or the same, if

a=candb=d.

Definition: The Cartesian product A x B, of the sets A and B, is the set of all possible ordered pairs
(a, b), wherea € A, b € B.

For example, if A={l,2, 3} and B = (4, 6), then
AxB={(1,4),(1,6),(24),(26),3,4),3,6)}

Also note that
BxA={(41),42),(473),(6,1),(6,2),(6,3)}and AxB=BxA.
Let us make some remarks about the Cartesian product here.
Remarks: (i) AxB=0 iff A=® or B= 0.

(ii) If A has m elements and B has n elements, then A x B has mn elements. B x A also has mn
elements. But the elements of B x A need not be the same as the elements of A x B, as you have just
seen.

We can also define the Cartesian product of more than two sets in a similar way. Thus, if A, A,
A, .. A, are n sets, we can define their Cartesian product as

For example, if R is the set of all real numbers, then
RxR={(a,a,) | a,eR,a,eR}

RxRxR={(a,ay,a,) | aeRfori=1,2, 3), and so on. It is customary to write R?for R x R and
Rrfor R x .......... x R (n times).

Now, you know that every point in a plane has two coordinates, x and y. Also, every ordered
pair (x, y) of real numbers defines the coordinates of a point in the plane. So, we can say that R?
represents a plane. In fact, R? is the Cartesian product of the x-axis and the y-axis. In the same way
R® represents three-dimensional space, and R" represents n-dimensional space, for any n > 1.
Note that R represents a line.

1.3 Relations

You are already familiar with the concept of a relationship between people. For example, a
parent-child relationship exists between A and B if and only if A is a parent of B or B is a parent
of A.

In mathematics, a relation R on a set S is a relationship between the elements of S. If a € S is
related to b € S by means of this relation, we write a Rb or (a, b) € R. From the latter notation we
see that R € S x S. And this is exactly how we define a relation on a set.

Definition: A relation R on a setSis a subset of S x S.

For example, if N is the set of natural numbers and R is the relation ‘is a multiple of’, then
15R 5, but not 5 R 15. That s, (15, 5) € R but (5, 15) ¢ R. Here Rc N x N.

Again, if Q is the set of all rational numbers and R is the relation ‘is greater than’, then 3 R 2
(because 3 > 2).

LOVELY PROFESSIONAL UNIVERSITY
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Definition: A relation R defined on a set S is said to be
(i) reflexive if we have aRa, ¥ a € S.
(ii) symmetricif aRb = bRa-V¥a, b eS.

(iii) transitive if aRb and bRc = aRcV¥a, b,c € S.

To get used to these concepts, consider the following examples.

' Example: Consider the relation R on Z given by ‘aRb if and only if a > b’. Determine
whether R is reflexive, symmetric and transitive.

Solution: Since a > a is not true, aRa is not true. Hence, R is not reflexive.

If a > b, then certainly b > a is not true. That is, aRb does not imply bRa. Hence, R is not
symmetric.

Since a > b and b > c implies a > ¢, we find that aRb, bRc implies aRe. Thus, R is transitive.

' Example: Let S be a non-empty set. Let @ (S) denote the set of all subsets of S, i.e.,
#(S)=(A | AcS}. Wecall p (S) the power set of S.

Define the relation R on ¢ (S) by

R={(AB)| A,Be p(S)and AcB].

Check whether R is reflexive, symmetric or transitive.
Solution: Since A c AV A € @ (S), Ris reflexive.

If A c B, Bneed notbe contained in A. (Infact, Ac Band B c A < A =B.) Thus, R is not symmetric.

IfAcBand Bc C, then Ac CWV A, B, C e o(S). Thus, Ris transitive.

A very important property of an equivalence relation on a set S is that it divides S into a number
of mutually disjoint subsets, that is, it partitions S. Let us see how this happens.

Let R be an equivalence relation on the set S. Let a € S. Then the set { b € S | aRb } is called the
equivalence class of a in S. It is just the set of elements in S which are related to a. We denote it

by [a].
This is
[1]1={n | 1Rn;ne N}

n1ln e Nand 5 divides 1-n)

{
{
{nIn e N and>5 divides n-1)
{1,6,11,16,21 ........ }.
Similarly,

[2]={n | n e Nand 5 divides n-2 }

={2,7,12,17,22. ........ L
[3]=1{3,8,13,18,23 ... L
[4]=1{4,9,14,19,24, . ....... }
[5] = {5, 10,15, 20, 25, ...... },

LOVELY PROFESSIONAL UNIVERSITY
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Note that Notes
(i) [1] and [6] are not disjoint. In fact, [1] = [6]. Similarly, [2] = [7], and so on.

(ii) N=[JU[2]U[3] U [4] U [5], and the sets on the right hand side arc mutually disjoint.

We will prove these observations in general in the following theorem.

Theorem 1: Let R be an equivalence relation on a set S. For a € S, let [a] denote the equivalence
class of a. Then

(@ aela],

(b) belal e [a] =[b]

© s=Ulal

aeS

(d) ifa, b e S, then [a]N [b] = ¢ or [a] = [b].
Proof: (a) Since R is an equivalence relation, it is reflexive.
aRa ¥ aeS. coae|al.

(b)  Firstly, assume that b V [a]. We will show that [a] gg[b] and [b] gg[a]. For this, let x € [a].
Then xRa.

We also know that aRb. Thus, by transitivity of R, we have xRb, i.e., x € [b]. .. [a] < [b]. We can
similarly show that [b] < [a].

[a] = [b].
Conversely, assume that [a] = [b]. Then b € [b] = [a]. .. b € [a].

(© Since[a]cS¥aes, |JlalcS.

ae$S

Conversely, let x € S. Then x € [x] by (a) above. [x] is one of the sets in the collection whose union

is (JIal.

aeS

Hence, x U [a].So,S € U[a] .

ae$S ae$S

Thus, S@ (J[al and |J[al<$, proving (c).

aes ae$S

(d) Suppose[a] N [b] = ¢. Letx  [a] N [b].
Then x € [a] and x € [b]

= [x] = [a] and [x] = [b], by (b) above.

= [a] = [b].

Note that, in Theorem 1, distinct sets on the right hand side of (c) are mutually disjoint because
of (d). Therefore, (c) expresses S as a union of mutually disjoint subsets of S; that is, we have a
partition of S into equivalence classes.

Let us look at some more examples of partitioning a set into equivalence classes.

LOVELY PROFESSIONAL UNIVERSITY 7
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' Example: Let S be the set of straight lines in R x R. Consider the relation on S given by
‘L, RL,iff L, = L, or L, is parallel to L,. Show that R is an equivalence relation, What are the
equivalence classes in S?

Solution: R is reflexive, symmetric and transitive. Thus, R is an equivalence relation. Now, take
any line L, (see Figure 1.1).

Figure 1.1: The Equivalence Class of L,

M
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3 v \
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Let L be the line through (0, 0) and parallel to L,. Then L € [L]. Thus, [L] = [L,]. In this way the
distinct lines through (0, 0) give distinct equivalence classes into which S is partitioned. Each
equivalence class [L] consists of all the lines in the plane that are parallel to L.

In the next section we will briefly discuss a concept that you may be familiar with, namely,
functions.

1.4 Functions

Recall that a function f from a non-empty set A to a non-empty set B is a rule which associates
with every element of A exactly one element of B. This is written as f : A — B. If f associates with
a € A, the element b of B, we write f(a) = b. A is called the domain of f, and the set f(A) = { f(a) |
a € A] is called the range of f. The range of f is a subset of B.

ie., f(A) c B. Bis called the codomain of f.

Note that

(i)  For each element of A, we associate some element of B.

(i) For each element of A, we associate only one element of B.

(iii) Two or more elements of A could be associated with the same element of B.

For example, letA={1,2,3},B={1,2,3,4,5,6,7,8,9,10 }. Define f: A > Bby f(1) =1, {(2) =4,
£(3) = 9. Then f is a function with domain A and range {I, 4, 9}. In this case we can also write
f(x) = x> for each x @ A or f : A — B : f(x) = x>. We will often use this notation for defining any
function.

LOVELY PROFESSIONAL UNIVERSITY
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If we define g: A - B by g(1) =1, g(2) =1, g(3) =4, then g is also a function. The domain of g
remains the same, namely, A. But the range of g is {1, 4}.

Remark: We can also consider a function f : A — B to be the subset { (a, f(a)) | a € A} of A x B.
Now let us look at functions with special properties.

Definition: A function f : A — B is called One-one (or injective) if f associates different elements
of A with different elements of B, i.e., ifa, a, € Aand al # a,, then f(a)) # f(a,). In other words, f is
1-1if f(a)) =f(a,) > a, = a,.

In the examples given above, the function f is one-one. The function g is not one-one because 1
and 2 are distinct elements of A, but g(1) = g(2).

Now consider another example of sets and functions.

LetA=(1,2,3),B={p,q,r}. Letf: A— Bbe defined by f(1) = q, {(2) =1, {(3) = p. Then f is a function.
Here the range of f = B = codomain of f. This is an example of an onto function, as you shall see.

Definition: A function f : A — B is called onto (or surjective) if the range of f is B, i.e., if, for each
b @B, there is an a @ A such that f(a) = b. In other words, f is onto if f(A) = B.

For another important example of a surjective function, consider two non-empty sets A and B.
We define the function t, : A x B— A : 1t /((a, b)) = a. m, is called the projection of A x B onto A. You
can see that the range of m, is the whole of A. Therefore, m, is onto. Similarly, n,: AXxB > B:,((a,
b)) = b, the projection of A x B onto B, is a surjective function.

If a function is both one-one and onto, it is called bijective, or a bijection.

Consider the following example that you will use again and again.

' Example: Let A be any set. The functionI, : A — A:1,(a) = ais called the identity function
on A. Show that I, is bijective.

Solution: For any a € A, I, (a) = a. Thus, the range of I, is the whole of A. That is, I, is onto.
I, is also 1-1 because if a,, a, € A such that a, # a,, then I, (a,) # L, (a,).
Thus, I, is bijective.

If f : A — B is a bijection, then we also say that the sets A and B are equivalent. Any set which is
equivalent to theset{1,2,3,............ ,n}, for some n € N, is called a finite set. A set that is not finite
is called an infinite set.

Convention: The empty set ¢ is assumed to be finite.
Let us now see what the inverse image of a function is.

Definition: Let A and B be two sets and f : A — B be a function, Then, for any subset S of B, the
inverse image of S under f is the set

F1(S)={acA | fa) eS).
For example, I,/(A) ={ae A |I,(a) e A} =A.
£1({1,2,3) ={neN |fn) e{1,2,3}}
—{neN|n+5e{123}}
= ¢, the empty set.

We now give some nice theorems involving the inverse image of a function.
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Theorem 2: Letf: A — B be a function. Then,
(@) for any subset S of B, f(f* (S) ) = S.
(b)  for any subset X of A, X c {7 (f(X)).

Proof: We will prove (a) and you can prove (b). Let b V £(f ! (S) ). Then, by definition, 3a € f ! (S)
such that b = f(a). Buta € ! (S) = f(a) € S. Thatis, b € S.

Thus, f(f* (S)) < S.

Now let us look at the most important way of producing new functions from given ones.
1.4.1 Composition of Functions

Iff: A— Band g:C— D are functions and if the range of f is a subset of C, there is a natural way
of combining g and f to yield a new functionh: A# D. Let us see how.

For each x € A, h(x) is defined by the formula h(x) = g(f(x)).

Note that f(x) is in the range of {, so that f(x) € C. Therefore, g(f(x)) is defined and is an element
of D. This function h is called the composition of g and f and is written as g o f. The domain of
g o fis A and its codomain is D. In most cases that we will be dealing with we will have B = C.
Let us look at some examples.

' Example: Let f : R > R and g : R - R be defined by f(x) = x*> and g(x) = x + 1. What is
gof? Whatisfog?

Solution: We observe that the range of f is a subset of R, the domain of g. Therefore, g o f is
defined. By definition, ¥ x € R, go f(x) = g(f(x)) =f(x) + 1 =x*+1.

Now, let us find f o g. Again, it is easy to see that f o g is defined. ¥ x € R,

fog(x) =f(g(x) = (g(x))* = (x + )%

Sofogand g o fare both defined. Butgof#fo g. (For example, g o f(1) #f o g(l).)

' Example: Let A={1,2,3}, B={p, q, r} and C = {x, y}. Let f : A — B be defined by f(1) = p,
f(2) = p, £(3) =r. Let g : B— C be defined by g(p) =x, g(q) =y, g(r) =y. Determineif f o gand g o
f can be defined.

Solution: For f o g to be defined, it is necessary that the range of g should be a subset of the
domain of f. In this case the range of g is C and the domain of f is A. As C is not a subset of A,
f o g cannot be defined.

Since the range of f, which is (p, r), is a subset of B, the domain of g, we see that g o f is defined.
Alsogof: A — Cis such that

gof(l) = g(t(1)) =g(P) =x
g0 f(2) = g(f(2)) = g(p) =,
g o f(3) = g(f(3)) = g(r) = y.
In this example note that g is surjective, and so is g o f.

We now come to a theorem which shows us that the identity function behaves like the number
1 € R does for multiplication. That is, if we take the composition of any function f with a suitable
identity function, we get the same function f.
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Theorem 3: Let A be a set. For every functionf: A — A, wehavefol, =1 of=f. Notes

Proof: Since both f and I, are defined from A to A, both the compositions f o I, and I, o f are
defined. Moreover, ¥ x € A,

fol,(x)=f(I,(x))=f(x),sofol,=f.
Also, ¥ X e A, 1, of(x) =1, (f(x)) =£(x),sol, of =f.

In the case of real numbers, you know that given any real number x + 0, 3y %0 such that xy =1.
y is called the inverse of x. Similarly, we can define an inverse function for a given function.

Definition: Let f : A — B be a given function. If there exists a function g : B — A such thatfo g =
I,and g o f =1, then we say that g is the inverse of f, and we write g = f .

For example, consider f : R — R defined by f(x) = x + 3. If we define g : R — R by g(x) = x - 3, then
fog(x) =f(g(x) =g(x) +3=(x-3)+3=xV¥x e R Hence, f o g=I. You can also verify that
gof=1.50g=f"

Note that in this example f adds 3 to x and g does the opposite - it subtracts 3 from x. Thus, the

key to finding the inverse of a given function is : try to retrieve x from £(x).

For example, let f : R — R be defined by f(x) = 3x + 5. How can we retrieve x from 3x + 5? The

-5
answer is “first subtract 5 and then divide by 3”. So, we try g(x) = ()= XT And we find

gof(x) =g(f(x)) = f(x;— 5_(3x +35) -5

-5
Also, fo g(x) =3(g(x)) +5 = S[LC%)} +5=x¥xeR.
Let’s see if you've understood the process of extracting the inverse of a function,

Do all functions have an inverse? No, as the following example shows.

' Example: Let f : R — R be the constant function given by f(x) =1 ¥ x VR. What is the
inverse of f ?

Solution: If f has an inverse g: R - R, we havefo g =1, ie, ¥ x € R, f 0 g(x) = x. Now take

x =5. We should have f o g (5) =5, i.e., f(g(5)) = 5. But f(g(5)) = 1, since f(x) = 1-¥ x. So we reach a
contradiction. Therefore, f has no inverse.

In view of this example, we naturally ask for necessary and sufficient conditions for f to have an
inverse. The answer is given by the following theorem.

Theorem 4: A function f ; A — B has an inverse if and only if f is bijective.
Proof: Firstly, suppose f is bijective. We shall define a function g : B — A and prove that g = f.

Letb € B. Since f is onto, there is some a V A such that f(a) = b. Since f is one-one, there is only one
such a € A. We take this unique element a of A as g(b). That is, given b € B, we define g(b) = a,
where f(a) = b.

Note that, since f is onto, B ={ f(a) | a € A). Then, we are simply defining g : B — A by g(f(a)) =
a. This automatically ensures that go f =1,.

Now, let b € B and g(b) = a. Then f(a) = b, by definition of g. Therefore, f o g(b) = f(g(b)) = f(a) =
b. Hence, fo g = 1.
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So,fog=1,and gof=1,. This proves that g =f .

Conversely, suppose f has an inverse and that g = f . We must prove that f is one-one and onto.

=74|

Note gofisl-1=fis1-1

Suppose f(a,) = f(a,). Then g(f(a,)) = g(f(a,)).
=gof(a)=gof(a,)
=a, =a, becausegof=1,.

So, f is one-one.

Note g o fis onto = g is onto.

Next, given b € B, we have f o g =1, So that f o g(b) =I,(b) =D

~

i.e,, f(g(b)) = b. That is, f is onto.

Hence, the theorem is proved.

1.5 Some Number Theory

In this section we will spell out certain factorisation properties of integers that we will use
throughout the course. For this we first need to present the principle of finite induction.

1.5.1 Principle of Induction
We will first state an axiom of the integers that we will often use implicitly, namely, the

well-ordering principle. We start with a definition.

Definition: Let S be a non-empty subset of Z. An element a € S is called a least element (or a

minimum element) of Sif a<b V b @S. For example, N has a least element, namely, 1. But Z
has no least element. In fact, many subsets of Z, like 27, (-1, -2, -3, ...... ), etc., don’t have least
elements.

The following axiom tells us of some sets that have a least element.
Well-ordering Principle: Every non-empty subset of N has a least element.

You may be surprised to know that this principle is actually equivalent to the principle of finite
induction, which we now state.

Theorem 5: Let S — N such that

(i) 1leS,and

(ii) wheneverk €S, thenk+1¢S.
ThenS=N.

This theorem is further equivalent to:
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Theorem 6: Let S — N such that Notes
(i) 1eS,and
(i) ifmeSVm<Kk thenkeS.

ThenS=N

We will not prove the equivalence of the well-ordering principle and Theorems 5 and 6 in this
course, since the proof is slightly technical.

Let us rewrite Theorems 5 and 6 in the forms that we will normally use.
Theorem 5: Let P(n) be a statement about a positive integer n such that
(i) PQ)istrue, and
(ii)  if P(k) is true for some k € N, then P(k + 1) is true.
Then, P(n) is true for alln € N.
Theorem 6: Let P(n) be a statement about a positive integer n such that
(i) P(1)is me, and
(ii)  if P(m) is true for all positive integers m < k, then P(k) is true.
Then P(n) is true for alln € N.

The equivalent statements given above are very useful for proving a lot of results in algebra.
As we go along, we will often use the principle of induction in whichever form is convenient.
Let us look at an example.

n’(n+1)°

Example: Prove that 1> + 2> + .............. +n’= 4 for everyn € N.

. n’(n+1)
Solution: LetS =1>+ ... +1?, and let P(n) be the statement that S, =———.
. 1% x 22 .
Since S, = YR P(I) is true.
. . (n-1)*n?

Now, suppose P(n - 1) is true, i.e., S, = 1
Then, S,= 1¥+............ +(n-1p°+n

=5  +n’

(n-1)’n’

= T+ n’, since P(n - 1) is true.

n’ [(n ~1)% + 4n]
4

n’(n-1)
4

Thus, P(n) is true.
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Therefore, by the principle of induction, P(n) is true for all n in N.
Now, use the principle of induction to prove the following property of numbers that you must
have used time and again.

1.5.2 Divisibility in Z

One of the fundamental ideas of number theory is the divisibility of integers.

Definition: Let a, b ¥, a %0. Then, we say that a divides b if there exists an integer ¢ such that
b = ac. We write this as a | b and say that a is a divisor (or factor) of b, or b is divisible by a, or
b is a multiple of a.

If a does not divide b we write a X b.

We give some properties of divisibility of integers in the following exercise. You can prove
them very easily.

We will now give a result, to prove which we use Theorem 5.

Theorem 7 (Division Algorithm): Let a, b@Z, b > 0. Then there exist unique integers g, r such
thata=qb +1, . where05r <b.

Proof: We will first prove that q and r exist. Then we will show that they are unique. To prove
their existence, we will consider three different situations:a=0,a >0, a <0.

Casel (a=0):Takeq=0,r=0.Thena=qgb +r.

Case 2 (a > 0): Let P(n) be the statement thatn =qb + r forsome g, r € Z,0<r <b.

Now let us see if P(l) is true.

Ifb=1 wecantakeq=1r=0, and thus,1=1.1+0.

Ifb#1, thentakeq=0,r=1,ie,1=0b+1

So, P(1) is true.

Now suppose P(n - 1) is me, i.e., (n-1)=qb +r, forsomeq,r, € Z,0<r, <b. Butthenr, <b-1,

i.e, r,+ 1 <b. Therefore,

_Jaib+(m+1)if (r, +1)<b
(g, +Db+0,ifr, +1=b

This shows that P(n) is true. Hence, by Theorem 5, P(n) is true, for any n € N. Thatis, fora>0, a
=qgb+r,qr e Z 0fr<D.

Case 3 (a < 0): Here (-a) > 0. Therefore, by Case 2, we can write

(-a)=qgb+1,0<r' <b

. _ ()b, ifr'=0

M AT (Cq-1b+ (b-1), if0<r <b

This proves the existence of the integers q, r with the required properties.

Now letq’, " bein Zsuch thata=qgb+randa=q'b+1’, where05r,1" <b. Thenr -1 =b(q - q).
Thus,b | (r-r). But | r-1" | <b. Hence,r -1 =0, ie, r=r"and q=q'. So we have proved the
uniqueness of q and r.

In the expression, a = qb +r, 0 &r <b, r is called the remainder obtained when a is divided by b.
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Definition: Leta, b € Z. ¢ € Zis called a common divisor ofaand bifc | aand ¢ | b. For example, Notes
2 is a common divisor of 2 and 4. You know that 1 and -1 are common divisors of a and b, for any

a, b € Z. Thus, a pair of integers do have more than one common divisor. This fact leads us to the

following definition.

Definition: An integer d is said to be a greatest common divisor (g.c.d. in short) of two non-zero
integers a and b if

(i) d|aandd |b,and
(i) ifc|aandc | b, thenc | d.

Note that if d and d” are two g.c.d s of a and b, then (ii) says thatd | d"and d” | d. Thus, d =+d".
But then only one of them is positive. This unique positive g.c.d. is denoted by (a, b).

We will now show that (a, b) exists for any non-zero integers a and b. You will also see how
useful the well-ordering principle is.

Theorem 8: Any two non-zero integers a and b have a g.c.d., and (a, b) = ma+nb, for some m,
neZ.

Proof: LetS={xa+yb | x,y € Z, (xa + yb) >0).

Since a? + b* > 0, a*> + b? € S, i.e., S # 0. But then, by the well-ordering principle, S has a least
element, say d = ma + nb for some m, n € Z. We show that d = (a, b).

Now d € S. Therefore, d > 0. So, by this division algorithm we can write
a=qd+r,0<r<d. Thus,
r=a-qd=a-q(ma+nb)=(1-qgm)a+ (-qn)b.

Now, if r # 0, then r € S, which contradicts the minimality of d in S. Thus, r =0, i.e,, a=qd, i.e,
d | a. We can similarly show that d | b. Thus, d is a common divisor of a and b.

Now, let ¢ be an integer such thatc | aand c | b.
Thena =a,c, b=b,cforsomea, b, @Z.

But then d = ma + nb = mac + nb,c = (ma, + nb,)c. Thus, ¢ | d, So we have shown thatd is a g.c.d.
In fact, it is the unique positive g.c.d. (a,b).

For example, the g.c.d. of 2and 10is 2 =1.2 + 0.10, and the g.c.d, of 2 and 3 is 1 = (-1)2 +1(3).
Pairs of integers whose g.c.d. is 1 have a special name.

Definition: If (a,b) = 1, then the two integers a and b are said to be relatively prime (or coprime)
to each other.

Using Theorem 8, we can say that a and b are coprime to each other iff there, exist m, n € Z such
that1 = ma + nb.

The next theorem shows us a nice property of relatively prime numbers.

Theorem 9: If a,b € Z; such that (a, b)=1and b | ac, thenb | d.

Proof: We know that 3 m, n € Z such that 1 = ma + nb. Then ¢ = c.1 = ¢(ma+nb) = mac + nbc.
Now,b | acand b | bk. .. b | (mac+nbc). Thus, b | c.

Let us now discuss prime factorisation.

Definition: A natural number p (# 1) is called a prime if its only divisors are 1 and p. If a natural
number n (%1) is not a prime, then it is called a composite number.
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For example, 2 and 3 are prime numbers, while 4 is a composite number.
Note that, if p is a prime number and a € Z such that p x A, then (p,a) =1.

Now consider the number 50. We can write 50 =2 x 5 x 5 as a ,product of primes. In fact we can
always express any natural number as a product of primes. This is what the unique prime
factorisation theorem says.

Theorem 10 (Unique Prime Factorisation Theorem): Every integer n > 1 can be written as
N=P.P, p,, Wherep, ....... p, are prime numbers. This representation is unique, except for
the order in which the prime factors occur.

Proof: We will first prove the existence of such a factorisation. Let P(n) be the statement that
n +1is a product of primes. P(1) is true, because 2 is a prime number itself.

Now let us assume that P(m) is true for all positive integers m < k. We want to show that P(k) is
true. If (k+1) is a prime, P(k) is true. If k+l is not a prime, hen we can write k + 1 = m, m,, where
1<m,<k+land1<m,<k+]1. But then P(m, - 1) and P(m, - 1) are both true. Thus, m =p,p,. ....
Py M, = qq, e q, where p,p,, ....... P,q, qy oo q,are primes. Thus,

k+1=pp,..p,q,q,- 9, 1-.e, P(k)is true. Hence, by Theorem 6, P(n) is true for every n € N.
Now let us show that the factorisation is unique.

Letn=p,p,..p,=q,q,..q, where

Py Py oDy Qp 9y - q, @re primes. We will use induction on t.

Ift=1,thenp =q, q, ... q,- But p, is a prime. Thus, its only factors are 1 and itself.

Thus, s =1and p, = q,.

Now suppose t > 1 and the uniqueness holds for a product of t-1 primes. Now p, | q,q,......q,and
hence, p, | q, for some i, By re-ordering q, ....... q, we can assume that p, | q,. But both
p, and q, are primes. Therefore, p, = q,. But thenp, .....p, =q, ....... g,- So, by induction, t-1 =s-1
and p, ,........ p, are the same as q.. ......q,, in some order.

Hence, we have proved the uniqueness of the factorisation.

The primes that occur in the factorisation of a number may be repeated, just as 5 is repeated in
the factorisation 50 = 2 x 5 x 5. By collecting the same primes together we can give the following
corollary to Theorem 10.

Corollary: Any natural number n can be uniquely written as n = p™p,™ ....P ™ where fori=1,
2, r, each m, € N and each p, is a prime with 1 <p, <p,<...<p,.

As an application of Theorem 10, we give the following important theorem, due to the ancient
Greek mathematician Euclid.

Theorem 11: There are infinitely many primes.
Proof: Assume that the set P of prime numbers is finite, say

P={p, p, - p,}. Consider the natural number

Now, suppose some p, | n. Thenp, | (n-p,p, ...... p,), ie, p, | 1, a contradiction.

Therefore, no p, divides n. But since n > 1, Theorem 10 says that n must have a prime factor. We
reach a contradiction. Therefore, the set of primes must be infinite.
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Self Assessment Notes

1. Let A = {2, {4, 5}, 4}. Which statement is correct?
(a) 5isanelement of A.
(b) {5} is an element of A.
() {4, 5}is an element of A.
(d) {5} isasubsetof A.

2. Which of these sets is finite?

@ {x | xis even}

®)  fx|x<5)

© (1,23}

@ {1,23,...,999,1000}

3. Which of these sets is not a null set?
(@) A={x]|6x=24and3x=1}
(b) B={x|x+10=10}
(¢ C={x | xis a man older than 200 years}
@ D=fx|x<x

4.  LetD cE.Suppose a € D and b ¢ E. Which of the following statements must be true?

(@ ceD
(b) beD
(0 aecE
(d aeD

5. Let A={x | xiseven}, B={1, 2,3...99,100}, C={3,5,7,9}, D ={101, 102} and E = {101, 103,
105}. Which of these sets can equal Sif S A and S and B are disjoint?

@ A (b) B © ¢
(d D () E
6.  Which statement best describes the Venn diagram below?

a) A=B

(
(b) A and B are not comparable
(@ A>SB

(

d AcB
7. Which set S does the power set 2° = {(J, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} come from?

@ {1218

by {1,2,3}

© L2} {2,3, {13}
@ 123}
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1.6 Summary

In this unit we have covered the following points:

Some properties of sets and subsets.

The union, intersection, difference and complements of sets.

The Cartesian product of Sets.

Relations in general, and equivalence relations in particular.

The definition of a function, a 1-1 function, an unto function and a bijective function.
The composition of functions.

The well-ordering principle, which states that every subset of N has a least element.

The principle of finite induction, which states that : If P(n) is a statement about some n e N
such that

(i) P(Q1)1istrue, and
(ii)  if P(k) is true for some k € N, then P(k +1) is true,
then P(n) is true for every n € N.
The principle of finite induction can also be stated as:
If P(n) is a statement about some n € N such that
(i) P(l)is true, and
(ii)  if P(m) is true for every positive integer m < k, then P(k) is true,
then P(n) is true for every n € N.
Note that the well-ordering principle is equivalent to the principle of finite induction.

Properties of divisibility in Z, like the division algorithm and unique prime factorisation.

1.7 Keywords

Empty Set: A set with no element in it is called the empty set, and is denoted by the Greek letter
¢ (phi). For example, the set of all natural numbers less than 1 is ¢.

Roster Method: It is sometimes used to list the elements of a large set also. In this case we may
not want to list all the elements of the set.

Union: If A and B are subsets of a set S, we can collect the elements of both to get a new set. This
set is called their union.

1.8 Review Questions

LetC={1,2,3,4}and D ={1, 3, 5, 7, 9}. How many elements does the set C U D contain?
How many elements does the set C (1 D contain?

LetU={1,2,3..8,9},B={1,3,5,and 7} and C = {2, 3, 4, 5, 6}. How many elements does the
set (BN C)’ contain? How many elements does the set (C - B)’ contain?

Let S = {a, b}. How many elements does the power set 2° contain?

Let S = {1, 2, 3}. How many subsets does S contain?
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5. Let a, b, c be non-zero integers. Then Notes

a) al0,l]a tala.

(
(b) alb=ac|bc
() albandb|c=alc
(d albandbla<a=1b
() claandc|b=c | (ax+by) vx,y e Z
6. If p is a prime and p | ab, then show that p|a or p|b.

7. If pis a prime and p|a,a,.....a_, then show that p|a, for somei=1,..n.

Answers: Self Assessment

1. A is consisted of elements: 3, {4, 5} and 8, so {4, 5} is an element of A

2. {1,2,3, ..., 1000} is finite, because it is consisted of final number of elements.

3. Set B is not an empty set because it contains one element. The only element of the set B is
zero. B = {0}

4.  aeEistrue, because a € D and D ¢ E means that every element from D is contained in E.

5. The correct answer is E, because E consists of even numbers as elements and the intersection

of sets S and B is a null set.
6. A D Bis the correct answer because A is a superset of B.

7. The correct answer is {1, 2, 3} because all subsets of {1, 2, 3} are &, {1}, {2}, {3}, {1, 2}, {1, 3},
2,3}, {1,2,3}.

1.9 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A
. L,
Onlinelinks  www jmilne.org/math/CourseNotes/
www.math.niu.edu

www.maths.tcd.ie/

archives.math.utk.edu
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Objectives

After studying this unit, you will be able to:

° Discuss the binary operations

° Explain the term abelian and non-abelian groups

° Describe the cancellation laws and laws of indices for various groups

° Discuss the properties of integers modulo n, permutations and complex numbers
Introduction

The theory of groups is one of the oldest branches of abstract algebra. It has many applications
in mathematics and in the other sciences. Group theory has helped in developing physics,

chemistry and computer science. Its own roots go back to the work of the eighteenth century

mathematicians Lagrange, Ruffini and Galois.

In this unit, we will study about the group theory in detail. We surge fine groups and give some

examples. After that we understand details of some properties of groups that the elements of a

group satisfy. Let us discuss all these one by one.
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2.1 Binary Operations Notes

As you all know common operations of addition and multiplication in R, Q and C. All these
operations are examples of binary operations. It can be defined as:

Definition: Let S be a non-empty set. Any function * : S X S — S is called a binary operation
onS.

So, a binary operation associates a unique element of S to every ordered pair of elements of S.
For a binary operation * on S and (a, b) € S x S, we denote *(a, b) by a*b.
We will use symbols like +, -, x, @, o, * and A to denote binary operations.

Let us look at some examples.

(i) +and xare binary operations on Z. In fact, we have + (a,b)=a+band x (a,b)=axbV a,
b € Z. We will normally denote a x b by ab.

(i) Let g (S) be the set of all subsets of S. Then the operations U and () are binary operations
on @ (S), since AUBand A Barein g (S) for all subsets A and B of S.

(iii) Let X be a non-empty set and F(X) be the family of all functions f : X — X. Then the

composition of functions is a binary operation on F(X), since fog € F(X) V{, g € F(X).
After defining a non-empty set lets define properties of binary operations.

Definition: Let * be a binary operation on a set S. We say that

(i) *isclosedonasubsetTofS, ifa*beT V a,beT
(i) *is associativeif, foralla,b,ce S, (a*b)*c=a* (b*c).
(iii) *is commutative if, foralla,be S, a*b=Db *a.

For example, the operations of addition and multiplication on R are commutative as well as
associative. But, subtraction is neither commutative nor associative on R. Why? Isa-b=b -a or
(@-b)-c=a-(b-c)4)a,b,c e R?No, forexample,1-2! 2-1,and (1-2)-3#1-(2-3). Also
subtraction is not closed on N ¢ R. because 1 e N.2 e Nbut1-2 ¢ N.

=7

Note A binary operation on S is always closed on S, but may not be closed on a subset
of S.

g
Task For the following binary operations defined on R, determine whether they are
commutative or associative. Are they closed on N?

(@) x®y=x+y-5
(b) x*y=2(x+y)

_Xx-y
(© xAy=—

forallx, y € R.
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As you are familiar with the equation such as a(b +c) =ab+acand (b +c)a=bc+baVa,b,c e R.

As this equation explains that multiplication distributes over addition in R. In general we can
define this as.

Definition: If o and * are two binary operations on a set S, then we say that * is distributive over

oif Va,b,ceS, wehavea* (boc)=(a*b)o(a*c)and (boc)*a=(b*a)o(c*a).

b
For example, leta*b = % Va,beR. Thena(bac)= a(b;-cj:ab;ac =ab*ac, and (b*c)a
= [bzcjazbazca:ba*caVa,b,ceR.

Hence, multiplication is distributive over *.

Let us now look deeper at some binary operations. You know that, foranyaVR,a+0=a,0+a
=aand a + (-a) = (-a) + a = 0. We say that 0 is the identity element for addition and (-a) is the
negative or additive inverse of a.

Definition: Let *.be a binary operation on a set S. If there is an element e € Ssuch that V a €S,
a*e=aand e*a=a, then e is called an identity element for *.

Fora € S, wesay thatb € Sis aninverse of a, if a* b =e and b * a = e. In this case we usually write
b=all

Let us first discuss the uniqueness of identity element for *, and uniqueness of the inverse of an
element with respect to *, if it exists. After that we will discuss the examples related to identity
elements.

Theorem 1: Let * be a binary operation on a set S. Then

(a)  if * has an identity element, it must be unique.

(b) if *is associative and s € S has an inverse with respect to *, it must be unique.
Proof: (a) Suppose e and e’ are both identity elements for *.

Then e =e * &, since €’ is an identity element.

= ¢/, since e is an identity element.

That is, e = €’. Hence, the identity element is unique.

(b) Suppose there exista, b € Ssuch thats*a=e=a*sands*b=e=b*s, e being the identity
element for *, Then

a=a*e=a*(s*b)

= (a *s) * b, since * is associative.

=e*b=b.

Thatis,a =b.

Hence, the inverse of s is unique.

This uniqueness theorem allows us to say the identity element and the inverse, henceforth.

A binary operation may or may not have an identity element. For example, the operation of
addition on N has no identity element.
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Similarly, an element may not have an inverse with respect to a binary operation. For example,
2 V Z has no inverse with respect to multiplication on Z, does it?

Now let us consider the following examples.

' Example: If the binary operation # : R x R — Ris defined bya @ b=a + b - 1, prove that
@ has an identity. If x € R, determine the inverse of x with respect to @, if it exists.

Solution: We are looking for some e € Rsuchthata®e=a=e®a V a € R. Sowewante € Rsuch

thata+e-1=aVa e R. Obviously, e = 1 will satisfy this. Also, 1 ® a=aV a € R. Hence, 1 is the
identity element of &®.

For x € R, if b is the inverse of x, we should have b ® x = 1.
ie,b+x-1=1,ie,b=2-x.Indeed, 2-x)®x=(2-x) +x-1=1
Also,x® (2-x)=x+2-x-1=L.So, x'=2-x.

' Example: Let S be a non-empty set. Consider g (S), the set of all subsets of S. Are U and
() commutative or associative operations on g (S)? Do identity elements and inverses of elements
of ¢ (S) exist with respect to these operations?

Solution: Since A U B=B U Aand AN B=B N A V A, B e g (5), the operations of union and
intersection are commutative. You can see that the empty set ¢ and the set S are the identities of
the operations of union and intersection, respectively. Since S # ¢, there isno B € ¢ (S) such that
S U B=¢.Infact, forany A € @ (S) such that A # IS, A does not have an inverse with respect to
union. Similarly, any proper subset of S does not have an inverse with respect to intersection.

When the set S under consideration is small, we can represent the way a binary operation on S
acts by a table.

2.1.1 Operation ’.” Table

Let S be a finite set and * be a binary operation on S. We can represent the binary operation by
a square table, called an operation table or a Cayley table. The Cayley table is named after the
famous mathematician Arthur Cayley (1821-1895).

To write this table, we first list the elements of S vertically as well as horizontally, in the same
order. Then we write a * b in the table at the intersection of the row headed by a and the column
headed by b.

For example, if S = (-1, 0, 1) and the binary operation is multiplication, denoted by., then it can
be represented by the following table.

-1 0 1
-1 (-1).(-1) (-1).0 (-1).1
=1 = =_
0 0.(-1) 0.0 0.1
=0 = =-1
1 1.(-1) 1.0 11
== = =1
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Conversely, if we are given a table, we can define a binary operation on S. For example, we can
define the operation * on S = {1, 2, 3} by the following table.

* 1 2 3
1 1 2 3
2 3 1 2
3 2 3 1

From this table we see that, for instance, 1 *2=2and 2 *3 = 2.
Now?2*1=3and1*2=2...2*%1=1*2. Thatis, * is not commutative.
Again, (2*1)*3=3*3=1and2*(1*3)=2

2*¥1)*3#2*(1*3). .., ¥ is not associative.
See how much information a mere table can give !
Now consider the following definition.

Definition: Let * be a binary operation on a non-empty setSand leta,, . ... .. A, €S. We define

the producta, *. ... .. *a__, as follows:

k+17

If k=1, a, *a,is a well defined element in S.

Ifa *... * a, is defined, then

a,=@*. .. *a,)

*
ak+1

We use this definition in the following result.

Theorem 2: Let a,, ...... ., be elements in a set S with an associative binary operation *. Then
(@*.,..%a)* (@, * ... *a , )=a *.. *a_,.

Proof: We use induction on n. That is, we will show that the statement is true for n = 1. Then,
assuming that it is true for n - 1, we will prove it for n.

If n =1, our definition above gives us

(@ *en®a) * (@, e a ., )=a .. a,,,
Then

(@ * e *a)* (@, e a)

=(a, " *a)* (@, *-Fa_, ) %a )

=((a*...%a,) *(a, *...*a,,) ) *a, since * is associative
" . .

wena) © @, by induction

=a,* ... a, by definition.

Hence, the result holds for all n.

We will use Theorem 2 quite often in this course, without explicitly referring to it.

Now that we have discussed binary operations let us talk about groups.
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2.2 Group Notes

After understanding the concept of binary operations. Let us start defining group.

Definition: Let G be a non-empty set and * be a binary operation on G. We say that the pair
(G, *)is a group if

G 1) * is associative:’
G 2) G contains an identity element e for *, and
G 3) every element in G has an inverse in G with respect to *.

We will now give some examples of groups.

' Example: Show that (Z, +) is a group, but (Z,.) is not.

Solution: + is an associative binary operation on Z. The identity element with respect to + is 0,
and the inverse of any n € Z is (-n). Thus, (Z, +) satisfies GI, G2 md G3. Therefore, it is a group.

Now, multiplication in Z is associative and 1 € Z is the multiplicative identity. But does every
element in Z have a multiplicative inverse? No. For instance, 0 and 2 have no inverses with
respect to *.” Therefore, (Z,.) is not a group.

Note that (Z,.) is a semigroup since it satisfies GI. So, there exist semigroups that aren’t groups!

Actually, to show that (G, *) is a group it is sufficient to show that * satisfies the following
axioms.

G71) * is associative.

G2) Je e Gsuchthata*e=a VacG.
G3) Givena € G,3b e Gsuchthata*b =e.

What we are saying is that the two sets of axioms are equivalent. The difference between them
is the following;:

In the first set we need to prove that e is a two-sided identity and that the inverse b of any a € G
satisfies a*b=eand b * a = e. In the second set we only need to prove that e is a one-sided identity
and that the inverse b of any a € G only satisfiesa * b =e.

In fact, these axioms are also equivalent to

G1”) *is associative.

G2") 3eeGsuchthati*a=aVvV aeG.
G3") Givena € G,3b e Gsuchthatb*a=e.

Clearly, if * satisfies GI, G2 and G3, then it also satisfies GI’, G2' and G3'. The following theorem
tells us that if * satisfies the second set of axioms, then it satisfies the first set too.

Theorem 3: Let (G, *) satisfy GI', G2" and G3’. Thene*a=aV a € G. Also, givena € G, if 3beG
such thata *b =e, then b * a = e. Thus, (G, *) satisfies G1, G2 and G3.

To prove this theorem, we need the following result.
Lemma 1: Let (G, *) satisfy G, G2' and G3'. If 3 a € G such thata *a=a, thena =e.
Proof: By G3' we know that 3 b € Gsuch thata*b =e.
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Now (a*a)*b=a*b=e.
Alsoa* (a*b) =a*e=a. Therefore, by GI', a =e.
Now we will use this lemma to prove Theorem 3.

Proof of Theorem 3: G1 holds since G1 and G1' are the same axiom. We will next prove that G3
is true. Leta € G. By G3' 3 b € G such that a * b = e. We will show that

b *a =e. Now,
(b*a)*(b*a)=(b*(@*b)*a=(b*e)*a=b*a.
Therefore, by Lemma 1, b * a = e. Therefore, G3 is true.

Now we will show that G2 holds. Let a € G. Then by G2, for a € G, a * e = a. Since G3 holds,
3b e Gsuchthata*b=Db*a=e. Then

e*a=(a*b)*a=a*(b*a)=a*e=a.
That is, G2 also holds.
Thus, (G, *) satisfies G1, G2 and G3.

' Example: LetG={#1,+1i},i= /-1, Let the binary operation be multiplication. Show
that (G) is a group.

Solution: The table of the operation is

1 -1 i -i

1 1 -1 i -1
-1 -1 1 -i i
i i -1 -1 1

-1 -i i 1 -1

This table shows us thata.l=a V a € G. Therefore, 1 is the identity element. It also shows us that
(G) satisfies G3. Therefore, (G) is a group.

Notethat G={1, X, X3, x*}, where x = i.
2.2.1 Abelian Group

Definition: If (G, *) is a group, where G is a finite set consisting of n elements, then we say that
(G, *) is a Finite group of order n. If G is an infinite set, then we say that (G,*) is an infinite group.

If * is a commutative binary operation we say that (G, *) is a commutative group, or an abelian
group. Abelian groups are named after the gifted young Norwegian mathematician Niels Henrik
Abel.

Now let us discuss an example of a non-commutative (or non-abelian) group. Before doing this
example recall that an m x n matrix over a Set S is a rectangular arrangement of elements of S in
m rows and n columns.

=7|

BE If A= {a b} then ad-bc is called the determinant of A and is written as det
Note cd

Aor |A]
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'i Example: Let G be the set of all 2 x 2 matrices with non-zero determinant. That is,

i

Consider G with the usual matrix multiplication, i.e, for

b b b
A= N andp= Pd inG,AP= apwlE aq s
c d r s cp+dr cq+ds

a,b,c,der,ad—bc;tO}

Show that (G, *) is a group.

Solution: First we show that . is a binary operation, thatis, A, P € G= AP € G.
Now,

det (A.P) =det A. det P # 0. since det A =0, det P = 0.

Hence, AP=Gforall A, Pin G.

||

Note  det (AB) = (det A) (det B)

10
We also know that matrix multiplication is associative and { 0 J is the multiplicative identity.
a b
Now, for A = e d in G. the mamx

d -b

— - * 10
p=|ad-bc ad-be i oo that det B = #0and AB = :
—C a ad-bc 01

ad—-bc ad-bc

Thus, B = A, (Note that we have used the axiom G3' here, and not G3.) This shows that the set of
all 2 x 2 matrices over R with non-zero determinant forms a group under multiplication. Since

1 2]0 1 21 d

3 41 0] |4 3™

0 1)1 2] [3 4

1 0)3 4] |1 2

we see that this group is not commutative.

And now another example of an abelian group.

' Example: Consider the set of all translations of R?,
T={f,,:R* >R*|f, ,(x, y) = (x+a, y + b) for some fixed a, be R}

Note that each element f,, in T is represented by a point (a, b) in R%. Show that (T, o) is a group,
where o denotes the composition of functions.
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Solution: Let us see if o is a binary operation on T.
Now f  of (x,y)=f (x+cy+d)=(x+c+a y+d+b)
= £ beq (0Y) forany (x,y) € R%

f of =f eT.

ab “cd a+c, b+d

Thus, o is a binary operation on T.
Now, fa/b o) fo/0 = fa,b A fa,b eT.
Therefore, fU,O is the identity element.

Also, fa,b o f_a, = f0,0 \Y fa,b eT.

b
Therefore, f .8 the inverse of fa,b eT.

Thus, (T, o) satisfies G1’, G2' and G3', and hence is a group.

Note that fa,b o fc, 0= fC, 40 fa,b A4 fa,b' fC, . € T. Therefore, (T, o) is abelian.

2.3 Properties of Groups

Before understanding the properties of group lets first give notational conventions.

Convention: Let us, we will denote a group (G, *) by G, if there is no danger of confusion. We
will also denote a * b by ab, for a, b € G, and say that we are multiplying a and b. The letter e will
continue to denote the group identity.

Now let us discuss a simple theorem.

Theorem 4: Let G be a group. Then

(@ (@h)'=aforeveryaeG.

(b) (ab)'=b'alforalla, beG.

Proof: (a) By the definition of inverse,

(a?) (@) = e = (a?) (a?)".

But, aa’ =a'a=ealso, Thus, by Theorem 1 (b), (a?)* = a.

(b) Fora, b e G, ab e G. Therefore, (ab)? € G and is the unique element satisfying (ab) (ab)’
= (ab)? (ab) =e.

However, (ab) (b a™) = ((ab) b?) a?
=@ (bbYa?)

=(ae)a’

Similarly, (b* a™) (ab) = e.
Thus, by uniqueness of the inverse we get (ab)™ = b a™.
Note that, for a group G, (ab)* =a’ b? V a, b € G only if G is abelian.

You know that whenever ba = ca or ab = ac for a, b, c in R*, we can conclude that b = C. That is,
we can cancel a. This fact is true for any group.
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Theorem 5: For a, b, c in a group G, Notes
(@) ab=ac=Db =c. (This is known as the left cancellation law.)

(b) ba=ca= b=c. (This is known as the right cancellation law.)

Proof: We will prove (a) and leave you to prove (b).

(a) Let ab = ac. Multiplying both sides on the left hand side by a” V G, we get

al (ab) = a (ac)

= (@'a)b=(a'a)c

= eb = ec, e being the identity element.

=b=c

Now let us prove another property of groups.

Theorem 6: For elements a. bin a group G, the equations ax = b and ya = b have unique solutions
inG.

Proof: We will first show that these linear equations do have solulions in G, and then we will
show that the solutions are unique.

For a, b € G, consider a’ b € G. We find that a(a™ b) = (aa™) b = eb = b. Thus, a’ b satisfies the
equation ax = b, i.e., ax = b has a solution in G.

But is this the only solution? Suppose x,, X, are two solutions of ax = bin G. Then ax, = b = ax,. By
the left cancellation law, we get x, = x,. Thus, a’ b is the unique solution in G.

Similarly, using the right cancellation law, we can show that ba® is the unique solution of
ya=binG.

Now we will illustrate the property given in Theorem 6.

_ 2 3 1 5]
Example: Consider A = 1 ,B= 4| GL, (R)

2 0

Find the solution of AX = B.

Solution: From Theorem 6, we know that X = A" B. Now,

i [?2 3
12

aB=|2 lox
-1 3 |

In the next example we consider an important group.

' Example: Let S be a non-empty set. Consider ¢ (S) with the binary operation of
symmetric difference A, given by

AAB=(A\B) U (B\A) VA,Be g (9).
Show that (g (S), A) is an abelian group. What is the unique solution for the equation Y A A=B?

Solution: A is an associative binary operation. This can be seen by using the facts that
A\B=A N B, (A N B)=A°U B, (A U B)°= A BC
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and that U and () are commutative and associative. A is also commutative since A A B
=BAA VY A Be g (S).

Also, ¢ is the identity element since AA¢=A V A e p (S).

Further, any element is its own inverse, since AAA=¢ V A e p (S).
Thus, (¢ (S). A) is an abelian group.

For A, Bin (g (S), A) we want to solve Y A A = B. But we know that A is its own inverse. So, by
Theorem 6, Y =B A A’ =B A A is the unique solution. What we have also proved is that (B A A)
A A=Bforany A, Bin g (S).

Definition: Let G be a group. For a € G, we define

(i) a’=e.

(i) a"=a"'.aifn>0

(iii) a™=(a")n,ifn>0.

n is called the exponent (or index) of the integral power a" of a.

Thus, by definition a' =a, a>=a . a, a’ = a”. a, and so on.

=7

Notes When the notation used for the binary operation is addition, a" becomes
na. For example, faany a € Z,

na=0ifa=0,
na=a+at..+a(ntimes)ifn>0,

na = (-a) + (-a) + .... + (-a) (-n times) if n < 0.

Let us now prove some laws of indices for group elements.
Theorem 7: Let G be a group. ForaVGand m,nV Z,
@  @)=ar=(@), b)  amar=am, ©  @y=am
Proof: We prove (a) and (b), and leave the proof of (c) to you.
(@) If n =0, clearly (a")'=a? = (a™)".
Now suppose n > 0. Since aa® = e, We see that
e=e"=(aa™)"
= (aa") (aa™) .... (aa™) (n times)
= a" (a)?, since a and a™ compute.
(@) = @@y
Also, (a™)" = a™, by definition.
s (@) =(a’)*=a*whenn>0.
If n <0, then (-n) > 0 and

@) =l
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=[(@*)?}?, by the casen>0
=ad
Also, (@)= (a™)y
= [(@")"]™, by the casen >0
=a*.
So, in this case too,
@)t =an= (@)
(b) Ifm=0orn=0,thena™"=am™.a" Suppose m =0 and n =0.
Case 1 (m > 0 and n > 0): We prove the proposition by induction on n.
If n =1, then a™. a = a™", by definition.
Now assume that a™. a™' = a™!

Then,a™. a"=am(a™'. a) = (a™.a"’)a =a™"!. a=a™"™. Thus, by the principle of induction, (a) holds
forallm>0and n> 0.

Case 2 (m <0 and n <0): Then (-m) 0 and (-n) > 0. Thus, by Case 1, a™. a™ = a™™ = ad*"). Taking
inverses of both the sides and using (a), we get,

gm+n = (a-n . a-m)-l = (a-m)-l . (a-n)-l =a™m . "

Case 3 (m > 0, n <0 such that m + n > 0): Then, by Case 1, a™*". a™ = a™. Multiplying both sides on
the right by a = (a™)", we get a™" =a™. a".

Case 4 (m >0, n < 0 such that m+n < 0): By Case 2, a™. a™™"= an. Multiplying both sides on the left
by a™=(a™)?, we geta™ =a™. a™

The cases when m < 0 and n > 0 are similar to Cases 3 and 4. Hence, a*" =a™. a"for all a € G and
m,ne”Z.

2.4 Different Types of Group

2.4.1 Integers Modulo n

Consider the set of integers, Z, and n € N. Let us define the relation of congruence on Z by : a is
congruent to b modulo n if n divides a-b. We write this as a = b (mod n). For example, 4 =1
(mod 3), since 3 | (4-1).

Similarly, (-5) = 2(mod 7) and 30 = 0 (mod 6).

= is an equivalence relation, and hence partitions Z into disjoint equivalence classes called

congruence classes modulo n. We denote the class containing r by r.

Thus, r ={m e Z | m=r (modn) }.

So an integer m belongs to r for some r,0<r<n,iffn | (r-m),ie., iff r-m = kn, for some k € Z.
r={r+kn|keZ}

Now, if m > n, then the division algorithm says that m =nq + r for some q, r € Z, 0 <r <n. That
is, m = r (mod n), for some r = 0, .,..., n-1. Therefore, all the congruence classes modulo n are

0,1,...,n—1.Let Z = {6,1,5, ..... ,n—1}. We define the operation + on Z_by a+b=a+b.
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Is this operation well defined? To check this, we have to see that if a=b=c=d in Z , then
a+b=c+d.

Now, a=b (mod n) and ¢ = d (mod n). Hence, there exist integers k, and k, such thata -b =kn
andc-d=k,n. Butthen(a+c)-(b+d)=(a-b)+(c-d)=(k +k)n

at+tc=b+d.

Thus, + is a binary operation on Z.
For example, 2 +2=0 in Z, since 2 +2 =4 and 4 = 0(mod 4).
Now, let us show that (Z , +) is a commutative group.
() a+b-asb_bra—b+avabeZn,ie,

addition is commutative in Z
(ii) 5+(B+E) =+(m) =a+(b+c)

—(a+b)+c=(a+b)+c=(a+b)+cVa,bceZ,

i.e., addition is associative in Z,.
(iii) a+t+0=a=0+aVaeZ,ie., 0isthe identity for addition,
(iv) ~or;eZ,3n-Z, such that a+n-a=n=0=n-ata.
Thus, every element a in Z,_ has an inverse with respect to addition.
The properties (i) to (iv) show that (Z , +) is an abelian group.

Actually we can also define multiplication on Z_by a .b=ab. Then, b=baVa,beZ,. Also,

(ab)c=a(bc)Va,b,ceZ,. Thus, multiplication in Z_is a commutative and associative binary

operation.
Z, also has a multiplicative identity, namely, 1.

But (Z,, .) is not a group. This is because every element of Z , for example Q, does not have a

multiplicative inverse.

But, suppose we consider the non-zero elements of Z , that is, (Zn ,.). Is this a group? For example,
Z, = {i, 2, §} is not a group because’ is not even a binary operation on Z,, since
2.2=0eZ,. But (Zi,.) is an abelian group for any prime p.

2.4.2 The Symmetric Group

We will now discuss the symmetric group briefly. In Next Unit we will discuss this group in
more detail.
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Let X be a non-empty set. We have seen that the composition of functions defines a binary Notes
operation on the set F(X) of all functions from X to X. This binary operation is associative.

I,, the identity map, is the identity in F(X).

Now consider the subset S5(X) of F(X) given by

S(X) = {f € F(X) | fis bijective }.

So f e S(X) iff f1: X — X exists. Remember that f o f* = f*. o f = I,. This also shows that f' e S(X).
Now, for all f, g in S(X),

(goflo(flog) =L =(f'og’)o(gof)ie,gofe5X).

Thus, o is a binary operation on S(X).

Let us check that (S(X), o) is a group.

(i) oisassociative since (fog) oh=fo (goh) V f, g, h E 5(X).
(ii) L is the identity element becausefol, =L of V f e 5(X).
(iii) f'is the inverse off, for any f € S(X).

Thus, (S(X), o) is a group. It is called the symmetric group on X.

If the set X is finite, say X = (1,2, 3 ...... n), then we denote S(X) by S,, and each f € S, is called a
permutation on n symbols.

Suppose we want to construct an element f in S . We can start by choosing f(1). Now, f(1) can
be any one of the n symbols 1,2, ..... n. Having chosen f(l), we can choose f(2) from the set
{L2... n}\ {{(l)},ie., in (n-1) ways. This is because f is 1 - 1. Inductively, after choosing (i),
we can choose f(i + 1) in (n - i) ways. Thus, f can be chosen in (1 x 2 x .... x n) = n ! ways, i.e.,
S, contains n ! elements.

For our convenience, we represent f € S, by
1 2 n
f1) £(2) . f(n)

1 2 3 4

v 4 3 J represents the function f: (1,2.3.4) > {1.2,3.4): £ (1) =2,{(2) =4,

For example, [

f (3) = 3, f (4) = 1. The elements in the top row can be placed in any order as long as the order of
the elements in the bottom row is changed accordingly.

21 3 4

Thus,{4 v 3 1

] also represents the same function f.

Definition: We say that f € S isa cycle of lengthr if thereare x,, ..., x,in X={1, 2, ....., n) such that
f(x) =x,, for 1<i<r-1,f(x)=x, and f(t) = t for t # x, ..., x,. In this case f is written as (x .... x,).

For example, by f = (245 10) € S, , we mean f (2) =4, f (4) =5, f (5) =10, f (10) = 2 and f (j) = j for
j#2,4,5,10.

(12345 678910
Y i=1 4351067 809 2
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Note In the notation of a cycle, we don’t mention the elements that are left fixed

25
by the permutation. Similarly, the permutation [ 5 3) is the cycle (12534 ) inS,.

Now let us see how we calculate the composition of two permutations. Consider the following
example in S,.

1 23 4 5)(1 23 45
2543 1)\53 412

) [a; B(2) a53(3) o;m) afs(5>]
Lo

a®p =

4 5 j
a(5) 4) al) of2)

12345
- =2 4).

14325
since 1, 3 and 4 are left fixed.
And now let us talk of a group that you may be familiar with, without knowing that it is a
group.
2.4.3 Complex Numbers
In this sub-section we will show that the set of complex numbers forms a group with respect to
addition. Some of you may not be acquainted with some basic properties or complex numbers.

Consider the set C of all ordered pairs (x, y) of real numbers. i.e.. we take C = R x R. Define
addition (+) and multiplication (.) in C as follows:

Xy ¥) + (% ¥,) = (5 + %, ¥, +y,) and
(le Yl) . (Xz' Y2) = (Xl X, = ¥1 Yy XY, + XzYl)
for (x, .y,) and (x, y,) in C.

This gives us an algebraic system (C, +, .) called the system of complex numbers. We must
remember that two complex numbers (x,, y,) and (x,, y,) are equal iff x, = x, and y, = y,.

You can verify that + and . are commutative and associative.
Moreover,

(i) (0, 0) is the additive identity.

(i) for (x,y) in C, (-x, -y) is its additive inverse.

(iii) (1, 0) is the multiplicative identity.

(iv) if (x, y) #(0,0) in C, then either x* > 0 or y? > 0.
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Hence, x* + y* > 0. Then Notes

X y
(X/Y)'[X2+y2 "2 +y2]

=1|X. -Vy. . +
[ X2+y2 y X2+y2, X2+y2 X2+y2

x (y) ¥ x j

=(1,0)

Thus,[ ZX 77 Y

1y 2t yz} is the multiplicative inverse of (x, y) in C.

Thus, (C, +) is a group and (C¥,.) is a group. (As usual, C* denotes the set of non-zero complex
numbers.)

Now let us see what we have covered in this unit.
Self Assessment

1. For a binary operation * on S and (a, b) € S x S, we denote *(a, b) by ...............

(@ a*b (b) (a, b)*
() ab* (d) ba*
2. Binary operations associates a ............... of S to every ordered pair of elements of S.
(a) same element (b) different element
(¢) unique element (d) single set element

3. Suppose their exista, b € Ssuch thatS*a=e=a*sand S*b=e =b *s, e being the identity
element for *, then

(@ a=b (b) bl=a
(¢ a'=b (d a’=b
4, For x € R, if b is inverse of x, the you should have b & x = 1. Then x? is equal to
(@ 2-x by x-2
() 27'x d) 2+x?
5. are named after the gifted young Norwegian mathematician Niels Henrik Abel.
(@)  Abelian group (b)  Sub group
() Normal group (d) Cyclic group

2.5 Summary

) Here we discussed various types of binary operations.

) Also defined and given examples of groups.

) We proved and used the cancellation laws and laws of indices for group elements.

) In this unit we discussed the group of integers modulo n, the symmetric group and the

group of complex numbers.
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Binary Operation: A binary operation on S is always closed on S, but may not be closed on a subset
of S.

Abelian Group: If (G, *) is a group, where G is a finite set consisting of n elements, then we say
that (G, *) is a Finite group of order n. If G is an infinite set, then we say that (G,*) is an infinite

group.

2.7 Review Questions

1. Obtain the identity element, if it exists, for the operations {1 23 4}.
2

2. For x € R, obtain x? (if it exists) for each of the operations {1 23 4}.
2

3. Show that (Q, +) and (R, +) are groups.
4.  Calculate (13)° (1 2)in S3.

5. Write the inverse of the following in S,:
@ @12
(b)y (132

Show that (12)° (13 2)"#(12)"°(132)". (This shows that in Theorem 4(b) we can’t write
(ab)-1 = a'b™.)

2.8 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

o

Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Objectives

After studying this unit, you will be able to:

. Define subgroups

° Explain the intersection, union and product of two subgroups
) Describe structure and properties of cyclic groups
Introduction

In the last unit, you have studied about the algebraic structures of integers, rational numbers,
real numbers and complex numbers. You have got an idea that, not only is Z < Q < R < C, but
the operations of addition and multiplication coincide in these sets. In the present unit, you will
go through more examples of subsets of groups which are groups in their own right. Such
structures are rightfully named subgroups. We will discuss some of their properties also. We
will see some cases in which we obtain a group from a few elements of the group. In particular,
we will study cases of groups that can be built up by a single element of the group.

3.1 Subgroups

In the previous unit, you have already read the concept of group. You also noted that group (Z+),
(Q+) and (R+) are the member of a bigger group (C+) complex number. These all groups that
contained in bigger group are not just subsets but groups.

All these are examples of subgroup. Lets define subgroup.
Definition: Let (G,*) be a group. A non-empty subset H of G is called a subgroup of G if
(i) a*beHV abeH,ie,*is abinary operation on H,

(i)  (H,*) is itself a group.
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So, by definition, (Z,+) is a subgroup of (Q,+), (R,+) and (C,+).

Now, if (H,*) is a subgroup of (G,*), can the identity element in (H,*) be different from the
identify element in (G,*)? Let us see. If h is the identity of (FH,*), then, foranyae H,h*a=a*h
= a. However, a € Hc G. Thus, a * e = e * a = a, where e is the identity in G. Therefore, h *a =
e*a.

By right cancellation in (G,*)w,e geth =e.

Thus, whenever (H, *) is a subgroup of (G,*), e € H.

Remark 1: (H,*) is a subgroup of (G, *) if and only if

(i) eeH,

(ii) a,beH=a*beH,

(iii) aeH=a'eH.

We would also like to make an important remark about notation here.

Remark 2: If (H,*) is a subgroup of (G,*), we shall just say that H is a subgroup of G, provided that
there is no confusion about the binary operations. We will also denote this fact by H < G.

Now let us first discuss an important necessary and sufficient condition for a subset to be a
subgroup.

Theorem 1: Let H be a non-empty subset of a group G. Then H is a subgroup of G iff a, b € H
=ab' e H.

Proof: Firstly, let us assume that H < G. Then, by Remark ], a,be H=a,b* e H
=ab’ e H.

Conversely, since H# ¢, 3a € H. But then, aa” =e € H.

Again, foranya € H,ea’=a' € H.

Finally, if a, b € H, then a, b* € H. Thus, a (b")* =ab € H, i.e,

H is closed under the binary operation of the group.

Therefore, by Remark 1, H is a subgroup.

=74|

Note A subgroup of an abelian group is abelian.

' Example: Consider the group (C*.,). Show that
S={zC| |z| =1}isasubgroup of C*.

Solution: S # ¢, since 1 € S. Also, forany z, z, € S,

=1.

|z, 2,1 =1z 12,7 = |z]

1
12, |

Hence, z, z," € S. Therefore, by Theorem 1, S < C*.
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' Example: Consider G = M, , (C), the set of all 2 x 3 matrices over C. Check that (G,+) is an
abelian group. Show that
5=1% % Pl o b cec) isasub £G
=10 0 o | ¥PreeCy isasubgroup of G.

Solution: We define addition on G By
a b cl |pqr| [atp b+q c+r
de f|7|s t u|7|d+s e+t fru

0 -a —C
You can see that +is a binary operationon G. 0 = { is the additive identity and { }

000} —d —f

a b c
is the inverse of e G.
d e f

Since,a+b=b+a V a, b e C, +is also abelian.
Therefore, (G,+) is an abelian group.

Now, since O € S, S # ¢. Also for

0 a b|[0 d e
, €S, we see that

00 c||lo 0 f

0 a b Ode_Oa—db—e_S
00 clloo0 £ |0 0 c-f| 7
=SIG.

' Example: Consider the set of all invertible 3 x 3 matrices over R, GL, (R). That is,
A e GL,(R) iff det (A) #0. Show that SL, (R) = (A € GL,(R) | det(A) =1)is a subgroup of (GL,(R),.).

Solution: The 3 x 3 identity matrix is in SL,(R). Therefore, SL,(R) # ¢.
Now, for A, B € SL,(R),

det (AB') = det (A) det(B?) = -1, since det (A) =1 and det (B) =1.

det(B)

AB7 e SL,(R)
SL,(R) I GL,(R).

' Example: Any non-trivial subgroup of (Z, +) is of the form mZ, where m € N and
mZ={mt|teZ)={0+tm, +2m, +3m,....... )-

Solution: We will first show that mZ is a subgroup of Z. Then we will show that if H is a
subgroup of Z, H # {0}, then H = mZ, for some m € N.
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Now, 0 € mZ. Therefore, mZ # ¢. Also, for mr, ms € mZ, mr-ms = m(r-s) € mZ.
Therefore, mZ is a subgroup of Z.

Note that m is the least positive integer in mZ.

Now, let H# (0) be a subgroup of Zand S={i | i>0,1i € H).

Since H # {0), there is a non-zero integer k in H. If k > 0, then k € S. If k <0, then (-k) € S, since
(-k) e Hand (-k) > 0.

Hence, S#¢.

Clearly, S ¢ N. Thus, by the well-ordering principle S has a least element, say s. That is, s is the
least positive integer that belongs to H.

Now sZ < H. Why? Well, consider any element st € sZ.
Ift=0,thenst=0 e H.

Ift>0,thenst=s+s+ ... +s (ttimes) € H.

If t <0, then st = (-s) + (-s) + ...+ (-s) (-t times) € H.
Therefore, st e H V t € Z. Thatis, sZ c H.

Now, let m € H. By the division algorithm m =ns + r for somen, r € Z, 0 <r <s. Thus, r =m - ns.
But H is a subgroup of Z and m, ns € H. Thus, r € H. By minimality of s in S, we must have r =0,
i.e., m =ns. Thus, H c sZ.

So we have proved that H = sZ.

You know that the polar form of a non-zero complex number z € Cis z =1 (cos 6 + i sine), where
r=| z | and 0 is an argument of z. Moreover, if 0,, is an argument of z, and 6, that of z,. then 0,
+ 0, is an argument of z, z,. Using this we will try to find the nth roots of 1, where n € N.

Ifz=1(cos 6 +isin !)is an nth root of 1, then z" = 1.

Thus, by De Moivre’s theorem,

1=2z"=1"(cos nb + i sin no), that is,

cos (0) +1isin (0) = r" (cos nO + i sin nB). ................. (1)

Equating the modulus of both the sides of (1). we getr™ =1, ie., r =L

On comparing the arguments of both sides of (1), we see that 0 + 2nk (k € Z) and n6 are
arguments of the same complex number. Thus, nf can take any one of the values 27k, k € Z. Does

2nk
this mean that as k ranges over Z and 6 ranges over —— we get distinct nth roots of 1? Let us
n

2nk 2zk 2mm . . 2mm
find out. Now, cos il +1isin 222 cosT= +isin if and only if % - 2nim =2nt for
n n n n n n

some t € Z. This will happen iff k = m + nt, i.e,, k = m (mod n). Thus, corresponding to every r

. . 2 L. 2
in Z, we get an nth root of unity, z = cos 4 1sm£, 0 <r <n; and these are all the nth roots
n n

of unity.

For example, If n = 6, we get the 6th roots of 1 as z,, z, z,, z,, z, and z,, where zj =
2n .. 2m . . . I .

cos— = +isin==,j= 0,1,2,3,4,5. In Figure 3.1 you can see that all these lie on the unit circle (i.e.,

the circle of radius one with centre (0, 0)). They form the vertices of a regular hexagon.
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Figure 3.1: 6th Roots of Unity

Y

X
2n . . 2n .
Now, let ® = cos—+isin— ., Then all the nth roots of 1 are 1, ®, ®? ....... ,®™, since
n n
i 2 . . 2T . . N
® =cos— +isin— for 0<j<n-1 (using De Moivre’s theorem).
n n
i
Note o is the Greek letter omega.

' Example: Show that U_<(C’, ).

Solution: Clearly, U, # 0. Now, let o', o € U,.

Then, by the division algorithm, we can writei+j=qn+rforq,r € Z,0<r <n - 1. But then
o' . o= 0= e = (o) o' = o' € U, since ©" = 1. Thus, U, is closed under multiplication.

Finally, if o' € U,, then0<n-i<n-1and o'. o™= o" =1; i.e, o is the inverse of o' for all
1<i<n.Hence, U is asubgroup of C*.

Note that U , is a finite group of order n and is a subgroup of an infinite group, C*. So, for every
natural number n we have a finite subgroup of order n of C*.

Before ending this we will introduce you to a subgroup that you will use off and on.
Definition: The centre of a group G, denoted by Z(G), is the set
z(G)={GeG | xg=gx V x e G}.

Thus, Z(G) is the set of those elements of G that commute with every element of G.
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For example, if G is abelian, then Z(G) = G.

We will now show that Z(G) < G.

Theorem 2: The centre of any group G is a subgroup of G.

Proof: Since e € Z(G), Z(G) # ¢. Now,

aeZ(G =ax=xaV xeG.
=x=alxa V x € G, pre-multiplying by a™.
=xa’=a'x V x € G, post-multiplying by a™.
=a’ e ZG).

Also, for any a, b € Z(G) and for any x € G, (ab)x = a(bx) = a(xb) = (ax)b = (xa)b = x (ab).

ab € Z(G).
Thus, Z(G) is subgroup of G.

3.2 Properties of Subgroups

After discussing the term subgroup let us start understanding the important properties of
subgroup.

Theorem 3: Let G be a group, H be a subgroup of G and K be a subgroup of H. Then K is a
subgroup of G.

Proof: Since K<H, K# ¢ and ab? €e K V a, b € K. Therefore, K< G.

Let us discuss at subgroups of Z, in the context of Theorem 3.

' Example: In earlier example we have seen that my subgroup of Z is of the form mZ for
some m € N. Let mZ and kZ be two subgroups of Z. Show that rnZ is a subgroup of kZ iff k | m.

Solution: We need to show thatmZ ckZ <k | m. NowmZ ckZ=>memZckZ=>m € kZ
> m=krforsomere Z=k | m.

Conversely, suppose k | m.

Then, m = kr for some r € Z. Now consider any n € mZ, and let t € Z such that n = mt.

Then n = mt = (kr) t = k(rt) € kZ.

Hence, mZ c kZ.

Thus, mZ c kZ iff k | m.

Theorem 4: If H and K are two subgroups of a group G, then H (1 K is also a subgroup of G.
Proof: Since e € H and e € K, where e is the identity of G,e € H 1 K.

Thus, H N K= ¢.

Now, leta, b € H (] K. By Theorem 1, it is enough to show that ab® € H (1 K. Now, since a, b
€ H, ab! € H. Similarly, since a, b € K, ab™ € K. Thus, ab* € H 1 K.

Hence, H N K is a subgroup of G.
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The whole argument of Theorem 4 remains valid if we take a family of subgroups instead of just Notes
two subgroups. Hence, we have the following result.

Theorem 4 (a): If {H,}.  isa family of subgroups of a group G, then | JH; H, is also a subgroup

iel

el
of G.

Now question arises that does the union of two or more subgroup is again a subgroup. Lets see

its true or not. Consider the, two subgroups 2Z and 3Z of Z. Let S =2Z U 32. Now, 3 € 32 c S,
2 €22 € S, but1 =3 -2 is neither in 2Z nor in 3Z. Hence, S is not a subgroup of (Z, +). Thus, if A

and B are subgroups of G, A U B need not be a subgroup of G. But, if A € B,then A U B=Bisa

subgroup of G. The next exercise says that this is the only situation in which A U Bis a subgroup
of G.

Let us now see what we mean by the product of two subsets of a group G.
Definition: Let G be a group and A, B be non-empty subsets of G.

The product of A and Bis theset AB={ab | a € A, b € B).

For example, (2Z) (3Z) = { 2m) (3m) | m, n € Z)

={6mn | m,neZ}

=62.

In this example we find that the product of two subgroups is a subgroup. But is that always so?
Consider the group

S,={I,(12), (13),(23), (123), (13 2)}, and its subgroups H= {1, (12) } and K = { I, (1 3)).

123 123
(Remember, (1 2) is the permutation [ » 1 3) and (1 2 3) is the permutation [ ) 3 1) .

Now HK = {IxI,1x (13), (12) xL(12) x (13)}
={L(13),(12),(132)}

HK is not a subgroup of G, since it is not even closed under composition. (Note that (1 3) o (1 2)
=(123) ¢ HK)

So, when will the product of two subgroups be a subgroup? The following result answers this
question.

Theorem 5: Let Hand K be subgroups of a group G. Then HK is a subgroup of G if and only if HK
= KH.

Proof: Firstly, assume that HK < G. We will show that HK = KH; Let hk € HK. Then
(hk)' = k' h' € HK, since HK € G.

Therefore, k' h' = h, k for some h, € H, k, € K. But then hk = (k' h")'= k' h* € KH. Thus,
HK < KH.

Now, we will show that KH ¢ HK. Let kh € KH. Then (kh)' =h'k' € HK. But HK < G. Therefore,
((kh))* € HK, that is, kh € HK. Thus, KH c HK.

Hence, we have shown that HK = KH.

Conversely, assume that HK = KH. We have to prove that HK < G. Since e = e? € HK, HK # ¢.
Now, leta, b € HK. Then a = hk and b = h, k, for some h, h, e Hand k, k, € K.

LOVELY PROFESSIONAL UNIVERSITY 43



Abstract Algebra

44

Notes

Then ab™ = (hk) (k," h,") =h [ (kk,*) h"].

Now, (kk,") h;" € KH = HK, Therefore, 3 h,k, € HK such that (kk,")h," = h k..
Then, ab? = h(h,k,) = (hh,)k, € HK.

Thus, by Theorem 1, HK < G.

The following result is a nice corollary to Theorem 5.

Corollary: If H and K are subgroups of an abelian group G, then HK is a subgroup of G.

3.3 Cyclic Groups

Let us understand the meaning of cyclic group.

Let G be any group and S a subset of G. Consider the family F of all subgroups of G that contain
S, that is,

F={H|H<GandScH}.

We claim that F # ¢. Why? Doesn’t G € F? Now, by Theorem 4'(a), U H is a subgroup of G.

HeF

Note that

@ ssUH

HeF

(ii) U H is the smallest subgroup of G containing S. (Because if K is a subgroup of G

HeF

containing S, then K € F. Therefore, U H cK)

HeF

These observations lead us to the following definition.

Definition: If Sis a subset of a group G, then the smallest subgroup of G containing S is called the
subgroup generated by the set S, and is written as <S>.

Thus, <S>=N {H | H<G,ScH}.

If S = ¢, then <S> = {e).

If <S> =G, then we say that G is generated by the set S, and that S is a set of generators of G.
If the set S is finite, we say that G is finitely generated.

We will give an alternative way of describing <S>. This definition is much easier to work with
than the previous one.

Theorem 6: If S is a non-empty subset of a group G, then

ny

<S> = {31 ay ...t |aieSfor1£iSk,n1,...,nkeZ}.
Proof: Let A = {a;“a;‘2 ..... ay*|a,eSfor1<i<k,n,,..n, € Z}‘
Since a,,.., a, € Sc <5> and <S> is a subgroup of G, aj* € <S>

VvV i=1, ..., k. Therefore, aj*aj* ..... ays € <5>ie, Ac<5>.
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Now, let us see why <S> c A. We will show that A is a subgroup containing S. Then, by the Notes
definition of <S>, it will follow that <S> < A.

Since any a € S can be written as a =a', Sc A.

Since S # ¢, A # ¢.

Now letx, y € A. Then x = aj"a3* ....ay*

y = bi"by2...b™ a,beSforl<i<kl<j<r.
Then xy" = (a}'ag? ....al* ) (bF"by2...b™ )

= (ag“ ay? c..agk ) (b{rnl e DT ) eA.
Thus, by Theorem 1, A is a subgroup of G. Thus, A is a subgroup of G containing S. And hence,
<S>c A.
This shows that <S> = A.

Note that, if (G, +) is a group generated by S, then any element of G is of the formn, a, + n,a, +

..... +n a,wherea, a,...,a, e Sandn,n, ..., n, € Z

For example, Z is generated by the set of odd integers S={+1, f3, + 5, ......). Let us see why. Let
m € Z. Thenm = 27 wherer>0and s € S. Thus, m € <5>. And hence, <5> = Z.

Definition: A group G is called a cyclic group if G = < {a) > for some a E G. We usually write
<{a)>as<a>.

Note that<a>={a" | nV Z).

A subgroup H of a group G is called a cyclic subgroup if it is a cyclic group. Thus, < (12) > is a
cyclic subgroup of S, and 22 = <2> is a cyclic subgroup of Z.

We would like to make the following remarks here.

Remark: (i) If K< G and a € K, then < a > c K. This is because < a > is the smallest subgroup of
G containing a.

(ii) All the elements of < a > = {a" | n € Z) may or may not be distinct. For example, take
a=(12) €S,

Then < (12) >={1, (1 2)), since (12)*=1, (12)*=(12), and so on.
We will now prove a nice property of cyclic groups.
Theorem 7: Every cyclic group is abelian.

Proof: Let G=<a>={a" | n € Z). Then, for any x, y in G, there exist m, n € Z such thatx =a™ y
= a". But, then, xy =a™ a”a™" = a™™ = a". a™ = yx. Thus, xy = yx for all x, y in G.

That is G is abelian.

]
Note Theorem 7 says that every cyclic group is abelian. But this does not mean that
every abelian group is cyclic.
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' Example: Consider the set K, = {e, a, b, ab] and the binary operation on K, given by the
table.

x e a ab
e e a ab
e ab b
b b ab e a
ab ab b a e

The table shows that (K, .) is a group.

This group is called the Klein 4-group, after the pioneering German group theorist Felix Klein.

' Example: Show that K, is an abelian but not cyclic.

Solution: From the table we can see that K, is an abelian. If it were cyclic, it would have to be
generated by e, a, b or ab. Now, <e > = {e}. Also, a' =a, a*>=¢,a”=a, and so on.

Therefore, <a >={e, a}. Similarly, <b>={e,b}and <ab>={e, ab).
Therefore, K, can’t be generated by e, a, b or ab.

Thus, K, is not cyclic.

Theorem 8: Any subgroup of a cyclic group is cyclic.

Proof: Let G = < x > be a cyclic group and H be a subgroup.

If H = {e}, then H = < e >, and hence, H is cyclic.

Suppose H # {e}. Then 3 n € Z such that x" € H, n # 0. Since H is a subgroup, (x")' = x™ € H.
Therefore, there exists a positive integer m (i.e., n or -n) such that x_ € H. Thus, thesetS={t e N
| x* € H) is not empty. By the well-ordering principle S has a least element, say k. We will show
that H=<x*>.

Now, <x*>c H, since x* € H.

Conversely, let x* be an arbitrary element in H. By the division algorithm n = mk + r where m,
reZ 0<r<k-1. Butthen x* = xmk=x"(x™ e H, since x", x* € H. But k is the least positive
integer such that x* € H. Therefore, x" can be in H only if r = 0. And then, n = mk and x" = (x*)™ €
<x*>. Thus, H ¢ <x* >. Hence, H = < x* >, that is, H is cyclic.

Now, Theorem 8 says that every subgroup of a cyclic group is cyclic. But the converse is not true.
That is, we can have groups whose proper subgroups are all cyclic, without the group being
cyclic.

Consider the group S,, of all permutations on 3 symbols. Its proper subgroups are
A=<[>

B=<(12)>

C=<(13)>

D=<(23)>

E=<(123)>.

As you can see, all these are cyclic. But, you know that S, itself is not cyclic.
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Now we state a corollary to Theorem 8, in which we write down the important point made in the Notes
proof of Theorem 8.

Corollary: Let H # {e} be a subgroup of <a>. Then H = <a" >, where n is the least positive integer
such thata" € H.

Self Assessment

1.  Subgroup of an abelian group is ..................
(@) normal (b) abelian
()  cyclic (d) homomorphism

2. If H be a non-empty subset of a group G. Then H is a subgroup of G if a, b € H, then

(@) ableH (b) abeH
() ab'eH (d ae¢Hb'eH
3. is a Greek letter omega.
@ o ®
(9 © d =
4.  Let G be a group, H be subgroup of G and be subgroup of H then kisa .................. of G.
(@) normal group (b)  cyclic group
(c) abelian group (d) subgroup

5. Let H and k be subgroups of a group G. Then KH = HK then (HK)? = ...............
(@ k', h'eHk (b) h*khe Hk
() x/heHk (d H/keHk

3.4 Summary

In this unit we have covered the following points.

° Here we discussed the definition and examples of subgroups.

° The intersection of subgroups is a subgroup.

° The union of two subgroups H and K is a subgroup if and only if H c K or K< H.
° The product of two subgroups H and K is a subgroup if md only if HK = KH.

) The definition of a generating set.
) A cyclic group is abelian, but the converse need not be true.
) Any subgroup of a cyclic group is cyclic, but the converse need not be true.

3.5 Keywords

Subgroup: Let (G,*) be a group. A non-empty subset H of G is called a subgroup of G if

(i) a*beH V a,beH,ie,*is abinary operation on H,

(i) (H,*) is itself a group.
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Notes Cyclic Groups: Let G be any group and S a subset of G. Consider the family F of all subgroups of
G that contain S, thatis, F={H | H<Gand ScH }.

3.6 Review Questions

1.
2.

10.

11.

12.

Find all cyclic subgroups of Z,*.
In Z,*, find two subgroups of order 4, one that is cyclic and one that is not cyclic.

(a) Find the cyclic subgroup of S, generated by the element (1, 2, 3)(5, 7). (b) Find a
subgroup of S, that contains 12 elements. You do not have to list all of the elements if you
can explain why there must be 12, and why they must form a subgroup.

InG=Z,, show that

H={[x], | x=1(mod3)} and K={[x], | x1(mod?7)} aresubgroups of G.

Let G be an abelian group, and let n be a fixed positive integer. Show that
N={ginG | g=a" forsome ainG} isasubgroup of G.

Suppose that p is a prime number of the form p =2"+ 1.

(@)  Show thatin Z * the order of [2] is 2n.

(b)  Use part (a) to prove that n must be a power of 2.

In the multiplicative group C* of complex numbers, find the order of the elements

- FUN 3
o= ’ ’ and = 5 y L

Let K be the following subset of GL, (R).

a b
K={ }d:a,c:—Zb,ad—bc;ﬁO}
c d

Show that K is a subgroup of GL, (R).

10
Compute the centralizer in GL, (R) of the matrix { 1 0} .

m b
Let G be the subgroup of GL, (R) defined by G = {0 1} m # 0}

11 -1 0
LetA= { 0 J and B= { 0 J. Find the centralizers C(A) and C(B), and show that C(A)

C(B) = Z(G), where Z(G) is the center of G.

Answers: Self Assessment

1.(b) 2.(a) 3.(a) 4.(d) 5.(a)

48
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3.7 Further Readings Notes
Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

Onlinelinks  www .jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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4.6  Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the cosets of a subgroup

° Explain the partition a group into disjoint cosets of a subgroup
° Prove and explain Lagrange's theorem

Introduction

In the last unit, you have studied about the subgroup and different properties of subgroups. In
this unit, you will learn the concept of cosets and also see how a subgroup can partition a group
into equivalence classes. You can use cosets to prove a very useful result about the number of
elements in a subgroup. In the present era, this elementary theorem is known as Lagrange's
theorem, though Lagrange proved it for subgroups of S only. Let us understand these concepts
with the help of examples and theorem.

4.1 Cosets

First of all we will discuss cosets. Cosets means the product of two subset of a particular group.

In a case when one of the subsets consists of single element only, we will go through a situation
ie.,

H(x) ={hx | h € H}.
where H is a subgroup of G and x € G, we will denote H{x} by Hx.
Definition: Let H be a subgroup of a group G, and let x € G. We call the set
Hx={hx | h e H}
a right coset of H in G. The element x is a representative of Hx.

We can similarly define the left coset
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xH={xh | he H}. Notes

Note that, if the group operation is +, then the right and left cosets of H in (G,+) represented by
x € Gare

H+x={h+x|heH}landx+H={x+h | h € H}, respectively.

Example: Show that H is a right as well as a left coset of a subgroup H in a group G.
Solution: Consider the right coset of H in G represented by e, the identity of G. Then
He={he |heH}=(h|heH}=H.

Similarly, eH = H.

Thus, H is a right as well as left coset of H in G.

Example: What are the right cosets of 47 in Z?

Solution: Now H=4Z={ ...... ,-8,-4,0,4,8,12, ..... }

The right cosets of H are

H + 0 = H, using Example.

H+1={...,-11,-7,-3,1,5,9,13, ...)
H+2={...-10,-6,-2,2,6,10,14, ....)
H+3={...,-9,-5,-1,3,7,11,15, ....)
H+4={...-8,-40,48,12,..)=H

Similarly, you can see that H+5=H+1, H+ 6 =H + 2, and so on.
You can also checkthat H-1=H+3, H-2=H+2, H-3=H +1, and so on.
Thus, the distinct right cosets are H, H+ 1, H+ 2 and H + 3.

In general, the distinct right cosets of H (= nZ) in Zare H, H+ 1, ...., H+ (n - 1). Similarly, the
distinct left cosets of H (=nZ)inZareH,1+H,2+H, ..., (n-1) + H.

After understanding the concept of cosets. Let us discuss some basic and important properties of
cosets.

Theorem 1: Let H be a subgroup of a group G and letx, y € G.
Then

(@ XeHX

(b)) Hx=HoxeH.

(0 Hx=Hoxy'eH.

Proof: (a) Since x = ex and e € H, we find that x € Hx.

(b) Firstly, let us assume that Hx = H. Then, since x € Hx, x € H.

Conversely, let us assume that x € H. We will show that Hx ¢ H and H < Hx. Now any element
of Hx is of the form hx, where h € H. This is in H, since h € Hand x € H. Thus, Hx ¢ H. Again, let
h € H. Then h = (hx") x € Hx, since hx* € H.

H < HX.
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Notes H=Hx.
(0 Hx=Hy=Hxy'=Hyy'=He=H=xy" € H, by (b)
Conversely, xy' € H= Hxy'=H = Hxy'y = Hy = Hx = Hy.
Thus, we have proved (c).

The properties listed in Theorem 1 are not only true for right cosets.

7

H
1

Note  Along the lines of the proof of Theorem 1, we can prove that if H is a subgroup of
Gand x, y € G, then

(a) xexH.
(b) xH=HoxeH.

(@ xH=yHex'yeH.

' Example: Let G =Sg = {1, (12), (13), (23), (123), (13 2)} and H be the cyclic subgroup of G
generated by (1 2 3). Obtain the left cosets of H in G.

Solution: Two cosets are
H={1(123).(132))and
12)H ={(12),(12)*x(123),(12)x(132)
- {(12),(23), (13))
For the other cosets you can apply Theorem 1 to see that
(12H=(23)H=(13)Hand
(123)H=H=(132)H.

' Example: Consider the following set of 8, 2 x 2 matrices over C, Q, = (*I, £ A, +B, £ C},
where

10 0 1 0 i i 0 ,
1—{0 J,A—L 0},B—L O},C—{O _Jandlﬁ.

You can check that the following relations hold between the elements of Q,:
L=I,A=B=C=-],

AB=C=-BA,BC=A=-CB,CA=B=-AC.

Therefore, Q, is a non-abelian group under matrix multiplication.

Show that the subgroup H = < A > has only two distinct right cosets in Q,.
Solutionn H=<A>={1, A, A2, A%} ={I, A, -1, -A},

since A*=1, A>= A, and so on.

Therefore, HB = {B, C, -B, -C} , using the relations given above.

Using Theorem 1 (b), we see that
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H=HI=HA = H(-I) = H(-A). Notes
Using Theorem 1 (c), we see that

HB = HC = H(-B) = H(-C).

Therefore, H has only two distinct right cosets in Q,, H and HB.

We will now show that each group can be written as the union of disjoint cosets of any of its
subgroups. For this, first we define a relation on the elements of G.

Definition: Let H be a subgroup of a group G. We define a relation ‘~ on G by x -y iff x y' € H,
where x, y € G. Thus, from Theorem 1 we see that x - y iff Hx = Hy.

We will prove that this relation is an equivalence relation.

Theorem 2: Let H be a subgroup of a group G. Then the relation ~ defined by ‘x ~ y iff xy* e H’
is an equivalence relation. The equivalence classes are the right cosets of H in G.

Proof: We need to prove that ~ is reflexive, symmetric and transitive.
Firstly, for any x € G, xx'=e € H. .. x ~x, thatis, ~ is reflexive.
Secondly, if x ~y for any x, y € G, then xy? € H.
© (xy")!=yx? € H. Thus, y ~ x. Thatis, ~ is symmetric.
Finally, if x, y, z € G such that x ~ y and y ~ z, then xy*! € Hand yz*' € H.
L xy ) (yzh)y =x(yly)zt=xz' e H. .. x~ Z.
That is , ~ is transitive.
Thus, ~ is an equivalence relation.
The equivalence class determined by x € G is
[xI={yeG|y~x}={yeG|xy'eH}

Now, we will show that [x] = Hx. So, lety € [X}. Then Hy = Hx, by Theorem 1. And since y € Hy,
y € Hx.

Therefore, [x] < Hx.
Now, consider any element hx of Hx. Then x(hx)* = xx*h* =h' € H.
Therefore, hx ~ x. That is, hx € [x]. This is true for any hx € Hx. Therefore, Hx  [x].

Thus, we have shown that [x] = Hx.

Remark: If Hx and Hy are two right cosets of a subgroup Hin G, then W =W _or HX NHY =¢

Note that what Theorem 2 and the remark above say is that any subgroup H of a group G
partitions G into disjoint right cosets.

On exactly the same lines as above we can state that:
(i) any two left cosets of H in G are identical or disjoint, and

(i) G is the disjoint union of the distinct left cosets of H in G.

4.2 Lagrange's Theorem

To understand this theorem first we have to define the order of a finite group, after that we will
show that the order of any subgroup divides the order of the group.
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So let us start with a definition.

Definition: The order of a finite group G is the number of elements in G. It is denoted by o(G).
For example, o(S,) = 6 and o(A,) = 3. Remember, A, = {I, (12 3), (13 2)}!

You can also see that o(Z ) = n. And, you know that o(S ) = n!.

Now, let G be a finite group and H be a subgroup of G. We define a function f between the set of
right cosets of H in G and the set of left cosets of H in G by

f:{Hx | xeG}—>{yH |yeG}:f(Hx)=x"H.

Definition: Let H be a subgroup of a finite group G. We call the number of distinct cosets of H in
G the index of Hin G, and denote itby | G: H |.

Thus, we see that | S5,: A, | =2.

Note that, if we take H = {e}, then | G : {e} | = o(G), since {e}g ={g) V g € G and {e)g # {e]g’
ifg=g.

Now let us look at the order of subgroups. In last unit you saw that the orders of the subgroups
of 5, are 1, 2, 3 and 6. All these divide o(S,) = 6. This fact is part of a fundamental theorem about
finite groups. Its beginnings appeared in a paper in 1770, written by the famous French

mathematician Lagrange. He proved the result for permutation groups only. The general result
was probably proved by the famous mathematician Evariste Galois in 1830.

Theorem 3 (Lagrange): Let H be a subgroup of a finite group G. Then
o(G) =o(H) | G: H |. Thus, o(H) divides o(G) and | G: H | divides o(G).

Proof: You know that we can write G as a union of disjoint right cosets of H in G. So, if Hx,, Hx,,
..., H, are all the distinct right cosets of H in G, we have

G=Hx, U Hx, U ... U Hx, ..(1)
and | G:H | =r.
We know that | Hx, | = | Hx, | =...= | Hx_| = o(H).
Thus, the total number of elements in the union on the right hand side of (1) is
o(H) + o(H) + .....+ o(H) (r times) = r o(H).
Therefore, (1) says that o(G) = r o(H)
=oH) | G:H|.

You will see the power of Lagrange’s theorem when we get down to obtaining all the subgroups
of a finite group.

For example, suppose we are asked to find all the subgroups of a group G of order 35. Then the
only possible subgroups are those of order 1, 5, 7 and 35. So, for example, we don’t need to waste
time looking for subgroups of order 2 or 4.

In fact, we can prove quite a few nice results by using Lagrange’s theorem. Let us prove some
results about the order of an element.

Definition: Let G be a group and g € G. Then the order of g is the order of the cyclic subgroup
< g >,if < g >is finite. We denote this finite number by o(g). If < g > is an infinite subgroup of G,
we say that g is of infinite order.
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Now, let g € G have finite order. Then the set {e, g, g2 ...} is finite, since G is finite. Therefore, all Notes
the powers of g can’t be distinct. Therefore, gr = gs for some r >s. Then g™ = e and r-s € N. Thus,

theset{t e N | g'=e}is non-empty. So, by the well ordering principle it has a least element. Let

n be the least positive integer such that g'=e.

Then
<g>={e g g ... g}
Therefore, o(g) = o(< g >) =n.

That is, o(g) is the least positive integer n such that g" = e.

=74|

Note If g € (G, +), then o(g) is the least positive integer n such that ng = e.

Now suppose g € G is of infinite order. Then, for m # 11. g™ # gn. (Because, if g™ = g", then
g™ = e, which shows that < g > is a finite group.) We will use this fact while proving
Theorem 5.

Theorem 4: Let G be a group and g € G be of order n. Then g™ = e for some m € N iff n | m.
Proof: We will first show that gm =e ! n (m.F or this consider thesetS={reZ | gr=e}.

Now, n € S. Also, if a, b € S, then g* = e = g". Hence, g** = ga (g")" = e. Therefore, a-b € S. Thus,
S<Z.

=7

Note So, from last unit, we see that S = nZ. Remember, n is the least positive integer
inS!

Now if g™ = e for some m € N, then m € S = nZ. Therefore, n / m.

Now let us show thatn | m = g™ =e. Since n | m, m = nt for some t E Z. Then g™ = g™ = (g")*
= e' = e. Hence, the theorem is proved.

We will now use Theorem 4 to prove a result about the orders of elements in a cyclic group.
Theorem 5: Let G = < g > be a cyclic group.
(@) If g is of infinite order then gm is also of infinite order for every m € Z.

(b) If o(g) =n, then

n

vm=1,..,n-1. ((nm)is the g.c.d. of nand m.)
n, m)

Proof: (a) An element is of infinite order iff all its powers are distinct. We know that all the
powers of g are distinct. We have to show that all the powers of g™ are distinct. If possible, let
(g™'=(g™)", Then g™ = g™, But then mt = mw, and hence, t = w. This shows that the powers of g™
are all distinct, and hence g™ is of infinite order.

(b)Sinceo(g)=n,G={e, g, ........ g"').<g™>, being a subgroup of G, must be of finite order. Thus,

g™ is of finite order. Let o(g™) = t. We will show that t =

(n,m)
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Now, g™ = (g™)'=e =n | tm, by Theorem 4.

Let d = (n, m). We can then write n = n,d, m = m,d, where (m,, n ) = 1.

Then n, =§=(n m)'

Now,n |tm=n |tmd=nd | tmd =n | tm,.

But (n, m)) = 1. Therefore,n [t . (1)
Also, (gm)m = gmidn = gt = (g™ = e™ = e.

Thus, by definition of o(gm) and Theorem 4, we have

tln. (2)
(1) and (2) show that

n
t=n, =
(n,m)
ie,o(g")= o
n, m)
. . Ty .12
Using this result we know that o (4)in Z,, is m =3.

Theorem 6: Every group of prime order is cyclic.

Proof: Let G be a group of prime order p. Since p#1, 3 a € G such thata # e. Theorem 4, o(a) | p.
Therefore, o(a) = 1 or o(a) = p. Since a # e, o(a) > 2.

Thus, o(a) = p, i.e.,, o(<a>) =p.So, <a>< Gsuch that o(<a >) = b(G). Therefore, <a>=G, thatis,
G is cyclic.

Using Theorems 3 and 6, we can immediately say that all the proper subgroups of a group of
order 35 are cyclic.

Now let us look at groups of composite order.

Theorem 7: If G is a finite group such that o(G) is neither 1 nor a prime, then G has nontrivial
proper subgroups.

Proof: If G is not cyclic, then any a € G, a # e, generates a proper non-trivial subgroup < a >.
Now, suppose G is cyclic, say C = < x >, where o(x) =mn (m, n = 1).

Then, (x™)* = x™ = e. Thus, by Theorem 4, o(x™) <n < o(G).

Thus <x™> is a proper non-trivial subgroup of G.

We first define the Euler phi-function, named after the Swiss mathematician Leonard Euler
(1707-1783).

Definition: We define the Euler phi-function ¢ : N — N as follows :
¢(1)=1 and

¢(n) = number of natural numbers < n and relatively prime to n, forn 2 2.
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For example, ¢(2) =Iand ¢(6) = 2 (since the only positive integers < 6 and relatively prime to 6 are Notes
1and 5).

We will now prove a lemma, which will be needed to prove the theorem that follows it. This
lemma also gives us examples of subgroups of Z,, for every n 2 2.

Lemma: Let G = G={reZ,(r,n)=1}, where n 2 2. Then (G,.) is a group, where r.s =
rs Vr,s € Zn. Further, o(G) = ¢ (n).

Proof: We first check that G is closed under multiplication.

Now, 1,5 € G=(rn=1land(s,n)=1=(rs,n)=1.

= rs e G. Therefore, is a binary operation on G.

1 € G, and is the identity.

Now, for any r G, (r,n)=1.
= ar+bn=1forsomea, beZ

=>n|ar-1

Further, a € G, because if a and n have a common factor other than 1; then this factor will ‘divide

ar + bn = 1. But that is not possible.
Thus, every element in G has an inverse.
Therefore, (G, .) is a group.

In fact, it is the group of the elements of Z, that have multiplicative inverses.

Since G consists of all those r € Z, such that r <nand (r, n) = I, o(G) = ¢(n).

Lemma and Lagrange’s theorem immediately give us the following result due to the
mathematicians Euler and Pierre Fermat.

Theorem 8 (Euler-Fermat): Let a € N and n > 2 such that (a,n) = 1.
Then,, a® =1 (mod n).
Proof:

1. Leonhard Euler published a proof in 1789. Using modern terminology, one may prove the
theorem as follows: the numbers a which are relatively prime to n form a group under
multiplication mod n, the group G of (multiplicative) units of the ring Z/nZ. This group
has ¢(n) elements. The element a : = a (mod n) is a member of the group G, and the order
o(a) of a (the least k > 0 such that a* = 1) must have a multiple equal to the size of G.
(The order of a is the size of the subgroup of G generated by a, and Lagrange’s theorem
states that the size of any subgroup of G divides the size of G.)

Thus for some integer M > 0, M- o(a) = ¢(n). Therefore, a®™ = a°@M = (a°@)M = 1M =1, This
means that a*” =1 (mod n).
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Another direct proof: If a is coprime to n, then multiplication by a permutes the residue
classes mod n that are co prime to n; in other words, (writing R for the set consisting of the
¢(n) different such classes) the sets { x : xin R } and { ax : x in R } are equal; therefore, the two
produdsover al of thedementsin each set areequal. Hence, P= a®"P (mod n) where P is
the product over all of the elements in the first set. Since P is coprime to n, it follows that
a' =1 (mod n).

Self Assessment

1.

If H is a subgroup of a group G, and let x € G then Hx = {Hx | h € H}. Thus Hx called as

(@) Leftcosetof His G (b) Right coset of His G
(c)  Subgroup of G (d) Cyclic group of G
IfHis oo , the alternating group on 3 symbols

(@) Al (b) A3

(0 A4 (d) A5

Every group of prime order is ..................

(@) normal (b) cyclic

(¢  subgroup (d) abelian
Two left cosets of a ... are disjoint or identical
(@) normal (b)  cyclic

(¢  subgroup (d) abelian
af® =1 (modn) wherea, n € N, (a, n) =1 and

(@ n=x=2 (b) n<2

(0 n=2 d n=2

4.3 Summary

58

The definition and examples of right and left cosets of a subgroup.

Two left (right) cosets of a subgroup are disjoint or identical.

Any subgroup partitions a group into disjoint left (or right) cosets of the subgroup.
The definition of the order of a group and the order of an element of a group.

The proof of Lagrange’s theorem, which slates that if H is a subgroup of a finite group G,
then o(G) = o(H) | G: H |. But, if m | o(G), then G need not have a subgroup of order.

The following consequences of Lagrange’s theorem:
Every group of prime order is cyclic.

a’ =1 (mod n), wherea,n € N, (a,n)=1andn > 2.
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4.4 Keywords Notes

Coset: Let H be a subgroup of a group G, and let x € G. We call the set Hx = {hx | h € H} aright
coset of Hin G.

Lagrange: Let H be a subgroup of a finite group G. Then o(G) =o(H) | G: H |. Thus, o(H) divides
o(G) and | G:H | divides o(G).

4.5 Review Questions

1. Obtain the left and right cosets of H = < (1 2) >in S,. Show that Hx # xH for some x € S,.
2. Show that K = {I, -1} is a subgroup of Q,. Obtain all its right cosets in Q,.

3. LetHbeasubgroup of a group G. Show that there is a one-to-one correspondence between
the elements of H and those of any right or left coset of H.

(Hint: Show that the mapping f : H — Hx : f(h) = hx is a bijection.)
4. Write Z as a union of disjoint cosets of 5Z.
5. Check that f is a bijection.

6. What are the orders of

@ (12es, (b) IeS,
0 1 _

© L 0} €Q, d 3ez,

) 1eR?

Answers: Self Assessment

4.6 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A
v 4L
Onlinelinks  www .jmilne.org/math/CourseNotes/
www.math.niu.edu

www.maths.tcd.ie/

archives.math.utk.edu
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5.6  Further Readings

Objectives

After studying this unit, you will be able to:
° Discuss the concept of normal subgroups

° Explain the Quotient group
Introduction

In earlier units, you have studied about the term subgroups and cosets. In this unit, we will
discuss a special class of subgroups known as normal subgroups. You will also come to know
about that the cosets of such a subgroup form a group with respect to a suitably defined operation.
These groups are called quotient groups. After discussing these concepts, we will also discuss
some examples related to this concept.

5.1 Normal Subgroups

In the last unit, you have studied about coset of a subgroup also introduced with a fact that left
coset aH, not be same as the right coset Ha.

But this fact is true for certain subgroup for which Ha and aH represented by the same element
coincide.

In group theory, these types of subgroup are very important and this type of a subgroup has a
special name. This subgroup is referred to normal subgroup.

Definition: A subgroup N of a group G is called a normal subgroup of Gif Nx=xN V x € G, and

we write thisas NA G.

For example, any group G has two normal subgroups, namely, {e} and G itself. Can you see
why? Well, {e}x = {x} = x{e}, for any x € G, and Gx =G =xG, for any x € G.
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Let us consider an example. Notes

' Example: Show that every “subgroup of Z is normal in Z.

Solution: As you know that if H is a subgroup of Z, then H = mZ, for some m € Z. Now, for any
zeZ,

H+z={..,-3m+z,-2m+z,-m+z,z, m+z,2m+z,.}
={.,z-3m,z-2m,z-m, z, z+m, z + 2m,} {since + is commutative)
=z+H.

HA Z

Above example is a special case of the fact that every subgroup of a commutative group is a
normal subgroup.

Let us now prove a result that gives equivalent conditions for a subgroup to be normal.
Theorem 1: Let H be a subgroup of a group G. The following statements are equivalent.

(@) Hisnormalin G.
(b) g'HgcHVgeG.
(0 g'Hg=HVgeG.

Proof: We will show that (a) = (b) = (c) = (a). This will show that the three statements are
equivalent.

(a) = (b) : Since (a) is true, Hg = gH V g E G. We want to prove (b). For this, consider
g'Hg for g E G. Let g'hg € g'Hg.

Since hg € Hg = gH, 3 h, € Hsuch thathg =gh ..

o g'hg=g'gh =h eH

.. (b) holds.

=7

Note g'Hg={g'hg | he H}

(b) = (c) : Now, we know that (b) holds, i.e., for g € G, g'Hg < H. We want to show
that H c g'Hg. Leth € H. Then
h =ehe = (g'g) h (g7g)
=g (ghg") 8
=g'{(g")"hg"} g = g'Hg, since (g")"hg" < (g7)" H(g") c H.
H c g'Hg.

g'Hg=H V geG.
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(c) = (a) : For any g € G, we know that g'Hg = H.
g(g'Hg) = gH, that a, Hg = gH.

H A G, thatis, (a) holds.

=74|

Note Ha = Hb < Hac =Hbc for any a, b, c € G.

We would like to make the following remark about Theorem 1.

Remark: Theorem 1 says that HA G <> g'Hg =H V g e G. This does not mean that

ghg=hVheHandgeG.

For example, you have shown that A, A S,. Therefore, by Theorem 1,

(12)'A,12)=A, But, (12)*(132) (12)#(132).Infact, itis (123).

Theorem 2: Every subgroup of a commutative group is normal.

Proof: Let G be an abelian group, and H<G. Forany g € Gand h € H, g'hg = (g'g)h =h EH.
g'Hg c H. Thus, H A G.

Theorem 2 says that if G is abelian, then all its subgroups are normal. Unfortunately, the converse
of this is not true. That is, there are non-commutative groups whose subgroups are all normal.
We will give you an example after doing Theorem 3. Let us first look at another example of a
normal subgroup.

' Example: Consider the Klein 4-group, K,, given in table below. Show that both its
subgroups < a > and < b > are normal.

x e a ab
e e a ab
e ab b
b b ab e a
ab ab b a e

Solution: Consider the table of the operation given in table. Note that a and b are of order 2.
Therefore, a = a® and b = b. Also note that ba = ab.

Now, let H=<a > = {e, a}. We will check that H A K, thatis, g'"hge HV ge K, and hEH.
Now, g'leg=eEH V gEK,.
Further, e'ae =a € H, a'aa=a € H, b'ab = bab =a € H and (ab)* a(ab)
=b" (a'aa)b =bab=a E H.
H A K,

By a similar proof we can show that <b > A K,
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In above Example, both <a > and < b > are of index 2 in K,. We have the following result about Notes
such subgroups.

Theorem 3: Every subgroup of a group G of index 2 is normal in G.

Proof: Let N < G such that | G: N | =2. Let the two right cosets of N be N and Nx, and the two
left cosets be N and yN.

Now,G=N U yN, and x € G. ~.xeNorxeyN.

Since N 1 Nx =¢, x ¢ N. s x € yN, xN =yN.

To show that N A G, we need to show that Nx = xN.

Now, forany n € N, nx € G=N U xN. Therefore, nx € N or nx € xN.
Butnx ¢ N, since x ¢ N. ~.onx € xN.

Thus, Nx < xN.

By a similar argument we can show that xN < Nx.
Nx=xN,and N A G.

We will use this theorem to show that, for any n > 2, the alternating group A, is a normal
subgroup of S .

In fact, if you go back b, you can see that A, A S, since Lagrange’s theorem implies that

o(S,) 4!
IS, A= = =<
o(A,) 12

Consider the quaternion group Q,, which we discussed earlier. It has the following 6 subgroups:
Ho= (I}, H,={I, -1}, H,=(I, -1, A, - A), H,={I, -1, B, - B},
H,={,-1,C -C),H,=Q,

You know that H, and H, are normal in Q,. Using Theorem 3, you can see that Hz, H, and H, are
normal in Q..

By actual multiplication you can see that
g'HgcH, VgeQ, .. H AQ,.
Therefore, all the subgroups of Q, are normal.

But, you know that Q, is non-abelian (for instance, AB = - BA).

So far we have given examples of normal subgroups. Let us look at an example of a subgroup
that isn’t normal.

Example: Show that the subgroup < (1 2) > of S, is not normal.
Solution: We have to find g € S, such that g'(12)g ¢ < (1 2) >.
Letus try g = (12 3).
Then, g'(12)g=(321) (12) (123)
=(321)(23)=(13)e<(12)>
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In earlier unit we proved thatif HI G and K<H, then KIG. Thatis, ‘<’ is a transitive relation. But

‘A’ is not a transitive relation. Thatis, if H A Nand N A G, it is not necessary that H A G.
Theorem 4: Let H and K be normal subgroups of a group G. ThenH N K A G:

Proof: From Theorem 4 of Unit 3, you know that H 1 K <G. We have to show that

g'xge HN KV xeH N Kand g € G.

Now, letx EH 1 Kand g€ G.Thenx e HandH A G. .. g'xg € H.

Similarly, g'xg € K. LgxgeHN K

Thus, HN K A G.

Example: Let G be the group generated by
{xy|x*=ey'=e xy=y'x}
LetH=<x>andK=<y>.
Then show that K A G,H X Gand G =HK.
Solution: Note that the elements of G are, of the form x' $, wherei=0,1andj=0,1,2,3
~G={e x, xy, xy% xy%, v, ¥ ¥}
o | G:K | =2. Thus, by Theorem 3, KA G.
Note that we can’t apply Theorem 2, since G is non-abelian (as xy = y'x and y # y").
Now letusseeif H A G.
Consider y'xy. Now y'xy = xy? because y'x = xy.
If xy? € H, then xy? = e or xy? = x. (Remember o(x) = 2, so that x* = x.)
Now, xy?=e=>y?=x1=x

=y =xy =y'x

=>yt=x

= e =X, a contradiction.
Again xy? = x = y* = e, a contradiction..

Yxy = xy? ¢ H, and hence, H X G.

Finally, from the definition of G you see that G = HK.

The group G is of order 8 and is called the dihedral group, D,. It is the group of symmetries of a
square, that is, its elements represent the different ways in which two copies of a square can be
placed so that one covers the other. A geometric interpretation of its generators is shown in
figure 5.1.

Take y to be a rotation of the Euclidean plane about the origin through g, and x the reflection

about the vertical axis.
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Figure 5.1: Geometric Representation of the Generators of D, Notes
Y Y YT _
2 3 1 2 2 1
* \'/ » ¥ . X >
0 X o X o X
1 4 4 3 3 4

We can generalise D, to the dihedral group

D, =<{xy|x*=e y"=e xy=y'x}> forn>2.

5.2 Quotient Groups

Here we will use a property of normal subgroups to create a new group. This group is analogous
to the concept of quotient spaces given in the Linear Algebra course.

Let H be a normal subgroup of a group G. Then gH = Hg for every g € G. Consider the collection
of all cosets of Hin G. (Note that since H A G, we need not write ‘left coset” or ‘right coset; simply
‘coset’ is enough.) We denote this set by G/H. Now, for x, y € H, we have

(Hx) (Hy)

H(xH)y, using associativity,

= HHxy, using normality of H,
= Hxy, since HH = H because H is a subgroup.
Now, we define the product of two cosets Hx and Hy and G/H by (Hx)(Hy) = Hxy for all x, y in G.

As this definition seems to depend on the way in which we represent a coset. Let us discuss this
in detail. Suppose C, and C, are two cosets, say C, = Hx and C, = Hy. Then C,C, = Hxy. But C, and
C, can be written in the form Hx and Hy in several ways. So, you may ask : Does C,C, depend on
the particular way of writing C, and C,?

In other words, if C, = Hx = Hx, and C, = Hy = Hy,, then is CC, = Hxy or is C,C, = Hx,y,?
Actually, we will show you that Hxy = Hx,y,, that is, the product of cosets is well-defined.

Since Hx = Hx, and Hy = Hy,, xx," e H, yy ;" € H.
Oy) O y)™" = () (v, %) = x (yy)) X
=x (yy,")x" (xx;") € H, since xx, e Hand HA G
ie:, (xy) (x,y,)" € H.
Hxy = Hxy,.
So, we have shown you that multiplication is a well-defined binary operation on G/H.
We will now show that (G/H,.) is a group.

Theorem 5: Let H be a normal subgroup of a group G and G/H denote the set of all cosets of H
in G. Then G/H becomes a group under multiplication defined by Hx . Hy = Hxy, x, y € G. The
coset H = He is the identity of G/H and the inverse of Hx is the coset Hx"
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Proof: We have already observed that the product of two cosets is a coset.
This multiplication is also associative, since
(Hx) (Hy)) (Hz) = (Hxy) (Hz)
= Hxyz, as the product in G is associative,
= Hx (y2)
= (Hx) (Hy2)
= (Hx) (Hy) (Hz)) for x,y,z € G.

Now, if e is the identity of G, then Hx, He = Hxe = Hx and He. Hx = Hex = Hx for every x € G.
Thus, He = H is the identity element of G/H.

Also, for any x € G, Hx Hx? = Hx x* = He = Hx"x = Hx".Hx.
Thus, the inverse of Hx is Hx™.

So, we have proved that G/H, the set of all cosets of a normal subgroup H in G, forms a group
with respect to the multiplication defined by Hx.Hy = Hxy. This group is called the quotient
group (or factor group) of G by H.

Note that the order of the quotient group G/H is the index of H in G. Thus, by Lagrange’s
theorem you know that if G is a finite group, then

o(G)

o(H)

o(G/H) =

Also note that if (G, +) is an abelian group and H < G, then H A G. Further, the operation on
G/His definedby (H+x) + (H+y)=H+ (x +y).

Let us look at a few examples of quotient groups.

' Example: Obtain the group G/H, where G=5,and H= A, ={I, (123), (13 2)}.
Solution: Firstly, note bat A, AS,, since [S,: A,| =2.

You know that G/H is a group of order 2 whose elements are H and (1 2) H.

' Example: Show that the group Z/nZ is of order n.
Solution: The elements of Z/nZ are of the forma+nZ ={a+kn | k € Z).

Thus, the elements of Z/nZ are precisely the congruence classes modulo n, that is, the elements
of Z .

Thus, Z/nZ = {6,1,5,....,n -1}.
s o(Z/nZ)=n.
Note that addition in Z/nZ is givena+b=a+b

Definition: Let G be a group and x, y € G. Then x'y™ xy is called the commutator of x and y. It is
denoted by [x, y].

The subgroup of G generated by the set of all commutators is called the commutator subgroup
of G. It is denoted by [G, G].
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For example, if G is a commutative group, then Notes

xlylxy =xIxyly=e V x,y e G. .. [G,G]={e}.

Theorem 6: Let G be a group. Then [G, G] is a normal subgroup of G. Further, G/[G, G] is
commutative.

Proof: We must show that, for any commutator x'y?xy and for any g € G, g (x'y-'xy)g € [G,G].
Now g(x"y-'xy)g = (87xg)" (g7ye)" ("xg) (87yg) € [G, G-
[G,G] A G
For the rest of the proof let us denote [G, G] by H, for convenience.
Now, forx,y € G,
HxHY =Hy Hx & Hxy = Hyx < (xy) (yx)' e H

Thus, since xy x'y* e H V x,y € G, HxHy = HyHx V x,y € G. That is, G/H is abelian.

=7

Note We have defined the quotient group G/H only if HA G. Butif H A G we can
still define G/H to be the set of all left (or right) cosets of H in G. But, in this case G/H will
not be a group.

Remark: If H is a subgroup of G, then the product of cosets of H is defined only when H A G.
This is because, if HxHy = Hxy V X, y € G, then, in particular,

Hx'Hx =Hx'x=He=H V x e G.
Therefore, any h € H, x’hx = ex’hx € Hx* Hx=H.
That is, X Hx ¢ H for any x E G.

HAG.

Self Assessment

1.  Every subgroup of a ................... group is a normal subgroup.
(a) associative (b) large
()  cyclic (d) commutative
2. g'Hg = .o, if h € H where H is a subgroup of G.
(@) g'hg (b) gh'g
© gh'g? (d) ghg
3. The group of G is of order ................... is called dihedral group.
(@ 6 (b) 7
(0 8 d 9
4. Every group of index ................... is normal.
(@) 4 (b) 5
(© 3 d 2
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5.

5.3 Summary

We discussed here:

The definition and examples of a normal subgroup.

Every subgroup of an abelian group is normal.

Every subgroup of index 2 is normal.

If H and K are normal subgroups of a group G, then sois H (1 K.

The product of two normal subgroups is a normal subgroup.

If HA N and N A G, then H need not be normal in G.

The definition and examples of it quotient group.

If G is abelian, then every quotient group of G is abelian. The converse is not true.
The quotient group corresponding to the commutator subgroup is commutative.

The set of left (or right) cosets of H in G is a group if and only if HA G.

5.4 Keywords

Normal Subgroup: A subgroup N of a group G is called a normal subgroup of 6 if Nx =xN V x

€ G, and we write thisas N A 6.

Dihedral Group, D,; 1t is the group of symmetries of a square, that is, its elements represent the

different ways in which two copies of a square can be placed so that one covers the other.

Quotient Group: If C, = Hx = Hx, and C, = Hy = Hy,, then is C/C, = Hxy or is C,C, = Hxy,?
Actually, we will show you that Hxy = Hx,y,, that is, the product of cosets is well-defined.

5.5 Review Questions

Show that A, A S..

Consider the subgroup SL,(R) = {A E GL,(R) | det(A) =1} of GL,(R). Using the facts that det

1
(AB) = det (A) det (B) and det (A™) = F(A)' prove that SL(R) A GL,(R).

Consider the group of all 2 x 2 diagonal matrices over R*, with respect to multiplication.

How many of its subgroups are normal.

Show that Z(G), the centre of G, is normal in G. (Remember that Z(G) = {x € G| xg =gx v
g < G)).

Show that <(2 3)> is not normal in S,.
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6. Prove thatif H A G and K< G, then HK < G. Notes

7. Prove thatif H A G,K A G, then HK A G.

Answers: Self Assessment

5.6 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A
Y.L,
Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu

www.maths.tcd.ie/

archives.math.utk.edu
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Objectives

After studying this unit, you will be able to:

° Explain the concept of homomorphism
° Describe Isomorphism
Introduction

In the last unit, you have studied about the normal groups and the concept of quotient group.
In this unit, we will discuss various properties of those functions between groups which preserve
the algebraic structure of their domain groups. These functions are called group
Homomorphisms. This term was introduced by the mathematician Klein in 1893. This concept
is analogous to the concept of a vector space homomorphism, as you studied in the earlier unit.
In this unit, you will also get an idea about a very important mathematical idea —isomorphism.

6.1 Homomorphisms

Let us start our study of functions from one group to another with an example.

Consider the groups (Z, f) and ({1, - 1},). If we define

1,if nis even

f:Z—{1,-1} by f(n) = {_1 if n is odd

then you can see that f(a + b) = f(a).f(b) V a, b € Z. What we have just seen is an example of a

homomorphism, a function that preserves the algebraic structure of its domain.

Definition: Let (G,, *) and (G,*,) be two groups. A mapping f : G, — G, is said to be a group

o1
homomorphism (or just a homomorphism), if

fx*y) =f() % £(y) vV x y € G,
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Note that a homomorphism f from G, to G, carries the product x *, y in G, to the product Notes
f(x) *, f(y) in G,.

Note The word ‘homomorphism’ is derived from two Greek words ‘homos’,
meaning ‘link’, and ‘morphe’, meaning ‘form’.

Let us define two sets related to a given homomorphism.

Definition: Let (G, *)) and (G,, *,) be two groups and f : G, - G, be a homomorphism. Then we
define

(i)  the image of f to be the set

Imf={f(x)1xeG,}.
(ii)  the kernel of f to be the set

Ker f = {x € G, | f(x) =e,}, where e, is the identity of G,.
Note that Im f ¢ G,, and Ker f = f' ({e,} = G,.

' Example: Consider the two groups (R, +) and (R*,.). Show that the map exp : (R, +) — (R*,.)
: exp(r) = e is a group homomorphism. Also find Im exp and Ker exp.

Solution: For any r, 1, € R, we know that e""* =e" .e®™.

. exp(r, + 1,) = exp(r,).exp(r,).

Hence, exp is a homomorphism from the additive group of real numbers to the multiplicative
group of non-zero real numbers.

Now, Imexp = {exp(r) | re R} ={e" | r e R},
Also, Kerexp={r e R | er=1} = {0}.

Note that examples takes the identity 0 of R to the identity 1 of R*. example also carries the
additive inverse - r of r. to the multiplicative inverse of exp (r).

' Example: Consider the groups (R, +) and (C, +) and define f: (C, +) - (R, +) by f(x +iy) =
x, the real part of x + iy. Show that f is a homomorphism. What are Im f and Ker f?

Solution: Take any two elements a + ib and ¢ + id in C. Then,
f((@a+ib) + (c+id)) =f((a+c) +i(b+ d)) =a +c=f(a +ib) + f(c + id)
Therefore, f is a group homomorphism.
Imf={f(x+iy) | x, ye R} ={x | xeR)=R.
So, f is a surjective function
Kerf={x+iyeC|f(x+iy)=0}={x+iye C | x=0}

={iy | y E R}, the set of purely imaginary numbers.

Note that f carries the additive identity of C to the additive identity of R and ( - z) to - f(z), for any
zeC.
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In Examples 1 and 2 we observed that the homomorphisms carried the identity to the identity
and the inverse to the inverse. In fact, these observations can be proved for any group
homomorphism.

Theorem 1: Let f ; (G, *) = (G,, *,) be a group homomorphism.
Then
(@) f(e) = e, where e, is the identity of G, and e, is the identity of G,.
(b) f(x") = [f(x)]" for all x in G,.
Proof: (a) Let x € G,. Then we have e, * 1x = x. Hence,
f(x) = £(
f(x) = e, *, f(x) in G,.
Thus, f(e,) *, f(x)= e, *, f(x).

e, * x) = f(e,) *, f(x), since f is a homomorphism. But

So, by the right cancellation law in G,, f(e,) =e,.

(b) Now, for any x € G, f(x) *, f(x™) = f(x *x7) = f(e,) = e,.
Similarly, f(x™) *, f(x) = e,.

Hence, f(x™) = [f(x)]" V xEG,.

Note that the converse of Theorem 1 is false. That s, if f : G, = G, is a function such that f(e ) = e,

and [f(x)]" = f(x") = f(x?) V x € G,, then f need not be a homomorphism. For example, consider
f:Z—Z:£0)=0and,

n+1vn>0
f(n) =
n-1vn<0
Since f(1 + 1) # f(1) + f(l), f is not a homomorphism. But f(e,) =e, and f(n) =-f(-n) V n € Z.

Let us look at a few more examples of homomorphisms now. We can get one important class of
homomorphisms from quotient groups.

' Example: Let H A G. Consider the map p : G - G/H : p(x) = Hx. Show that p is a
homomorphism. Also show that p is onto. What is Ker p?

Solution: For x, y € G, p(xy) = Hxy = Hx Hy = p(x) p(y). Therefore, p is a homomorphism.
Now, Imp ={p(x) (x € G} = (Hx | x € G} =G/H. Therefore, p is onto.
Kerp={xeG | p(x) =H). (Remember, H is the identity of G/H.)
=(xeG|Hx=H}
={x e G | x e H), by Theorem 1 of Unit 4.
=H.

In this example you can see that Ker p A G. You can also check that Theorem 1 is true here.

' Example: Let H be a subgroup of a group G. Show that the mapi: H—» G, i(h) =hisa
homomorphism. This function is called the inclusion map.
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Solution: Since i(h, h)) = h, h, =i(h))i(h,) V h, h, € H.iis a group homomorphism. Notes

Let us briefly look at the inclusion map in the context of symmetric groups. Consider two
natural numbers m and n, where m I n.

Then, we can consider S_<S_, where any ¢ € Sm, written as

1 2 .. M
, is considered to be the same as
o(1) o(2) ... o(m)
1 2 e M m+1 n S i O =k § r1<k<
5(1) o(2) ... o(m) m+1 n) €Svie o) =kform+1<k<n.

Then we can define an inclusion mapi:S_—S.

. 1 2 3 4
For example, underi:S, —> S, (1 2) goes to [2 1 4 4)'

We will now prove some results about homomorphisms. Henceforth, for convenience, we shall
drop the notation for the binary operation, and write a * b as ab.
Now let us look at the composition of two homomorphisms. Is it a homomorphism? Let us see.”

Theorem 2: If f : G, — G, and g : G, > G, are two group homomorphisms, then the composite
map g . f: G, - G, is also a group homomorphism.

Proof: Let x. y € G,. Then
g o f(xy) = g(f(x :y))

= g(f(x)f(y), since f is a homomorphism.

&
g(f(x)) g(f(g)), since g is a homomorphism.
g o f(x).g o f(y).

Thus g, f is a homomorphism.

Theorem 3: Let f : G, — G, be a group homomorphism. Then
(@) Ker f is a normal subgroup of G,.

(b) Imfis asubgroup of G,

Proof: (a) Since [(e,) = e,, e, € Ker f. ... Ker f # ¢.

Now, if x, y € Ker f, then f(x) = e, and f(y) = e
- fxy™) = £63) £(57Y) = £09 [F)] = e,

xy?! e Ker f.

e

Therefore, by Theorem 1 of Unit 3, Ker f <G,. Now, for any y € G, and x E Ker f,
f(y"'xy) = f(y") £09f(y)

= [f(y)]"e,f(y), since f(x) = e, and by Theorem 1

=e,.

2

Kerf A G,.
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(b) Im f # ¢, since f(e) E Im £.

Now, let x,, y, € Im f. Then 3x,, y, € G, such that f(x,) = x, and f(y,) = y,.
Xy, = £06) f(y,) = fx,y, ") € Tmf.
Imf<G,.

Using this result, we can immediately see that the set of purely imaginary numbers is a normal
subgroup of C.

Consider ¢ : (R, +) = (C*,.) ¢(x) = cos x + i sin x. We have seen that ¢(x + y) = ¢(X)d(y), thatis, pisa
group homomorphism. Now ¢(x) = 1 iff x = 2nn for some n € Z . Thus, by Theorem 3, Ker ¢ =
(2 mn | n € Z) is a normal subgroup of (R. +). Note that this is cyclic, and 2n is a generator.

Similarly, Im ¢ is a subgroup of C*. This consists of all the complex numbers with absolute value
1, i.e., the complex numbers on the circle with radius 1 unit and centre (0, 0).

You may have noticed that sometimes the kernel of a homomorphism is {e} and sometimes it is
a large subgroup. Does the size of the kernel indicate anything? We will prove that a
homomorphism is 1 - 1 iff its kernel is {e}.

Theorem 4: Let f : G, — G, be a group homomorphism. Then f is injective iff Ker f = {e }, where
e, is the identity element of the group G,.

Proof: Firstly, assume that f is injective. Let x € Ker f. Then f(x) =e,, i.e., f(x) = f(e ). Butfis 1 - 1.
LX=e,.

Thus, Kerf = {e,}.
Conversely, suppose Ker f = {e ]. Let x, y € G, such that
£(x) = £(y). Then f(xy") = (x) £(y")
= ) [E()]" = e,
xy™t e Ker f = {el}. oxyl=eandx=y.
This shows that f is injective.

So, by using Theorem 4, we can immediately say that any inclusion i : B - G is 1-1, since
Ker i = {e}.

Let us consider another example.

' Example: Consider the group T of translations of R%. We define amap ¢ : (R*+) — (T, o) by
4(a b)= fa/ .- Show that ¢ is an onto homomorphism, which is also 1-1.

Solution: For (a, b), (¢, d) in R*, we have seen that
frrna = fap 0 £

8((a, B) + (¢, d)) = d(a, b) 0 di(c, d).
Thus, ¢, is a homomorphism of groups.
Now, any element of T is -f(a, b). Therefore, ¢ is surjective. We now show that ¢ is also injective.
Let (R, b) € Ker ¢. Then $(a, b) = £,
ie., fa/ W= fo/o
= £,0,00=£ ,(0,0),
ie., (a,b) = (0, 0)
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. Ker ¢ ={1 (0, 0)} Notes
sogis1-1.

So we have proved that ! is a homomorphism, which is bijective.

And now let us look at a very useful property of a homomorphism that is surjective.

Theorem 5: Iff : G, — G, is an onto group homomorphism and S is a subset that generates G,
then f(S) generates G,.

Proof: We know that
G, =<5>={x"x,".x,™ | meN,x, €5, €Zforalli). We will show that

G,=<f(S)>

Tm
m  /

Let x € G,, Since f is surjective, there exists y € G, such that f(y) = x. Sincey € G,, y = x,"..x

for somem € N, wherexi e Sandrie Z,<1<i<m.
Thus, x =f(y) = f(xlr‘ ...xmr’")

= (f(x,))" ... (f(x,,))™, since f is a homomorphism.

= x € <f(S) >.since f(x,) € {(S) foreveryi=1,2, ...

1

Thus G, = <£(S) >.

So far you have seen examples of various kinds of homomorphisms-injective, surjective and
bijective. Let us now look at bijective homomorphism in particular.

6.2 Isomorphisms

Definition: Let G, and G, be two groups. A homomorphism f: G, — G, is called an isomorphism
if fis 1-1 and onto.

In this case we say that the group G, is isomorphic to the group G, or G, and G, are isomorphic.
We denote this fact by G, = G,.

An isomorphism of a group G onto itself is called an automorphism of G. For example, the
identity” function IG : G — G : [ (x) = x is an automorphism.

=74|

Note  The word ‘isomorphisms’ is derived from the Greek word ‘ISOS’ meaning
‘equal’.

Let us look at another example of an isomorphism.

a b
' Example: Consider the set G = {{—b a}

Then G is a group with respect to matrix addition.

a,beR}

a

Showthatf:G%C:fﬂ b

D =a +ib is an isomorphism.
a
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Solution: Let us first verify that f is a homomorphism. Now, for any two elements

aded'G
O e I Y

a b c d ¢ a+c b+d .
r[{_b a}+{—d CD: [—(b+d) a+Cjz(a+c)+1(b+d)

= (a+ib) + (c + id)

s ()

Therefore, f is a homomorphism.

a b . a b
Now, Ker f= f= b a a+ib=0}= b oA

Therefore, by Theorem 4, f is 1-1.

o3 )

Finally, since Im f = C. { is surjective
Therefore, f is an isomorphism.
We would like to make an important remark now.

Remark: If G, and G, are isomorphic groups, they must have the same algebraic structure and
satisfy the same algebraic properties. For example, any group isomorphic to a finite group must
be finite and of the same order. Thus, two isomorphic groups are algebraically indistinguishable
systems.

The following result is one of the consequences of isomorphic groups being algebraically alike
Theorem 6: If f : G —» H is a group isomorphism and Y € G, then <x >=<f (x)>,

Therefore.

(i)  if s is of finite order, then o(x) = o(f(s)).

(ii)  if x is of infinite order, so is f(x).

Proof: If we restrict f to any subgroup K of G, we have the function f | K ; K — f(K), Since f is
bijective, sc is its restriction f | k ; k = f(K) for any subgroup K of G. In particular, for any x € G,
<x>=f(<x>)=<f(x) >,

Now if x has finite order, then o(x) = o(< x >) = o(< f(x) >) = o(f(x)), proving (i)
To prove (ii) assume hat x is of infinite order. Then < x > is an infinite group.

Therefore, < f(x) > is an infinite group, and hence, f(x) is of infinite order. So, we have proved (ii).

' Example: Show that (R*,.) is not isomorphic to (C*,.).
Solution: Suppose they are isomorphic, and f : C* — R* is an isomorphism. Then

o(i) = o(f(i)), by Theorem 6, Now o(i) = 4. .. o(f(i)) = 4.
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However, the order of any real number different from #1 is infinite: and o(1) =1, o(-1) = 2. Notes

So we reach a contradiction. Therefore, our supposition must be wrong. That is, R* and C* are
not isomorphic.

You must have noticed that the definition of an isomorphism just says that the map is bijective,
i.e., the inverse map exists. It does not tell us any properties of the inverse. The next result does
s0.

Theorem 7:1If f : G, — G, is an isomorphism of groups, then f': G, - G, is also an isomorphism.

Proof: You know that f* is bijective. So, we only need to show that f* is a homomorphism. Let a’,
b’ e G,and a =f"' (a’), b =" (b"). Then f(a)= a” and f(b)=Db".

Therefore, f(ab) = f(a) f(b) = a’b’. On applying f?, we get
f1 (@'b’) =ab=£'(a’) f' (b"), Thus,

f1(@'b") =f' (@) f'(b’) foralla’, b" € G,.

Hence, {! is an isomorphism.

From Theorem 7 we can immediately say that

¢ T—>R: ¢'(f, ) = (a, b) is an isomorphism.

Theorem 7 says that if G = G,, then G, = G,. We will be using this result quite often.

6.3 Group Isomorphism

In abstract algebra, a group isomorphism is a function between two groups that sets up a one-to-
one correspondence between the elements of the groups in a way that respects the given group
operations. If there exists an isomorphism between two groups, then the groups are called
isomorphic. From the standpoint of group theory, isomorphic groups have the same properties
and need not be distinguished.

Definition and Notation

Given two groups (G, *) and (H, ©), a group isomorphism from (G, *) to (H, ©) is a bijective
group homomorphism from G to H. Spelled out, this means that a group isomorphism is a
bijective function f : G — H such that for all u and v in G it holds that

flu*v)=£(u) O £(v).
The two groups (G, *) and (H, ©) are isomorphic if an isomorphism exists. This is written:
G "=H 0)

Often shorter and more simple notations can be used. Often there is no ambiguity about the
group operation, and it can be omitted:

GzH

Sometimes one can even simply write G = H. Whether such a notation is possible without
confusion or ambiguity depends on context. For example, the equals sign is not very suitable
when the groups are both subgroups of the same group.

Conversely, given a group (G, *), a set H, and a bijection f : G — H, we can make H a group
(H, ©) by defining

f(u) © f(v)=fu*v).

If H=Gand © =* then the bijection is an automorphism (q.v.)

LOVELY PROFESSIONAL UNIVERSITY 77



Abstract Algebra

78

Notes

Intuitively, group theorists view two isomorphic groups as follows: For every element g of a
group G, there exists an element h of H such that h ‘behaves in the same way’ as g (operates with
other elements of the group in the same way as g). For instance, if g generates G, then so does h.
This implies in particular that G and H are in bijective correspondence. So the definition of an
isomorphism is quite natural.

An isomorphism of groups may equivalently be defined as an invertible morphism in the
category of groups, where invertible here means has a two-sided inverse.

Examples:

1. The group of all real numbers with addition, (R, +), is isomorphic to the group of all
positive real numbers with multiplication (R*, x):

(R, +) R+, )
via the isomorphism
f(x) = e~
(see exponential function).

2. The group Z of integers (with addition) is a subgroup of R, and the factor group R/Z is
isomorphic to the group S' of complex numbers of absolute value 1 (with multiplication):

R/Z =S
An isomorphism is given by
f(x + Z) = e*™
for every x in R.

3. The Klein four-group is isomorphic to the direct product of two copies of Z, = Z/27
(see modular arithmetic), and can therefore be written Z, x Z,. Another notation is Dih,,
because it is a dihedral group.

4.  Generalizing this, for all odd n, Dih,_is isomorphic with the direct product of Dih_and Z,.

5. If (G, *) is an infinite cyclic group, then (G, *) is isomorphic to the integers (with the
addition operation). From an algebraic point of view, this means that the set of all integers
(with the addition operation) is the ‘only” infinite cyclic group.

Some groups can be proven to be isomorphic, relying on the axiom of choice, but the proof does
not indicate how to construct a concrete isomorphism.

1.  The group (R, +) is isomorphic to the group (C, +) of all complex numbers with addition.

2. The group (C’, ) of non-zero complex numbers with multiplication as operation is
isomorphic to the group S' mentioned above.

Properties

° The kernel of an isomorphism from (G, *) to (H, ©), is always {e_} where e is the identity
of the group (G, *)

. If (G, *) is isomorphic to (H, ©), and if G is abelian then so is H.

° If (G, *) is a group that is isomorphic to (H, O ) [where f is the isomorphism], then if a
belongs to G and has order n, then so does f(a).
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e  If (G, *) is a locally finite group that is isomorphic to (H, ©), then (H, ©) is also locally Notes
finite.

° We also go through that “group properties” are always preserved by isomorphisms.

Cyclic Groups

All cyclic groups of a given order are isomorphic to (Z , +).

Let G be a cyclic group and n be the order of G. G is then the group generated by < x > = {ex,...,
x"-1}, We will show that
G=(Z,+)
Define
¢:G—>7Z ={0,1,.,n -1}, so that ¢(x°) = a. Clearly, ¢ is bijective.
Then

OO . xP) = o(x**) =a + b =¢(x*) + ¢(x*) which proves that G=Z , +n.
Consequences
From the definition, it follows that any isomorphism f : G — H will map the identity element of
G to the identity element of H,
fle)) =e,

that it will map inverses to inverses,
f(u™) = [f(W)]”
and more generally, nth powers to nth powers,
f(u") = [f(w)]"
for all uin G, and that the inverse map f* : H —» G is also a group isomorphism.

The relation “being isomorphic” satisfies all the axioms of an equivalence relation. If f is an
isomorphism between two groups G and H, then everything that is true about G that is only
related to the group structure can be translated via f into a true ditto statement about H, and vice
versa.

Self Assessment

1. Let H be a subgroup of a Group G. Then H— G, i(h) = h is a homomorphism. This function
is called the .................
(a)  inclusion map (b) normal function
(¢)  cyclic (d) abelian

2. gof (x,y) is equal to:

(@)  gof(x) - gof(y) (b)  gof(x) + gof(y)
(©  gof(x) . gof(y”) (d)  gof(x) . gof(y”)
3.  Letf:G, - G, be a group homomorphism thus her fis a ................ of G.
(@) subgroup (b) normal
() cyclic (d) abelian
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6.4 Summary

We have discussed here:

The definition and example of a group homomorphism.

Let f: G, = G, be a group homomorphism. Then f(e,) = e,

()" = f(x"), Imf <G, Ker f A G,.

A homomorphism is 1-1 iff its kernel is the trivial subgroup.

The definition and examples of a group isomorphism.

Two groups are isomorphic iff they have exactly the same algebraic structure.

The composition of group homomorphisms (isomorphisms) is a group homomorphism
(isomorphism).

6.5 Keywords

Homomorphism: Homomorphism is derived from two Greek words ‘homos’, meaning ‘link’,
and ‘morphe’, meaning ‘form’.

Inclusion Map: Let H be a subgroup of a group G. Show that the mapi: H— G, i(h) =hisa
homomorphism. This function is called the inclusion map.

6.6 Review Questions

1.

Show thatf: (R*.) = (R, 4) : f(x) = inx, the natural logarithm of x, is a group homomorphism.
Find Ker f and Im f also.

Isf: (GL,(R),) = (w*,.) : f(A) = det(A) a homomorphism? If so, obtain Ker f and Im f.

Define the natural homomorphism p from S, to S,/A,. Does (1 2) E Ker p? Does (1 2) E
Im p?

LetS=[zeC]| |z| =1}

Definef: (R, +) = (S,.) L f(x) = e™, where n is a fixed positive integer. Is f a homomorphism?
If so find Ker f.

Answers: Self Assessment

6.7 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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A

Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Unit 7: Homomorphism Theorem

CONTENTS

Objectives

Introduction

7.1 Fundamental Theorem of Homomorphism
7.2 Automorphisms

7.3  Summary

74 Keywords

7.5 Review Questions

7.6 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss fundamental theorem of homomorphism
° Explain the concept of automorphism
Introduction

After understanding the concept of isomorphisms. Let us prove some result about the relationship
between homomorphisms and quotient groups. The first result is the Fundamental Theorem of
Homomorphism for groups. It is called ‘fundamental” because a lot of group theory depends
upon this result. This result is also called the first isomorphism theorem.

7.1 Fundamental Theorem of Homomorphism

Theorem 1 (Fundamental Theorem of Homomorphism): Let G, and G, be two groups and f : G,
— G, be a group homomorphism. Then

G,/Ker f =Im f.

In particular, if f is onto, then G, /Ker f = G,.

Proof: Let Ker f = H. Note that H A G,. Let us define the function
v:G,/H—Imf:y (Hx) = f(x).

At first glance it seems that the definition of y depends on the coset representative. But we
will show that if x, y € G, such that Hx = Hy, then y (Hx) = y (Hy). This will prove that y is a
well-defined function.

Now, Hx = Hy = xy™ € H = Ker f = f(xy™) = e,, the identity of G,.
= fE)] = e* = £(x) = £(y).
= y(H) = y(HY).
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Therefore, y is a well-defined function, Notes
Now, let us check that y is a homomorphism. For Hx, Hy € G,/H,
v(Hx)(Hy)) = w(Hxy)
= f(xy)
= f(x) f(y), since f is a homomorphism.
= y(H) y(HY)
Therefore, y is a group homomorphism.
Next, let us see whether v is bijective or not.
Now, y(Hx) = y(Hy) for Hx, HY in G,/H
= £(x) = £(y)
= f(x) [f(y)I" = e,
= f(xy) =e,
= xy' e Ker f=H.
= Hx=Hy
Thus, vy, is 1-1.
Also, any element of Im f is f(x) = y(Hx), where x € G,.
S Imy =Imf.
So, we have proved that v is bijective, and hence, an isomorphism. Thus, G1/Ker f = Im f.
Now, if f is surjective, Im f = G,. Thus, in this case G, /Ker f = G,.

The situation in Theorem 1 can be shown in the following diagram.

G pInf G,

G/Kerf ~

Here, p is the natural homomorphism.

The diagram says that if you first apply p, and then vy, to the elements of G,, it is the same as
applying f to them. That is,

\Vopzf.

Also, note that Theorem 1 says that two elements of G, have the same image under f iff they
belong to the same coset of Ker f.

Let us look at a few examples.

One of the simplest situations we can consider is I, : G = G. On applying Theorem 1 here, we see
that G/{e} = G. We will be using this identification of G/{e) and G quite often.

' Example: Prove that C/R =R.
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Solution: Define f : C — R: f(a + ib) = b. Then f is a homomorphism, Ker f = R and Im f = R.
Therefore, on applying Theorem 1 we see that C/R = R.

. 1,if nis even
Example: Consider f : Z — ({1,-1),.) : f(n)= 1 if nis odd
—1,if nis odd.

At the beginning, you saw that f is a homomorphism. Obtain Ker f and Im f. What does Theorem
1 say in this case?

Solution: Let Z_and Z  denote the set of even and odd integers, respectively. Then

Kerf=fneZ | fn)=1}=2,

Imf={fn) | neZ)={1,-1}

Thus, by Theorem1, Z/Z,={1,-1}.

This also tells us that o(Z/Z ) = 2. The two cosets of Z in Z are Z_ and *.
{(Z2,Z,}={1,-1}.

' Example: Show that GL (R)/SL,(R) = R*, where SL(R) = {A € GL,(R) | det (A) =1},
Solution: We know that the function

f: GL,(R) = R*: f(A) = der(A) is a homomorphism. Now, Ker f = SL,(R).
10
Also, Im f = R*, since any r € R* can be written as det H 0 1D

Thus, using Theorem 1, GL,(R)/SL,(R) = R*.

Now-we will use the Fundamental Theorem of Homomorphism to prove a very important
result which classifies all cyclic groups.

Theorem 2: Any cyclic group is isomorphic to (Z, +) or (Z , +).
Proof: Let G = < x > be a cyclic group. Define

f:Z - G:f(n)=x".

f is a homomorphism because

f(n + m) =x™™ = x". x™ = f(n) f(m).

Also note that Im f = G.

Now, we have two possibilities for Ker I — Ker f = {0) or Ker f = {0}.

Case 1 (Ker f = {0)): In this case f is 1-1. Therefore, f is an isomorphism. Therefore, by Theorem 7
of unit 6, f-1 is an isomorphism. That is, G = (Z, +).

Case 2 (Ker f # {0)): Since Ker f < Z, we know that Ker f = nZ, for some n € N. Therefore, by the
Fundamental Theorem of Homomorphism, Z/nZ = G.

. G=Z/nZ=(Z,+).

Over here note that since < x > =Z, o(x) = n. So, a finite cyclic group is isomorphic to Z , where
n is the order of the group.

Theorem 3: If H and K are subgroups of a group G, with K normal in G, then H/(H N K) =
(HK)/K.
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Proof: We must first verify that the quotient groups H/(H N K) and (HK)/K are well defined. Notes
You know that HN K A H. You know that HK < G. Again, you know that KA HK. Thus, the
given quotient groups are meaningful.

Now, what we want to do is to find an onto homomorphism f : H — (HK)/K with kernel H K.
Then we can apply the Fundamental Theorem of Homomorphism and get the result. We define
f:H— (HK)/K: f(h) = hK.

Now, for x, y € H,

fxy) = xyK = (xK) (yK) = £(<) £(y).

Therefore, f is a homomorphism.

We will show that Im f = (HK)/K. Now, take any element hK € Im f. Since h € H, h ¢ HK
- hK e (HK)/K. .. Im f ¢ (HK)/K. On the other hand, any element of (HK)/K is
hkK = hK, since k € K.

s hkK e Im f. (HK)/K c Im {.

- Imf = (HK)/K.

Finally, Kerf={h e H | f(h)=K}={h e HhK=K}

={heH | he K}

=HNK.

Thus, on applying the Fundamental Theorem, we get H / (HN K) = (HK) / K
We would like to make a remark here.

Remark: If H and K are subgroups of (G.+ ), then Theorem 3 says that
H+K)/K=H/HNK

Theorem 4: Let H and K be normal subgroups of a group G such that K ¢ H. Then (G/K)/(H/K)
=G/H.

Proof: We will define a homomorphism from G/K onto G/H, whose kernel will turn out to be
H/K.

Consider f : G/K - G/H : f(Kx) = Hx. f is well-defined because Kx = Ky tor x, y € G
=xy' e KcH=xy' e H = Hx =Hy = (Kx) ={(Ky)

7.2 Automorphisms

Let us start discussing the concept of automorphism
Let G be a group. Consider
AutG={f:G— G | fis an isomorphism }.

You have already seen that the identity map I, € Aut G. You know that Aut G is closed under the
binary operation of composition. Iff E Aut G, then f* € Aut G. We summarise this discussion in
the following theorem.

An isomorphism from a group (G,*) to itself is called an Automorphisms of this group. Thus it
is a bijection f : G — G such that

f(u) * £(v) = f(u * v).
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An automorphism always maps the identity to itself. The image under an automorphism of a
conjugacy class is always a conjugacy class (the same or another). The image of an element has
the same order as that element.

The composition of two automorphisms is again an automorphism, and with this operation the
set of all automorphisms of a group G, denoted by Aut(G), forms itself a group, the automorphism
group of G.

For all Abelian groups there is at least the automorphism that replaces the group elements by
their inverses. However, in groups where all elements are equal to their inverse this is the
trivial automorphism, e.g. in the Klein four-group. For that group all permutations of the three
non-identity elements are automorphisms, so the automorphism group is isomorphic to S, and
Dih,.

In Z for a prime number p, one non-identity element can be replaced by any other, with
corresponding changes in the other elements. The Automorphisms group is isomorphic to
Z, _,. For example, for n =7, multiplying all elements of Z, by 3, modulo 7, is an automorphism
of order 6 in the automorphism group, because 3° = 1 (modulo 7), while lower powers do not
give 1. Thus this automorphism generates Z . There is one more automorphism with this property:
multiplying all elements of Z by 5, modulo 7. Therefore, these two correspond to the elements
1and 5 of Z,, in that order or conversely.

The automorphism group of Z, is isomorphic to Z,, because only each of the two elements 1 and
5 generate Z,, so apart from the identity we can only interchange these.

The automorphism group of Z, x Z, x Z, = Dih, x Z, has order 168, as can be found as follows.
All 7 non-identity elements play the same role, so we can choose which plays the role of (1,0,0).
Any of the remaining 6 can be chosen to play the role of (0, 1, 0). This determines which
corresponds to (1, 1, 0). For (0, 0, 1) we can choose from 4, which determines the rest. Thus we
have 7 x 6 x 4 =168 automorphisms. They correspond to those of the Fano plane, of which the 7
points correspond to the 7 non-identity elements. The lines connecting three points correspond
to the group operation: a, b, and c on one line meansa +b=c,a+c=b, and b + ¢ = a. See also
general linear group over finite fields.

For Abelian groups all automorphisms except the trivial one are called outer automorphisms.

Non-Abelian groups have a non-trivial inner automorphism group, and possibly also outer
Automorphisms.

Theorem 5: Let G be a group. Then Aut G, the set of automorphisms of G, is a group.

Let us look at an example of Aut G.

' Example: Show that AutZ=7.

Solution: Let f : Z — Z be an automorphism. Let £(1) = n. We will show thatn=1

or - 1. Since f is onto and 1 € Z , 3 m € Zsuch that f(m) =1, i.e., mf(l)=l, ie., m=1.
~n=lorn=-1

Thus, there are only two elements in Aut Z, I and -1.

SoAutZ=<-1>=27,

Now given an element of a group G. We will define an automorphism of G corresponding to it.
Consider a fixed element g € G. Define

f:G>G:f(x)=gxg"
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We will show that £, is an automorphism of G. Notes
(i) f, is a homomorphism : If x, y € G, then
f(xy) = g(xy) g"
= gx(e) yg', where e is the identity of G.
= gx(g'g) vg’
= (gxg") (gys)
= £,(x) f(dy).
(if) f is1-1:Forx,y € G, f,(x) =f(y) = gxg' = gyg"' = x =y, by the cancellation laws in G.
(iii) f isonto:Ify € G, then
Y= (gg")y(sg™)
= (8"yg)s’
=f(g'yg) € Imf_.
Thus, {, is an automorphism of G.

Definition: f_is called an inner automorphism of G induced by the element g in G. The subset of
Aut G consisting of all inner automorphism of G is denoted by Inn G.

For example, Let us compute f (1). f (13) and f (1 2 3), where g = (1 2). Note that g* = (12) = g.
Now,fg(1)=galog'1= ,
£(13)=(12)(13)(12)=(23).
£(123)=(12)(123)(12)=(132).
Theorem 6: Let G be a group. Then Inn G is a normal subgroup of Aut G. i
Proof: Inn G is non-empty, because I, = f_ € Inn G, where e is the identity in G.
Now, let us see if f, o fh € Inn G for g, h € G.
Foranyxe G, f .f (x)= fg(hxh")
= g(hxh!) g
= (gh)x (gh)"
= fgh(x)
Thus, f, =1, of, ie, Inn G is closed under composition. Also f =1, belongs to Inn G.
Now, for fg € Inn G, 3 fg! € Inn G such that
fg o f; = fgg‘1 =f =1 Similarly, fg_]o fg =1
Thus, f ' = (f)". That is every element of Inn G has an inverse in Inn G.

This proves that Inn G is a subgroup of Aut G.

Now, to prove that Inn A AutG, let ¢ € Aut Gand fg € Inn G. Then, for any x € G
§1 % £ X 60 = 7 < £, ()

=47 (50(0)g7)

=47 () ¢"(6(9) ¢7(8")
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=" (g) x[¢" ()"
= f,1(4(x). (Note that ¢-1(g) € G.)

¢”0fg0¢= f¢,‘(g) elhnGV ¢eAutGandfgeInnG.

L InnG A AutG.

Now we will prove an interesting result which relates the cosets of the centre of a group G to
Inn G. Recall that the centre of G, Z(G) = {x e G | xg=gx V ge G }.

Theorem 7: Let G be a group. Then G/Z(G) = Inn G.

Proof: As usual, we will use the powerful Fundamental Theorem of Homomorphism to prove
this result.

We define f: G —> Aut G : f(g) =f_.

Firstly, f is a homomorphism because for g, h € G,

f(gh) =1,

=1, of, (sec proof of Theorem 13)
= [(g) o f(h).

Next, ImF=(f,1geG)=InnG.

Finally, Ker f=(geG | f,=1_}
={geG[f(x)=xV xeG}
={geG|gxg'=xV x €G}
={geG|gx=xg VxeG}
=Z(G).

Therefore, by the Fundamental Theorem,

G/Z(G)=InnG.

Self Assessment

1.  Anisomorphism of a group G itself is called as an ................. of G.
(@) Homomorphism (b) automorphism
(¢) Herf (d) one-to-one function
2. The word isomorphisms is derived from Greek word ISOS meaning .................
(@) equal (b) unequal
(c)  Dijective (d) subjective

7.3 Summary

° The proof of the Fundamental Theorem of Homomorphism, which says thatif f: G, —» G,
is a group homomorphism, then G,/Ker f = Im f,
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° Any infinite cyclic group is isomorphic to (Z, +). Any finite cyclic group of order n is Notes
isomorphic to ( Z, +).

° Let G be a group, H<G, K A G. Then H/(H N K) = HK)/K.
° LetGbeagroup, H A G, K A G, KcH, Then (G/K)/(H/K)=G/H.

° The set of automorphism of a group G, Aut G, is a group with respect to the composition
of functions.

° InnG A AutG, for any group G.

) G/Z(G) = Inn G, for any group G.

7.4 Keywords

Group Homomorphism: Iff : G, - G, and g : G, —» G, are two group homomorphisms, then the
composite map g . f: G, = G, is also a group homomorphism.

Isomorphisms: Let G, and G, be two groups. A homomorphism f : G, - G, is called an
isomorphism if f is 1-1 and onto.

7.5 Review Questions

1.  Let G be a group and H A G. Show that there exists a group G, and a homomorphism
f: G — G, such that Ker f = H.

2. Show that the homomorphic image of a cyclic group is cyclici.e., if G is a cyclic group and
f: G — G’ is a homomorphism, then f(G) is cyclic.

3. Show that Z = nZ, for a fixed integer n,
(Hint: Consider £ : (Z, +) - (nZ, +) : (k) = nk)

4. Isf:Z—> Z:f(x) =0ahomomorphism? An isomorphism?

Answers: Self Assessment

7.6 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A
Y.L,
Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu

www.maths.tcd.ie/

archives.math.utk.edu
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Unit 8: Permutation Groups
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8.2 Cyclic Decomposition
8.3  Alternating Group
8.4 Cayley’s Theorem

85 Summary

8.6 Keywords

8.7 Review Questions

8.8  Further Readings

Objectives

After studying this unit, you will be able to:

. Discuss the concept of permutation group
. Explain the symmetric group

. Describe the cyclic decomposition

° Prove and use Cayley’s Theorem
Introduction

In earlier classes, you have studied about the symmetric group. As you have often seen in
previous units, the symmetric groups S, as well as its subgroups, have provided us a lot of
examples. The symmetric groups and their subgroups are called permutation groups. It was the
study of permutation groups and groups of transformations that gave the foundation to group
theory. In this unit, we will prove a result by the mathematician Cayley, which says that every
group is isomorphic to permutations group. This result is what makes permutation groups so
important.

8.1 Symmetric Group

In earlier units, you have studied that a permutation on n non-empty set X is a bijective function
from X onto X. We denote the set of all permutations on X by S(X).

Suppose X is a finite set having n elements. For simplicity, we take these elements to be
1,2,...,n. Then, we denote the set of all permutations on these n symbols by S .
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We represent any f € S_in n 2-line form as

‘ 1 2 .. n

B [f(l) f2) .. f(n)]'

Now, there are n possibilities for f(I), namely, 1, 2, . . ., n. Once (1) has been specified, there are
., n} \ {f(1)}. This is because f is 1-1. Thus, there are
n(n - 1) choices for f(1) and f(2). Continuing in this manner, we see that there are n! different
ways in which f can be defined. Therefore, S, has n! element.

(n - 1) possibilities for f(2), namely, {1, 2, . .

Now, let us discuss at the algebraic structure of S5(X), for any set X. The composition of
permutations is a binary operation on S(X). To help you regain practice in computing the
composition of permutations, consider an example.

Lo (1238 (1234
T2 41 39874 1 3 )¢

Then, to get fog we first apply g and then apply f.

fog(l) =f(g(1)) =£(4) =3
fog(2)=1f(g(2) f(1) =2
fog () =1£(g(3)=13) =1
fog(4)=1f(g(4) =£(2) =4

We show this process diagrammatically in Figure 8.1.

Figure 8.1: 1234)0(142)in§,
[ - fog f = ]
[ : U 1
1 : = ' 1
2 2
3 3
4 4

Now, let us go back to S(X), for any set k.

Theorem 1: Let X be a non-empty set. Then the system (S(X), 0 ) forms a group, called the
symmetric group of X.

Thus, S_is a group of order n!. We call S, the symmetric group of degree n. Note thatif f € S , then

pi_(f) Q) e )
_[ 1 2 .. n ]
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Remark: From now we will refer to the composition of permutations as multiplication of
permutations. We will also drop the composition sign. Thus, we will write f o g as fg.

The two-line notation that we have used for a permutation is rather cumbersome. In the next
section we will see how to use a shorter notation.

8.2 Cyclic Decomposition

Let us first discuss what a cycle is.

2 4
Consider the permutation f = [1 2) . Choose any one of the symbols say 1.

Now, we write down a left hand bracket followed by I : 1
Since f maps 1 to 3, we write 3 after 1 : 13
Since f maps 3 to 4, we write 4 after 3 : (134
Since f maps 4 to 2, we write 2 after 4 : (1342

Since f maps 2 to 1 (the symbol we started with),
we close the brackets after the symbol (1342

Thus, we write f = (1 3 4 2). This means that f maps each symbol to the symbol on its right, except
for the final symbol in the brackets, which is mapped to the first.

If we had chosen 3 as our starting symbol we would have obtained the expression (3 4 2 1) for f.
However, this means exactly the same as (1 3 4 2), because both denote the permutation which
we have represented diagrammatically in Figure 8.2.

Figure 8.2: (1 3 4 2)

1 > 3

2 < 4

Such a permutation is called a 4-cycle, or a cycle of length 4. Figure 8.2 can give you an indication
as to why we give this name.

Let us give a definition now.

Definition: A permutation f € S, is called an r-cycle (or cycle of length r) if there are r distinct
integers i, i, i, . .., i, lying between 1 and n such that

f(i,) =i, f(i) =i, ..... () =i, £) = i..
and f(k) =k V k g {i, i,,...,1).

Then, we write f = (i,1,..... i).
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In particular, 2-cycles are called transpositions. For example, the permutation f = (23) € S, is a Notes
transposition. Here f(1) = 1, £(2) =3 and £(3) = 2.

Later you will see that transpositions play a very important role in the theory of permutations.

12 .. n
Now consider any 1-cycle (i) in S,. It is simply the identity permutation I = [1 5 j, since
v D

it maps i to i and the other (n - 1) symbols to themselves.

Let us see some examples of cycles in S, (1 2 3) is the 3-cycle that takes 1 to 2, 2to 3 and 3 to 1. There
are also 3 transpositions in S,, namely, (1 2), (1 3) and (2 3).

Now, can we express any permutation as a cycle? No. Consider the following example from S,.
Let g be the permutation defined by

(12345
873 5 41 2f
If we start with the symbol 1 and apply the procedure for obtaining a cycle to g, we obtain
(1 3 4) after three steps, Because, g maps 4 to 1, we close the brackets, even though we have not
yet written down all the symbols. Now we simply choose another symbol that has not appeared

so far, say 2, and start the procedure of writing a cycle again. Thus, we obtain another cycle (2 5).
Now, all the symbols are exhausted.

g=(134)(25).

We call this expression for g a product of a 3-cycle and a transposition. In Figure 8.3 we represent
g by a diagram which shows the 3-cycle and the 2-cycle clearly.

Figure 8.3: (1 3 4) (2 5)

1 : < 4

Because of the arbitrary choice of symbol at the beginning of each cycle, there are many ways of
expressing g. For example,

g=(413)(25)=(25)(134)=(52) (341).

That is, we can write the product of the separate cycles in any order, and the choice of the starting
element within each cycle is arbitrary.

So, you see that g can’t be written as a cycle; it is a product of disjoint cycles.

Definition: We call two cycle disjoint if they have no symbol in common. Thus, disjoint cycles
move disjoint sets of elements, (Note that f ! S,, moves a symbol i if f(i) # i. We say that f fixes
iif f(i) =1.)

So, for example, the cycles (12) and (3 4) in S, are disjoint. But (1 2) and (1 4) are not disjoint, since
they both move 1.
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Note that if f and g are disjoint, then fg=-gf, since f and g move disjoint sets of symbols.

Now let us examine one more example. Let h be the permutation in S; defined by
1 2 3 45

h= .
4 2 351

Following our previous rules, we obtain

h=(145)(2) 3),

because each of the symbols 2 and 3 is left unchanged by h. By convention, we don’t include the
1-cycles (2) and (3) in the expression for h unless we wish to emphasize them, since they just
represent the identity permutation. Thus, we simply write h = (1 4 5).

The same process that we have just used is true for any cycle. That is, any r-cycle (i, i, . . . .. i)can
be written as (i, i) (i,1) ... .. (i, i,), a product of transpositions.

Now we will use Theorem 2 to state a result which shows why transpositions are so important
in the theory of permutations.

Theorem 2: Every permutation in S_(n > 2) can be written as a product of transpositions.

Proof: The proof is really very simple. By Theorem 1 every permutation, apart from I, is a
product of disjoint cycles. Also, you have just seen that every cycle is a product of transpositions.
Hence, every permutation, apart from I, is a product of transpositions.

Also, I =(12) (1 2). Thus, Lis also a product of transpositions. So, the theorem is proved.

Let us see how Theorem 3 works in practice. This is the same as (1 4) (1 2) (1 3) (1 5).

1 2 3 456
36 4125

Similarly, the permutation (

= (134)(265)=(14) (13) (25) (26).

The decomposition given in Theorem 3 leads us to a subgroup of S_ that we will now discuss.

8.3 Alternating Group

You have seen that a permutation in S_can be written as a product of transpositions. But all such
representations have one thing in common - if a permutation in S_is the product of an odd
number of transpositions in one such representation, then it will be a product of an odd number
of transpositions in any such representation. Similarly, if f € S_is a product of an even number
of transpositions in one representation, then f is a product of an even number of transpositions
in any such representation. To see this fact we need the concept of the signature or sign function.

Definition: The signature of f € S, (n > 2) is defined to be

sign f= H@

For example, for f = (123) € S,,

f(2) - £(1) £3)-f(1) fG3)-£(2)
2-1 ° 3-1 ~ 3-2

sign f =
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2[3—2j(1—2j(1—3j_1
1 2 1 '
Similarly, iff = (1 2) € S,, then

f(2)
2

_ @) -f(1) fB)-f1) £(3)
T 2.1 7 3-1 3

(P

Henceforth, whenever we talk of sign f, we shall assume that f € S_for some n > 2.

sign f

Theorem 3: Let f, g € S,. Then sign (f o g) = (sign {) (sign g).

Proof: By definition,

1

sign fog = ﬁM

_riE6) —f(8®) 8 -8()
[1 g(j)-g(1) Il j—i

Now, as i and j take all possible pairs of distinct values from 1 to n, so do g(i) and g(j), since g is
a bijection.

[pfEm-fem) _ o
i 8()-8()
sign (fog) = (sign f) (sign g).
Now we will show that Im (sign) = (1, - 1}.
Theorem 4: (a) If t € S, is a transposition, then sign t = - 1.
(b)signf=1or-1V feS,
(c) Im (sign) = (1, -1).
Proof: (a) Let t = (p q), where p<q.
Now, only one factor of sign t involves both p and q, namely,

t(q-t
q-p

p-1_
q-p

Every factor of sign t that doesn’t contain p or q equals 1, since

ti)—tG) i-j o .. .
AR 1T i, j#p,q
i_j 1_] 11 ]ipq

The remaining factors contain either p or g, but not both. These can be paired together to form
one of the following products.

t@)-tp) H)-Hq)_i-q i-p
i-p i-q i-p

=l ifi>q,

1-

o]
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tiH)-tp) t@-t@) _i-q p-i

i-p q-i i-

-=1,ifq>i>p,
-i

ae]
Q

[

p_
q_

t(p) - t(i) t(q) - t() _q-
p-i q-i  p-

LoLifi>p,
1

-

Taking the values of all the factors of sign t, we see that sign t = -1.
(b) Letf eS,. By Theorem 3 we know that f = tt, .... t, for some transpositions t,, ..... tinS .
signf=sign (t, t,....t)
= (signt,) (signt,)..... sign (t,), by Theorem 3.
= (-1)7, by (a) above.
signf=1or -1.
(0 We know that Im (sign) c {1, - 1}.
We also know that sign t = -1, for any transposition t; and sign I =1.
- {1, - 1} < Im {sign}
- Im (sign) = {1, -1}.
Now, we are in a position to prove what we said at the beginning of this section.

Theorem 5: Letf € S, and let

be two factorisations of f into a product of transpositions. Then either both r and s are even

integers, or both are odd integers.
Proof: We apply the function sign: S, — {1, -1} tof=tt, ... .t.

T

By Theorem 4 we see that

sign f = (sign t)) (sign t)) ...... (signt)=(-1).

~osign (tt) ... t") = (-1) substituting t," t,". . . ts’ for {.

that is, (-1)° = (-1)~

This can only happen if both s and r are even, or both are odd.

So, we have shown that for f € S, the number of factors occurring in any factorisation of f into
transposition is always even or always odd. Therefore, the following definition is meaningful.

Definition: A permutation f € S, is called even if it can be written as a product of an even sign
number of transposition. f is called odd if it can be represented as a product of an odd number of
transpositions.

For example, (1 2) € S, is an odd permutation. In fact, any transposition is an odd permutation.
On the other hand, any 3-cycle is an even permutation, since

(ijk) = (k) (ij
Now, we define an important subset of S, namely,

A,=(f €5Sn, | fiseven).

|
We'll show that A, AS , and that o(A ) = %, forn>2.
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Theorem 6: The set A,, of even permutations in S,, forms a normal subgroup of S, of order %
Proof: Consider the signature function,
sign:S_— (1, -1).

Note that (1, -1) is a group with respect to multiplication. Now, Im (sign) = (1, -1). Let us obtain
Ker (sign).

Ker (sign) ={feS_|signf=1}
=(feS, | fiseven)
=A.
AAS.
Further, by the Fundamental Theorem of Homomorphism

S,/A,=(1, -1).

0(S,/A,) =2, thatis, % —2
o(An) = °(§n) _ %' _

Note that this theorem says that the number of even permutations in S, equals the number of
odd permutations in S,.

Theorem 6 leads us to the following definition.

Definition: A,, the group of even permutations in S, is called the alternating group of
degree n.

Let us look at an example that you have already seen in previous units, A,. Now, Theorem 6 says

3!
that o(A,) = > 3. Since (123)=(13) (12), (123) € A,. Similarly,
(132) € A,. Of course, I € A,
S A={1,(123),(132)).

A fact that we have used in the example above is that an r-cycle is odd if r is even, and even if r
is odd. This is because (i,i, ... i,) = (i, 1) G, i.,) ... ... @i, i,), a product of (r - 1) transpositions.

Now, for a moment, let us go back to Unit 4 and Lagrange’s theorem. This theorem says that the
order of the subgroup of a finite group divides the order of the group. We also said that if
n |o(G), then G need not have a subgroup of order n. Now that you know what A, looks like, we
are in a position to illustrate this statement.

We will show that A, has no subgroup of order 6, even though 6 | o (A,). Suppose such a
subgroup H exists. Then o(H) =6,0 (A)) =12. . (A,: H | =2. .. H A A4 (see Theorem 3, Unit5).
Now, A,/H is a group of order 2.

(Hgrp=H V g e A,. (Remember H is the identity of A /H.)
geHVgeA,
Now, (123)EA,. - (123)*=(132) € H.
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Similarly, (13 2)? = (12 3) € H. By the same reasoning (14 2), (124),(143),(134),(234),(243)
are also distinct element of H. Of course, I € H.

Thus, H contains at least 9 elements.
. o(H) 2 9. This contradicts our assumption that o(H) = 6.
Therefore, A, has no subgroup of order 6.

We use A, to provide another example too. (See how useful A, is!) In earlier unit we’d said that
if H A Nand N A G, then H need not be normal in 6. Well, here’s the example.”

Consider the subset V, = {I, (12) (34), (14) (23),(13) (24)) of A,.

Now, let H = {I, (12) (3 4)}. Then H is a subgroup of index2inV,. .. HA'V,.
So,HA V,V, A A.ButHA A Why? Well, (123) € A, is such that
(123)'(12)(34)(123)=(13)(24) ¢ H.

And now let us see why permutation groups are so important in group theory.

8.4 Cayley’s Theorem

Most finite groups that first appeared in mathematics were groups of permutations. It was the
English mathematician Clayley who first realised that every group has the algebraic structure
of a subgroup of S(X), for some set X. In this section we will discuss Cayley’s result and some of
its applications.

Theorem 7 (Cayley): Any group G is isomorphic to a subgroup of the symmetric group S(G).
Proof: For a € G, we define the left multiplication function

f:G—>G:f(x)=ax

f is 1-1, since

fa(x) =fa(y) >ax=ay=>x=yx, yEG.

fa is onto, since any x EG is f, (a - 'x).

.f €eS(G) VaeG.

(Note that S(G) is the symmetric group on the set G.)

Now we define a function f : G — S(G) : f(a) = fa.

We will show that f is an injective homomorphism. For this we note that
(f 1) () =f(bx)=abx=f, (x) V a,beG.

o flab)=f, =fof

b

=f(a)of (b) V a,b e G.

That is, f is a homomorphism.

Now, Kerf=(aeG | fa=1))
=(a eG|f(X=xVxeG}
=(a eGlax=xV xeG}
= {e}.
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Thus, by the Fundamental Theorem of Homomorphism, Notes
G/Ker f =Im f < S(G),
that is, G is isomorphic to a subgroup of S(G).

As an example of Cayley’s theorem, we will show you that the Klein 4-group K, is isomorphic
to the subgroup V, of S,. The multiplication table for K| is

e a b c
e e a b c
a a e c b
b b c e a
c c b a e
Self Assessment
1T If, is a group of order n!. Then we call S, the symmetric group of define n.
(@ s (b) S,
© S (d) Sn?
2. Every permutationis S, (n > ................. ) can be written as produce of transposition
(@ n=2 (b) n=3
(© nx4 d n=z=5

3. If t € S, is a transposition then sight = ..................

(@ -1 (b) 1
(@ O da 2
4. Anygroup Gis .....ccccc.... to a subgroup of the symmetric group S(G)
(@) isomorphic (b) homomorphic
() automorphic (d) surjective
5. Any group is isomorphic to a .................. group.
(@) normal group (b) subgroup
(¢  cyclic group (d) permutation group

8.5 Summary

° The symmetric group S(X), for any set X, and the group S,, in particular.

° The definitions and some properties of cycles and transpositions.

° Any non-identity permutation in S_ can be expressed as a disjoint product of cycles.
° Any permutation in S_(n > 2) can be written as a product of transpositions.

° The homomorphism sign: S — {1, -1}, n > 2.

) Odd and even permutations.

° A,, the set of even permutations in S,, is a normal subgroup of S_of order %!, for
) Any group is isomorphic to a permutation group.
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Symmetric Group: Let X be a non-empty set. Then the system (S(Xj, 0) forms a group, called the
symmetric group of X.

Permutation: A permutation f € S, is called an r-cycle (or cycle of length r) if there are r distinct
integers i, i, i, ..., i lying between 1 and n.

8.7 Review Questions

1. Show that (S,, °) is a non-commutative group for n > 3.

H't'Chkth123 d123d’t t
(Hint: Check the 5 3 1] ad|, , ;|don commute.)

2. Write down 2 transpositions, 2 3-cycles and a 5-cycle in S,.

3. Show that every permutation in S is a cyclic iff n < 4.

4. Iff = (i, i,, ....0) € S,, then show that f' = (i i, .... i,i,).

5. Iff is an r-cycle, then show that o(f) =r1,ie., ff=Tand f>#1,if s <r.
(Hint: If f = (i, i, ....Q), then f(i,) = i,, 1*(i,) = i,,....£7({1,) =1,)

6.  Express the following cycles as products of transpositions.
(@ (135) b (631
() (2453)

7. Write the permutation in E3(b) as a product of transpositions.

8.  Showthat(12...10)=(12) (23)...(910).
9. Check that (V,, °) is a normal subgroup of A,.

Answers: Self Assessment

8.8 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.
Mitchell and Mitchell: An Introduction to Abstract Algebra.

John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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Objectives

After studying this unit, you will be able to:

) Discuss direct product of groups

) State Sylow theorem

) Explain groups of order 1 to 10.

Introduction

In the last unit, we have studied about permutation group. This unit will provide you the
information related to 15 finite groups and direct products. Let us understand all these one by

one.

9.1 Direct Product of Groups

In this section, we will discuss a very important method of constructing new groups. We will
first see how two groups can be combined to form a third group. Then we will see how two
subgroups of a group can be combined to form another subgroup.

9.1.1 External Direct Product

In this sub-section we will construct a new group from two or more groups that we already
have.

Let (G, *,) and ((G,, *,) be two groups. Consider their Cartesian product G =G, x G, = {(x, y) |

1 1 2 2

x € G,y G,
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Can we define a binary operation on G by using the operations on G, and G,? Let us try the
method, namely, component-wise multiplication. That is, we define the operation * on G by
(a,b) * (c, d)=(a* c,b*,d) V a,c e G, b, d € G,

So, you have proved that G = G, x G, is a group with respect to *. We call G the external direct
product of (G,, *) and (G,, ¥,).

For example, R? is the external direct product of R with itself.

Another example is the direct product (Z, +) x (R*, .) in which the operation is given by (m, X) *
(n, y) = (m + n, xy).

We can also define the external direct product of 3, 4 or more groups on the same lines.

Definition: Let (G,, *)), (G,, %), ... .. , (G,, * ) be n groups. Their external direct product is the
group (G, *), where

Thus, R" is the external direct product of n copies of R,
We would like to make a remark about notation now.

Remark: Henceforth, we will assume that all the operations *, * ,. . ., * are multiplication, unless

mentioned otherwise. Thus, the operation on

G =G, xG,x ... xG,_ will be given by

=(a,b,ab, ...,ab,) ¥ a,b eG,.
Now, let G be the external direct product G, X G,. Consider the projection map
T,:G, xG,—>G: ! :(x,y)=x.
Then &, is a group homomorphism, since
n, ((a, b) (¢, d)) ==, (ac, bd)
=ac
=, (a,b) =, (c, d)
7, is also onto, because any x € G, is !, (x, e,)
Now, let us look at Ker =,.
Kerm = {(x,y) e G, xG, | n, (x, y) =e}
={,y) | y Gz ={e} x G,
{e} xG, A G, xG,.
Also, by the Fundamental Theorem of Homomorphism (G, x G,)/({le,} x Gz) = G,.
We can similarly prove that G, x {e,} A G, xG,and (G, xG,)/(G, x {e,})) =G,.

So, far we have seen the construction of G, x G, from two groups G, and G,. Now we will see
under what conditions we can express a group as a direct product of its subgroups.

9.1.2 Internal Direct Product
Let us begin by recalling from Unit 5 that if H and K are normal subgroups of a group G, then HK

is a normal subgroup of G. We are interested in the case when HK is the whole of G. We have the
following definition.
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Definition: Let H and K be normal subgroups of a group G. We call G the internal direct product Notes
of Hand Kif

G=HKand HNK = {e}.

We write this factas G=H x K.

For example, let us consider the familiar Klein 4-group

K, ={e, a, b, ab}, where a> = e, b> = e and ab = ba.

Let H=<a>and K = <b>. Then HN K = {e). Also, K, = HK.
K,=HxK

Note that H=Z7,and K= 7Z, K, =Z,xZ,

For another example, consider Z . It is the internal direct product of its subgroups H = {0, 5}

and K= {0, 2, 4, 6, 8}. This is because

(i) Z,=H+K since any element of Z is the sum of an element of H and an element of K, and
(i) HNK={0}.

Now, can an external direct product also be an internal direct product? What does it say? It says
that the external product of G, x G, is the internal product (G, * {e,}) % ({e,} x G,).

We would like to make a remark here.

Remark: Let H and K be normal subgroups of a group G. Then the internal direct product of H
and K is isomorphic to the external direct product of H and K. Therefore, when we talk of an
internal direct product of subgroups we can drop the word internal, and just say ‘direct product
of subgroups’.

Let us now extend the definition of the internal direct product of two subgroups to that of
several subgroups.

Definition: A group G is the internal direct product of its normal subgroups H,, H,, ..., H, if
i) G=HH,..H and
() HNH, ..H, H_ ..H={}Vi=1,..,n

For example, look at the group G generated by {a, b, c}, where a? = e = b*=c?and ab = ba, ac = ca,
bc = cb. This is the internal direct product of <a >, <b>and <c>. ThatisG=2,xZ, x Z,.

Now, can every group be written as an internal direct product of two or more of its proper
normal subgroups? Consider Z. Suppose Z = H x K, where H, K are subgroups of Z.

Youknow that H=<m>and K=<n>forsomem, n € Z. Then mn € H K. But if H x Kis a direct
product, H N K = {0}. So, we reach a contradiction. Therefore, Z can’t be written as an internal
direct product of two subgroups.

By the same reasoning we can say that Z can’t be expressed as H, x H, x ..... x H , where Hi < Z
vi=12..,n

When a group is an internal direct product of its subgroups, it satisfies the following theorem.
Theorem 1: Let a group G be the internal direct product of its subgroups H and K. Then
(@) eachx e G can be uniquely expressed as x = hk, whereh € H, k € K; and

(b) hk=khVheH,keK.
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Proof: (a) We know that G = HK. Therefore, if x € G, then x = hk, for some h € H, k € K. Now
suppose x = h k, also, where h, € Hand k, € K. Then hk = h/k,.

h'h=kk' Nowh'h e H.
Also,sinceh"h=kk'e K, h'heK .. h'he HNK={e}.
h,'h = e, which implies that h = h,.
Similarly, k, k' = e, So that k, = k.
Thus, the representation of x as the product of an element of H and an element of K is unique.

(b)  The best way to show that two elements x and y commute is to show that their commutator
x1y? xy is identity. So, leth € Hand k € K and consider h-"k-"hk. Since K A G, h'k'h e K.

h'khk € K.
By similar reasoning, h'k'hk e H. .. h'k'hk e HN K = {e}.
h' k'hk = e, that is, hk = kh.
Now let us look at the relationship between internal direct products and quotient groups.

Theorem 2: Let H and K be normal subgroups of a group G such that G=H x K. Then G/H=K
and G/K=H.

Proof: We will use Theorem 8 of Unit 6 to prove this result.

Now G = HK and H K = {e}. Therefore,

G/H=HK/H=K/HNK=K/{e) =K.

We can similarly prove that G/K = H.

Theorem 3: Let G be a finite group and H and K be its subgroups such that G=H X K.
Then o(G) = o(H) o(K).

9.2 Sylow Theorems

In Unit 4 we proved Lagrange’s theorem, which says that the order of a subgroup of a finite
group divides the order of the group. We also said that if G is a finite cyclic group and m | o(G),
then G has a subgroup of order. But if G is not cyclic, this statement need not be true, as you have
seen in the previous unit. In this context, in 1845 the mathematician Cauchy proved the following
useful result.

Theorem 4: If a prime p divides the order of a finite group G, then G contains an element of
order p.

The proof of this result involves a knowledge of group theory that is beyond the scope of this
course. Therefore, we omit it.

Theorem 5: If a prime p divides the order of a finite group G, then G contains a subgroup of
order p.

Proof: Just take the cyclic subgroup generated by an element of order p. This element exists
because of Theorem 4.

So, by Theorem 5 we know that any group of order 30 will have a subgroup of order 2, a
subgroup of order 3 and a subgroup of order 5. In 1872 Ludwig Sylow, a Norwegian
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mathematician, proved a remarkable extension of Cauchy’s result. This result, called the first
Sylow theorem, has turned out to be the basis of finite group theory. Using this result we can
say, for example, that any group of order 100 has subgroups of order 2, 4, 5 and 25.

Theorem 6 (First Sylow Theorem): Let G be a finite group such that o (G) = p"m, where p is a
prime, n > 1 and (p, m) = 1. Then G contains a subgroup of order pk V k=1,...,n.

We shall not prove this result or the next two Sylow theorems either. But, after stating all these
results we shall show how useful they are.

The next theorem involves the concepts of conjugacy and Sylow p-subgroups which we now
define.

Definition: Two subgroups H and K of a group G are conjugate in G if 3 g € G such that
K = g'Hg and then K is called a conjugate of H in G.

Now we define Sylow p-subgroups.

Definition: Let G be a finite group and p be a prime such that p" | o(G) but p™* o(G), for some n
> 1. Then a subgroup of G of order pn is called a Sylow p-subgroup of G.

So, if o(G) = p"m, (p, m) =1, then a subgroup of G of order p” is a Sylow p-subgroup. Theorem 6
says that this subgroup always exists. But, a group may have more than one Sylow p-subgroup.
The next result tells us how two Sylow p-subgroups of a group are related.

Theorem 7 (Second Sylow Theorem): Let G be a group such that o(G) = p"m, (p, m) =1, p a prime.
Then any two Sylow p-subgroups of G are conjugate in G.

And now let us see how many Sylow p-subgroups a group can have.

Theorem 8 (Third Sylow Theorem): Let G be a group of order p"m, where (p, m) =1 and pisa
prime. Then n , the number of distinct Sylow p-subgroups of G, is given by n_ =1 + kp for some
k20. And further, n | o(G).

We would like to make a remark about the actual use of Theorem 8.

Remark: Theorem 8 says thatn =1 (mod p). (n, pn) =1. Also, since np | 0(G), using Theorem 9
of Unit 1 we find thatn_ | m. This fact helps us to cut down the possibilities for n,, as you will see
in the following examples.

' Example: Show that any group of order 15 is cyclic.

Solution: Let G be a group of order 15 = 3 x 5. Theorem 6 says that G has a Sylow 3-subgroup.
Theorem 8 says that the number of such subgroups must divide 15 and must be congruent to
1(mod 3). In fact, by Remark 3 the number of such subgroups must divide 5 and must be congruent
to I(mod 3). Thus, the only possibility is 1. Therefore, G has a unique Sylow 3-subgroup, say H.

Hence, by Theorem 7 we know that H A G. Since H is of prime order, it is cyclic.

Similarly, we know that G has a subgroup of order 5. The total number of such subgroups is 1,6
or 11 and must divide 3. Thus, the only possibility is 1. So G has a unique subgroup of order 5, say

K. Then K A G and Kis cyclic.

Now, let us look at HN K. Let x €« HN K. Then x € Hand x € K.
o(x) | o(H) and o(x) | o(K)i.e.,, o(x) | 3 and o(x) | 5.
o(x)=1. .. x=e. Thatis, HNK = {e}. Also,

G =HK.

So,G=HxK=Z7Z,XZ,=27,
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' Example: Show that a group G of order 30 either has a normal subgroup of order 5 or a
normal subgroup of order 3, i.e. G is not simple. A group G is called simple if its only normal
subgroups.

Solution: Since 30 = 2 x 3 x 5, G has a Sylow 2-subgroup, a Sylow 3-subgroup and a Sylow
5-subgroup. The number of Sylow 5-subgroups is of the form 1 + 5k and divides 6. Therefore, it
can be 1 or 6. If it is 1, then the Sylow 5-subgroup is normal in G.

On the other hand, suppose the number of Sylow 5-subgroups is 6. Each of these subgroups are
distinct cyclic groups of order 5, the only common element being e. Thus, together they contain
24 +1 = 25 elements of the group. So, we are left with 5 elements of the group which are of order
2 or 3. Now, the number of Sylow 3-subgroups can be 1 or 10. We can’t have 10 Sylow
3-subgroups, because we only have at most 5 elements of the group which are of order 3. So, if
the group has 6 Sylow 5-groups then it has only 1 Sylow 3-subgroup.

Now let us use the powerful Sylow theorems to classify groups of order 1 to 10. In the process we
will show you the algebraic structure of several types of finite groups.

9.3 Groups of Order 1 to 10

Here, we will apply the results of the above discussion to study some finite groups. In particular,
we will list all the groups of order 1 to 10, up to isomorphism.

We start with proving a very useful result.

Theorem 9: Let G be a group such that o(G) = pq, where p, q are primes such that p > q and
q J/ p - 1. Then G is cyclic.

Proof: Let P be a Sylow p-subgroup and Q be a Sylow g-subgroup of G. Then o(P) = p and
0(Q) = q. Now, any group of prime order is cyclic, so P=<x >and Q =<y > for some x,y € G.

By the third Sylow theorem, the number n_of subgroups of order pcanbe1,1+p,1+2p,...,and
it must divide q. But p > q. Therefore, the only possibility for n_is 1. Thus, there exists only one

Sylow p-subgroup, i.e., P. Further, by Sylow’s second theorem P A G.

Again, the number of distinct Sylow q-subgroups of Gisn , =1 +kq for some k, and n, | p. Since
p is a prime, its only factors are 1and p. .. n,=1orn =p.Now if1+kq=p, thenq | p-1. But

we started by assuming that 9 X p - 1. So we reach a contradiction. Thus, n =1 is the only

possibility. Thus, the Sylow g-subgroup Q is normal in G.

Now we want to show that G =P x Q. For this, let us consider P Q. The order of any element of
P (1 Q must divide p as well as q, and hence it must divide (p, q) = 1.

PNQ={e}. .. oPQ)=0(P)o(Q)=pq=0(G). .. G=PQ.
Sowefindthat G=PxQ=Z xZ =7 ,

P P Pq
Therefore, G is cyclic of order pq.

Using Theorem 9, we can immediately say that any group of order 15 is cyclic. Similarly, if
o(G) = 35, then G’is cyclic.

Now if q | p -1, then does o(G) = pq imply that G is cyclic? Well, consider S,. You know that o(S,)
=6 = 2.3, but S, is not cyclic. In fact, we have the following result.

Theorem 10: Let G be a group such that o(G) = 2p, where p is an odd prime, Then either G is cyclic
or G is isomorphic to the dihedral group D, of order 2p.
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(Recall that D, =< (x,y | xX*=e=Y?and yx =x'y} > ) Notes
Proof: As in the proof of Theorem 9, there exists a subgroup P = < x > of order p with
P A Gand asubgroup Q = <y > of order 2, since p >2. Since (2, p) =1,

PNQ={e}. - o(PQ) = 0(G).
G=rQ.

Now, two cases arise, namely, when Q A G and when Q K G.

IfQ A G,thenG=P xQ. And then G = <xy>.
If Q is not normal in G, then G must be non-abelian.
(Remember that every subgroup of an abelian group is normal.)
Xy #yX. .. VXY # X.
Now, sinceP=<x> A G, y'xy € P. s yixy =x/, forsomer=2,....,p-1.

r2

Therefore, y—ZXy2 = y~l(y~1xy) = y—lxry = (y—lxy)r = (Xr)r = X
=x=x", since o(y) = 2.

2-1

= x" =6.

But o(x) = p. Therefore, by Theorem 4 of Unit4, p | r*-1,ie,p | r-1) (r+1)
=>p|(r-1)orp | (r+1).But2<r<p-1. -.p=r+l,

ie,r=p-1. S0 we see that

1

ylixy =x"="xPT=x

So,G=PQ=<{x,y | x*=¢, y*=¢, y'xy =x"' >, which is exactly the same algebraic structure as
that of D, .

. —_ - 2 -1 2 -1
..G—sz—{e,x,x,...,xp LY XY, XY, ., XPY]

' Example: What are the possible algebraic structures of a group of order 6?

Solution: Let G be a group of order 6. Then, by theorem 10, G = Z, or G = Ds. You must have
already noted that S, = D,. So, if G is not cyclic, then G =S,

Now, from Theorem 6 of Unit 4, we know that if o(G) is a prime, then G is cyclic. Thus, groups
of orders 2, 3, 5 and 7 are cyclic. This fact allows us to classify all groups whose orders are 1, 2, 3,
5,6,7 or 10. What about the structure of groups of order 4 =22 and 9 = 3*? Such groups are covered
by the following result.

Theorem 11: If G is a group of order p? p a prime, then G is abelian.

We will not prove this result, since its proof is beyond the scope of this course. But, using this
theorem, we, can easily classify groups of order p?.

Theorem 12: Let G be a group such that o(G) = p? where p is a prime. Then either G is cyclic or
G=Z xZ,adirect product of two cyclic groups of order p.

Proof: Suppose G has an element a of order p% Then G =<a>.

On the other hand, suppose G has no element of order. Then, for any x E G, o(x) =1 or o(x) = p.
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Letx € G,x#eand H=<x>.Sincex#e, o(H) =1
o(H) =p.

Therefore, 3y € G such that y ¢ H. Then, by the same reasoning, K = <y > is of order p. Both H
and K are normal in G, since G is abelian.

We want to show that G = H x K. For this, consider H(1 K. Now H(N K < H.
~oHNK) | oH)=p.oHNK)=10ro (HNK)=p.

If o HNK) = p, then HN K = H, and by similar reasoning, H (1 K = K. But then,
H=K .y € H, a contradiction.

oHNK)=1,ie, HNK = {e}.

So,H A G, KA G, HNK = {e} and o(HK) = p? = 0(6).

G=HXK:ZPXZP.

So far we have shown the algebraic structure of all groups of order 1 to 10, except groups of order
8. Now we will list the classification of groups of order 8.

If G is an abelian group of order 8, then

(i) G=2Z, the cyclic group or order 8, or

(i) G=2Z,xZ,or

(iii) G=Z,xZ,xZ,

If G is a non-abelian group of order 8, then

(i) G=Q, the quaternion group discussed in Unit 4, or
(ii) G =D, the dihedral group discussed in Unit 5.

So, we have seen what the algebraic structure of any group of order 1, 2, . . . ., 10 must be. We
have said that this classification is up to isomorphism. So, for example, any group of order 10 is
isomorphic to Z,, or D, . It need not be equal to either of them.

Self Assessment

1. Let a group G be the ................... product of its subgroups Hand k. Thenhk =kh v h € H,
keK
(@) external (b) internal
() finite (d) infinite

2. Let H and k be normal subgroups of a group G suchthat G=H xk. ThenG/H = ...................
and G/k =z H
@ k (b) H
© H @ K

3. LetG v be and H and k be its subgroup such that G = H x k. Thus O(G) = O(H) o(k).
(@) external (b) internal
() finite (d) infinite
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4. Ifa prime p divides the order of a finite group G, then G contains an element of ................... Notes
(@ P by G
© Q @ R
5. If a prime P divides the order of a finite group G, then G contains a ................... of order P.
(@) subgroup (b) normal
() cycle (d) permutation

9.4 Summary

In this unit we have discussed the following points:

° The definition and examples of external direct products of groups.

° The definition and examples of internal direct products of normal subgroups.

° If mn)=1thenZ xZ =Z_.

) o(H x K) = o(H) o(K).

) The statement and application of Sylow’s theorems, which state that: Let G be a finite

group of order p"m, where p is a prime and p | m. Then

< G contains a subgroup of order p* V k=1, ..., n;
o any two Sylow p-subgroups are conjugate in G;
3 the number of distinct Sylow p-subgroups of G is congruent to 1 (mod p) and divides

o(G) (in fact, it divides m).
o Let o(G) = pq, p a prime, p >q, q | p - 1. Then G is cyclic.
° Let o(G) = p? p a prime. Then
o G is abelian.
o GiscyclicorG=Z xZ .
P P

) The classification of groups of order 1 to 10, which we give in the following table.

O(G) Algebraic Structure
{e}

Z>

Z3

ZsorZox 2o

Zs

ZesorSs

Z7

Zs or Zs x Zo or Z> x Zo x Z» (if G is abelian)
Qs or Ds (if G is non-abelian)

9 ZoorZs*x Zs
10 Z1o or Dio

||| U@
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9.5 Keywords

External Direct Product: Let (G, *)), (G, *), ... .. , (G,, *,) be n groups. Their external direct
product is the group (G, *), where
G=G, xG,....xG_and

Thus, R" is the external direct product of n copies of R.

Internal Direct Product: Let H and K be normal subgroups of a group G. We call G the internal
direct product of H and K if

G=HKand HNK = {e}.
We write this factas G=H x K.
Sylow p-subgroup: Let G be a finite group and p be a prime such that p | o(G) but p™** o(G), for

some n > 1. Then a subgroup of G of order p" is called a Sylow p-subgroup of G.

9.6 Review Questions

1.  Show that the binary operation * on G is associative. Find its identity element and the
inverse of any element (x, y) in G.

2. Show that G, x G, =G, x G, for any two groups G, and G,.

3. Show that G, x G, is the product of its normal subgroup H=G, x {e,} and K= {e,} X G,. Also
show that (G, x {e,}) N ({e,} x G,) ={(e,, &,)}.

4. Prove that P(G, x G,) = Z(G,) x Z(G,), where Z(G,) denotes the centre of G (see Theorem 2
of unit 3).

5. Let A and B be cyclic groups of order m and n, respectively, where (m, n) = 1. Prove that
A x B is cyclic of order mn.

(Hint: Definef: Z - Z x Z_:f(r) = (r + mZ, r + nZ). Then apply the Fundamental theorem
of Homomorphism to show that Z xZ = Z

mn”

6.  Let H and K be normal subgroups of G which satisfy (a) of Theorem 1. Then show that
G=HxK

7. Use Theorem 2 to prove Theorem 3.

Answers: Self Assessment

9.7 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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Objectives

After studying this unit, you will be able to:

° Define finite abelian group

° Explain the properties of finite abelian group
. Discuss the notation of finite abelian group
Introduction

A group for which the elements commute (i.e., AB = BA for all elements A and B) is called a finite
abelian group. All cyclic groups are finite abelian, but a finite abelian group is not necessarily
cyclic. All subgroups of a finite abelian group are normal. In a finite abelian group, each element
is in a conjugacy class by itself, and the character table involves powers of a single element
known as a group generator. In Mathematica, the function finite abelian group
[{n,, n, ...}] represents the direct product of the cyclic groups of degreesn, n, ...

10.1 Definition

“ g1

A finite abelian group is a set, A, together with an operation “ *” that combines any two elements
a and b to form another element denoted a * b. The symbol “*” is a general placeholder for a
concretely given operation. To qualify as a finite abelian group, the set and operation,
(A, *), must satisfy five requirements known as the finite abelian group axioms:

Closure

For all a, b in A, the result of the operation a * b is also in A.
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Associatively Notes
For all 4, b and cin A, the equation (a * b) * c=a * (b * ¢) holds.

Identity Element

There exists an element e in A, such that for all elements a in A, the equatione ® a=4a * e = holds.

Inverse Element

For each a in A, there exists an element b in A such thata ® b =b * a = ¢, where e is the identity
element.

Commutatively

Forallag, binA,a*b="b°a.

More compactly, a finite abelian group is a commutative group. A group in which the group
operation is not commutative is called a “non-finite abelian group” or “non-commutative group”.

You should notice that any field is a finite abelian group under addition. Furthermore, under
multiplication, the set of non-zero elements of any field must also form a finite abelian group.
Of course, in this case the two operations are not independent-they are connected by the
distributive laws.

The definition of a finite abelian group is also useful in discussing vector spaces and modules.
In fact, we can define a vector space to be a finite abelian group together with a scalar multiplication
satisfying the relevant axioms. Using this definition of a vector space as a model, we can state the
definition of a module in the following way.

10.2 Properties

Let us assume that, If n is a natural number and x is an element of a finite abelian group G written
additively, then nx can be defined as x + x + ... + x (n summands) and (-n)x = -(nx). In this way, G
becomes a module over the ring Z of integers. In fact, the modules over Z can be identified with
the finite abelian groups.

Theorems about finite abelian groups can often be generalized to theorems about modules over
an arbitrary principal ideal domain. A typical example is the classification of finitely generated
finite abelian groups which is a specialization of the structure theorem for finitely generated
modules over a principal ideal domain. In the case of finitely generated finite abelian groups,
this theorem guarantees that a finite abelian group splits as a direct sum of a torsion group and
a free finite abelian group. The former may be written as a direct sum of finitely many groups
of the form Z/p*Z for p prime, and the latter is a direct sum of finitely many copies of Z.

If f, g : G »> H are two group homomorphisms between finite abelian groups, then their sum
f + g, defined by (f + g)(x) = f(x) + g(x), is again a homomorphism. (This is not true if H is a non-
finite abelian group.) The set Hom (G, H) of all group homomorphisms from G to H thus turns
into a finite abelian group in its own right.

Somewhat kind to the dimension of vector spaces, every finite abelian group has a rank. It is
defined as the cardinality of the largest set of linearly independent elements of the group. The
integers and the rational numbers have rank one, as well as every subgroup of the rationals.
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10.3 Notation

There are two main notational conventions for finite abelian groups: ‘+" additive and "’
multiplicative.

Convention | Operation | Identity | Powers | Inverse

Addition x+y 0 nx -x

Multiplication | x *yorxy | eorl X x1

Generally, the multiplicative notation is the usual notation for groups, while the additive notation
is the usual notation for modules. The additive notation may also be used to emphasize that a
particular group is abelian, whenever both abelian and non-finite abelian groups are considered.

Multiplication Table

To verify that a finite group is abelian, a table (matrix) - known as a Cayley table - can be
constructed in a similar fashion to a multiplication table. If the group is G = {g, =¢, g, ..., §,} under
the operation “, the (i, j)'th entry of this table contains the product g, - g. The group is abelian if
and only if this table is symmetric about the main diagonal.

This is true since if the group is abelian, then g, - ¢, =g, - 8- This implies that the (i, j)'th entry of the
table equals the (j, i)'th entry, thus the table is symmetric about the main diagonal.

' Examples:
1.

For the integers and the operation addition “+”, denoted (Z,+), the operation + combines
any two integers to form a third integer, addition is associative, zero is the additive
identity, every integer n has an additive inverse, -1, and the addition operation is
commutative since m + n = n + m for any two integers m and n.

2. Every cyclic group G is abelian, because if x, y are in G, then xy = a"g" = g"*" = g"*" = g"q" =
yx. Thus the integers, Z, form a finite abelian group under addition, as do the integers
modulo n, Z/nZ.

3. Everyring is a finite abelian group with respect to its addition operation. In a commutative
ring the invertible elements, or units, form an abelian multiplicative group. In particular,
the real numbers are a finite abelian group under addition, and the non-zero real numbers
are a finite abelian group under multiplication.

4. Every subgroup of a finite abelian group is normal, so each subgroup gives rise to a quotient
group. Subgroups, quotients, and direct sums of finite abelian groups are again abelian.

In general, matrices, even invertible matrices, do not form a finite abelian group under
multiplication because matrix multiplication is generally not commutative. However, some
groups of matrices are finite abelian groups under matrix multiplication - one example is the
group of 2 x 2 rotation matrices.

' Example: Find all finite abelian groups of order 108 (up to isomorphism).
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Solution: The prime factorization is 108 = 2> -3°. There are two possible groups of order 4: Z, and Notes
Z,x Z, . There are three possible groups of order 27: Z,, , Z,x Z, ,and Z, x Z, x Z, . This gives us
the following possible groups:

277/

Z,x7,
Z,xZ,xZ,
Z,xZ,xZ,
Z,xZ,xZ,xZ,
Z,xZ,xZ,xZ,
Z,xZ,xZ,xZ,XZ,.

' Example: Let G and H be finite abelian groups, and assume that G x G is isomorphic to
H x H. Prove that G is isomorphic to H.

Solution: Let p be a prime divisor of |G|, and let q = p™ be the order of a cyclic component of G.
If G has k such components, then G x G has 2k components of order q. An isomorphism between
G x G and H x Hmust preserve these components, so it follows that H also has k cyclic components
of order q. Since this is true for every such q, it follows that G = H

' Example: Let G be a finite abelian group which has 8 elements of order 3, 18 elements of
order 9, and no other elements besides the identity. Find (with proof) the decomposition of G as
a direct product of cyclic groups.

Solution: We have |G| =27. First, G is not cyclic since there is no element of order 27. Since there
are elements of order 9, G must have Z, as a factor. To give a total of 27 elements, the only
possibility is G= Z, x Z,.

Check: The elements 3 and 6 have order 3 in Z, while 1 and 2 have order 3 in Z,. Thus, the
following 8 elements have order 3 in the direct product: (3, 0), (6, 0), (3, 1), (6, 1), (3, 2), (6, 2),
(0,1), and (0, 2).

' Example: Let G be a finite abelian group such that |G| =216.1f | 6 G | =6, determine G up
to isomorphism.

Solution: We have 216 = 2° - 3%, and 6G = Z, x Z, since it has order 6. Let H be the Sylow
2-subgroup of G, which must have 8 elements. Then multiplication by 3 defines an automorphism
of H, so we only need to consider 2H. Since 2H = Z,, we know that there are elements not of order
2, and that H is not cyclic, since 2 Z,= Z,. We conclude that H=Z, x Z,.

A similar argument shows that the Sylow 3-subgroup K of G, which has 27 elements, must be
isomorphic to Z, x Z..

Using the decomposition, we see that
G=Z, xZ,xZ,xZ,.

(If you prefer the form of the decomposition, you can also give the answer in the form G=Z, x Z_.)

' Example: Apply both structure theorems to give the two decompositions of the finite
abelian group Z;

216

Solution: 7 = 73 x 75, =Z,x7Z,% Z3,

216 — 27 =
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Since 27 is a power of an odd prime, it follows that Z}, is cyclic. This can also be shown directly

by guessing that 2 is a generator.

Since Z;, has order 3’ - 32 = 18, an element can only have order 1, 2, 3, 6, 9 or 18. We have
22=4,

28=38,

26=82=10, and

22=2%-20=8 -10=-1,

so it follows that 2 must be a generator.

We conclude that 75 =72, xZ xZ,.

216

To give the first decomposition, states that any finite abelian group is isomorphic to a direct
product of cyclic groups of prime power order. In this decomposition we need to split Z , up into
cyclic subgrops of prime power order, so we finally get the decomposition

7

216

=Z,xZ,%xZ,%xZ,

On the other hand, the second decomposition, where any finite finite abelian group is written as
a direct product of cyclic groups in which the orders any component is a divisor of the previous
one. To do this we need to group together the largest prime powers that we can. In the first
decomposition, we can combine Z, and Z, to get Z,, as the first component. We end up with

Z;lﬁ = ZlS x ZZ x ZZ

as the second way of breaking 7% up into a direct product of cyclic subgroups.

' Example: Let G and H be finite abelian groups, and assume that they have the following
property. For each positive integer m, G and H have the same number of elements of order m.
Prove that G and H are isomorphic.

Solution: We give a proof by induction on the order of |G|. The statement is clearly true for
groups of order 2 and 3, so suppose that G and H are given, and the statement holds for all
groups of lower order. Let p be a prime divisor of |G|, and let G and H_ be the Sylow
p-subgroups of G and H, respectively. Since the Sylow subgroups contain all elements of order
a power of p, the induction hypothesis applies to G and H,.. If we can show that G H_for all p,
then it will follow that G H, since G and H are direct products of their Sylow subgroups.

Let x be an element of G, with maximal order q = p™. Then < x > is a direct factor of G, so there
is a subgroup G’ with G = <x > x G'. By the same argument we can write H =<y >xH’, where
y has the same order as x.

Now consider < xP > x G’ and <yP > x H'. To construct each of these subgroups we have removed
elements of the form (x¥, g’), where x* has order q and g’ is any element of G’. Because x has
maximal order in a p-group, in each case the order of g’ is a divisor of q, and so (x¥, g’) has order
q since the order of an element in a direct product is the least common multiple of the orders of
the components. Thus to construct each of these subgroups we have removed (p™ - p™') - |G|
elements, each having order q. It follows from the hypothesis that we are left with the same
number of elements of each order, and so the induction hypothesis implies that < x? > x G” and
<yP>x H’ are isomorphic. But then G" = H’, and so G, = H , completing the proof.
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Proposition: Every finite abelian group has a natural structure as a module over the ring Z. Notes

As with vector spaces, one goal is to be able to express a finite abelian group in terms of simpler
building blocks. For vector spaces we can use one-dimensional spaces as the building blocks; for
finite abelian groups, it seems natural to use the simple finite abelian groups.

Recall that in an arbitrary group G, a subgroup N c G is called a normal subgroup if gxg™ € N,
for all x e N and all g € G. Then G is said to be a simple group if its only normal subgroups are
{1} and G. If the group A is abelian, then all subgroups are normal, and so A is simple iff its only
subgroups are the trivial subgroup (0) and the improper subgroup A. The same definition is
given for modules: a nonzero module M is a simple module if its only submodules are (0) and
M. When you view a finite abelian group as a Z-module, then, of course, the two definitions
coincide.

=7

Note Any cyclic finite abelian group is isomorphic to Z or Z , for some n.

Outline of the Proof: Let A be a cyclic finite abelian group that is generated by the single
element a. Define the group homomorphism f : Z — A by setting f(n) = na, for alln € Z. Note that
f maps Z onto A since f(Z) = Za = A. If f is one-to-one, then A is isomorphic to Z. If f is not
one-to-one, we need to use the fundamental homomorphism theorem and the fact that every
subgroup of Z is cyclic to show that A is isomorphic to Z , where n is the smallest positive
integer such that na = 0.

Proposition: A finite abelian group is simple iff it is isomorphic to Z , for some prime number p.

Proof: First, let A be a finite abelian group isomorphic to Z , where p is a prime number. The
isomorphism preserves the subgroup structure, so we only need to know that Z_ has no proper
nontrivial subgroups. This follows from the general correspondence between subgroups of Z_
and divisors of n, since p is prime precisely when its only divisors are +1 and +p, which correspond
to the subgroups Z and (0), respectively.

Conversely, suppose that A is a simple finite abelian group. Since A is nonzero, pick any
nonzero element a € A. Then the set Za = {na | n € Z} is a nonzero subgroup of A, so by
assumption it must be equal to A. This shows that A is a cyclic group. Furthermore, A can’t be
infinite, since then it would be isomorphic to Z and would have infinitely many subgroups. We
conclude that A is finite, and hence isomorphic to Z , for some n. Once again, the correspondence
between subgroups of Z and divisors of n shows that if Z_is simple, then n must be a prime
number.

A module M is said to be semisimple if it can be expressed as a sum (possibly infinite) of simple
submodules. Although the situation for finite abelian groups is more complicated than for
vector spaces, it is natural to ask whether all finite abelian groups are semisimple.

'i Example: The group Z, is not a semisimple Z-module. First, Z, is not a simple group.
Secondly, it cannot be written non-trivially as a direct sum of any subgroups, since its subgroups
lie in a chain Z, > 2Z, o (0), and no two proper nonzero subgroups intersect in (0).

Example: The group Z, is a semisimple Z-module. To see this, define f: Z, —» Z, @ Z by
setting £(0) = (0, 0), £(1) = (1, 1), £(2) = (0, 2), £(3) = (1, 0), £(4) = (0, 1), £(5) = (1, 2). You can check that
this defines an isomorphism, showing that Z, is isomorphic to a direct sum of simple finite
abelian groups.
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The function defined in the example is a special case of a more general result that is usually
referred to as the Chinese remainder theorem (this result is given more generally for rings. The
proof of the next proposition makes use of the same function.

Proposition: If k = mn, where m and n are relatively prime integers, then Z, is isomorphic to
Z 7.

Outline of the Proof: Definef:Z —Z @ Z by f([x],) = ([x] , [x] ), for all x € Z. Here I have been
a bit more careful, by using [x], to denote the congruence class of x, modulo k. It is not hard to
show that f preserves addition. The sets Z _and Z_ & Z_are finite and have the same number of
elements, so f is one-to-one iff it is onto, and therefore proving one of these conditions will give
the other. (Actually, it isn’t hard to see how to prove both conditions.) Showing that f is one-to-
one depends on the fact that if x is an integer having both m and n as factors, then it must have
mn as a factor since m and n are relatively prime. On the other hand, the usual statement of the
Chinese remainder theorem is precisely the condition that f is an onto function.

Corollary: Any finite cyclic group is isomorphic to a direct sum of cyclic groups of prime power
order.

The corollary depends on an important result in Z: every positive integer can be factored into a
product of prime numbers. Grouping the primes together, the proof of the corollary uses induction
on the number of distinct primes in the factorization.

This basic result has implications for all finite groups. The cyclic group Z_ also has a ring
structure, and the isomorphism that proves the corollary is actually an isomorphism of rings,
not just of finite abelian groups. To use this observation, suppose that A is a finite finite abelian
group. Let n be the smallest positive integer such that na =0 for all a € A. (This number might be
familiar to you in reference to a multiplicative group G, where it is called the exponent of the
group, and is the smallest positive integer n such that g =1 for all g € G.)

You can check that because na = 0 for all a € A, we can actually give A the structure of a
Z -module.

Next we can apply a general result that if a ring R can be written as a direct sumR=1® .. .® I
of two-sided ideals, then each I is a ring in its own right, and every left R-module M splits up
into a direct sum M, @ ... ® M, where M, is a module over I . Applying this to Z , we can write
Z, as a direct sum of rings of the form Z , where p is a prime, and then the group A breaks up
into A, ®...® A, where each A, is a p-group, for some prime p. (Recall that a group G is a
p-group if every element of G has order p.) This argument proves the next lemma. (You can also
prove it using Sylow subgroups, if you know about them.)

Every finite abelian group can be written as a direct sum of p-groups.

The decomposition into p-groups occurs in one and only one way. Then it is possible to prove
that each of the p-groups splits up into cyclic groups of prime power order, and so we have the
following fundamental structure theorem for finite abelian groups.

Theorem 1: Any finite abelian group is isomorphic to a direct sum of cyclic groups of prime
power order.

A proof of the fundamental structure theorem, let us first discuss some of the directions it
suggests for module theory. First of all, the hope was to construct finite abelian groups out of
ones of prime order, not prime power order. The only way to do this is to stack them on top of
each other, instead of having a direct sum in which the simple groups are lined up one beside the
other. To see what I mean by “stacking” the groups, think of Z, and its subgroups Z, > 27, > (0).
It might be better to picture them vertically.
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0

The subgroup 2Z, = {0, 2} = Z2 is simple, and so is the factor module Z,/2Z, = Z,. This having Z,
stacked on top of Z,, and the group is structured so tightly that you can’t even find an isomorphism
to rearrange the factors.

A module M is said to have a composition series of length n if there is a chain of submodules M
=M,oM, o...oM, =(0) for which each factor module M, /M, is a simple module. Thus, we
would say that Z, has a composition series of length 2. This gives a measurement that equals the
dimension, in the case of a vector space. It is also true that the length of a cyclic group of order
pis precisely n. It can be shown that if M has a composition series of length n, then every other
composition series also has length n, so this is an invariant of the module. Furthermore, the
same simple modules show up in both series, with the same multiplicity.

The idea of a composition series is related to two other conditions on modules. A module is said
to satisfy the ascending chain condition, or ACG, if it has no infinite chain of ascending submodules;
itis said to satisfy the descending chain condition, or DCC, if it has no infinite chain of descending
submodules. Modules satisfying these conditions are called Noetherian or Artinian, respectively.
A module has finite length iff it satisfies both the ACC and DCC. As an example to keep in mind,
let’s look at the ring of integers, which has ACC but not DCC. Since mZ < nZ iff n | m,
generators get smaller as you go up in Z, and larger as you go down. Any set of positive integers
has a smallest element, so we can’t have any infinite ascending chains, but, for example, we can
construct the infinite descending chain 22 54Z 587 ....

The cyclic groups of prime power order play a crucial role in the structure of finite abelian
groups precisely because they cannot be split up any further. A module M can be expressed as a
direct sum of two submodules M, and M, iff M, 1M, = (0) and M, + M, =M. In the case of a cyclic
group of prime power order, the subgroups form a descending chain, and so any two nonzero
subgroups have a nonzero intersection. A module is called indecomposable if it cannot be
written as a direct sum of two nonzero submodules. With this terminology, the cyclic groups of
prime power order are precisely the indecomposable finite abelian groups. The major results in
this direction are (the Krull-Schmidt theorem), which show that any module with finite length
can be written as a direct sum of indecomposable submodules, and this decomposition is unique
up to isomorphism and the order of the summands.

After this rather lengthy preview, or review, as the case may be, it is time to move on to study
general rings and modules. The next results present a proof of the structure theorem for finite
abelian groups, but you should feel free to skip them.

Lemma: Let A be a finite abelian p-group.

(@) Leta € A be an element of maximal order, and let b + Za be any coset of A/Za. Then there
exists d € A such thatd + Za =b + Za and Zd (] Za = (0).

(b) Leta e A be an element of maximal order. Then there exists a subgroup B with A =Za & B.

Proof: (a) The outline of part (a) is to let s be the smallest positive integer such that sb € Za. Then
we solve the equation sb = sx for elements x € Za and letd =b - x.
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Using o(x) for the order of an element X, let s be the order of b + Za in the factor group G/Za.
Then sb € Za, and we can write sb = (qt)a for some exponent qt such that t = p? for some § and

P / q- Then qa is a generator for Za, since q is relatively prime to o(a). Since s is a divisor of the

order of b, we have o(b)/s = o(sb) = o((qt)a) = o(a)/t, or simply, o(b) - t = o(a) - s. All of these are
powers of p, and so o(b) < o(a) implies that s |t, say t = ms. Then x = (qm)a is a solution of the
equation sb =sx. If d =b - x, then d + Za = b + Za and so sd = sb - sx = sb - sb = 0. Therefore,
Zd N Za = (0), since nd € Za implies n(b - x) =nb - nx € Za. Thus, nb € Za implies n(b + Za) = Za
in G/Za, so s|nand nd =0.

(b) The outline of this part is to factor out Za and use induction to decompose A/Za into a direct
sum of cyclic groups. Then part (a) can be used to choose the right preimages of the generators
of A/Za to generate the complement B of Za.

We use induction on the order of A. If | A| is prime, then A is cyclic and there is nothing to prove.
Consequently, we may assume that the statement of the lemma holds for all groups of order less
than | A | = p= If A is cyclic, then we are done. If not, let Za be a maximal cyclic subgroup, and use
the induction hypothesis repeatedly to write A/Za as a direct sum B, ® B, ® ... @ B of cyclic
subgroups.

We next use part (a) to choose, for each i, a coset a, + Za that corresponds to a generator of A, such
that Za, (1 Za = (0). We claim that A = Za @ B for the smallest subgroup B=Za, + Za, + - - -+ Za,_
that contains a,, a,, .. ., a,.

First, if x € Z, N(Za,+ - -+Za ), thenx=mya + - -+ma_ e Zafor some coefficients m,, ... ,m .
Thus x + Za = (m,a, + * - -+ m a ) + Za = Za, and since A/Za is a direct sum, this implies that
ma, + Za = Za for each i. But then ma, € Za, and so ma, = 0 since Za, (1 Za = (0). Thus x = 0.

Next, given x € A, express the coset x + Za as (mja, +- - -+ m, a ) + Za for coefficients m,, ..., m .

n

Then x € xZa, and sox =ma +mya, + - - -+ m_a_for some m.
Thus, we have shown that Za1 B = (0) and A =Za + B, so A= Za @ B.

Theorem 2 (Fundamental Theorem of Finite Abelian Groups): Any finite abelian group is
isomorphic to a direct sum of cyclic groups of prime power order. Any two such decompositions
have the same number of factors of each order.

Proof: We first decompose any finite abelian group A into a direct sum of p-groups, and then we
can use the previous lemma to write each of these groups as a direct sum of cyclic subgroups.

Uniqueness is shown by induction on |A]|. It is enough to prove the uniqueness for a given
p-group. Suppose that

Za,®Za,® - ®Za =ZPOLP® OZB

wherea, >0, >...>a _and f, >p,>...>B_. Consider the subgroups in which each element has
been multiplied by p. By induction, a, -1 =, -1, ..., which gives a, = B, ..., with the possible
exception of the a,’s and f3/'s that equal 1. But the groups have the same order, and this determines
that each has the same number of factors isomorphic to Z . This completes the proof.

Self Assessment

1. A is a set, A together with an operations “.”. That combines any two elements a
and b to form another element denoted a.b.
(@) cyclic (b) permutation

(c) abelian (d) normal
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2. In a finite abelian group, each element is in a conjugacy class by itself and the character Notes
table involve powers of a single element known as a ..................

(a) group generator (b) group connector
(¢)  group and subgroup (d) normal group element
3. In mathematica, the function finite abelian group {n, n,, .... } represents .................. product

of the cyclic group of degree nn, ................

(@) direct (b) indirect
(c) single (d) external
4. In commutative ring ................ the elements, or unit, from an abelian multiplication
groups.
(a) inversible (b)  vertible
()  direct (d) finite
5. Every subgroup of a finite abelian group is normal, so each subgroup gives rest to a
.................. group
(@) cyclic (b) permutation
(©)  quotient (d) multiplicative

10.4 Summary

“ g7

° A finite abelian group is a set, A, together with an operation “*” that combines any two
elements a and b to form another element denoted a * b. The symbol “*” is a general
placeholder for a concretely given operation. To qualify as a finite abelian group, the set
and operation, (A, *), must satisfy five requirements known as the finite Abelian group
axioms.

) Generally, the multiplicative notation is the usual notation for groups, while the additive
notation is the usual notation for modules. The additive notation may also be used to
emphasize that a particular group is abelian, whenever both abelian and non-finite abelian
groups are considered.

° For the integers and the operation addition “+”, denoted (Z,+), the operation + combines
any two integers to form a third integer, addition is associative, zero is the additive
identity, every integer n has an additive inverse, “n, and the addition operation is
commutative since m + n = n + m for any two integers m and n.

) Every cyclic group G is abelian, because if x, y are in G, then xy = a"a" =a"*" = q"*" = g"q" =
yx. Thus the integers, Z, form a finite abelian group under addition, as do the integers
modulo n, Z/nZ.

10.5 Keywords

Finite Abelian Group: A finite abelian group is a set, A, together with an operation “*” that
combines any two elements a and b to form another element denoted a * b.

Multiplication: The multiplicative notation is the usual notation for groups, while the additive
notation is the usual notation for modules.

Cyclic Group: Every cyclic group G is abelian, because if x, y are in G, then xy = a"a" = a"*" =
a’ +im = ara" = yx.
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10.6 Review Questions

1.

ook LN

Compute all possible finite abelian groups of order n. What is the largest n for which it
will work?

Find all finite abelian group of order less than or equal to 40 up to isomorphism.
Find all finite abelian groups of order 200 to 720 up to isomorphism.
Show that the infinite direct product G =7, x Z, x . .. is not finitely generated.

Let G be a finite abelian group of order m. If n divides m, prove that G has a subgroup of
order n.

Answers: Self Assessment

10.7 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

Ca

Onlinelinks  www jmilne.org/math/CourseNotes/

www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Unit 11: Conjugate Elements Notes

CONTENTS

Objectives

Introduction

11.1 Conjugate Subgroup
11.2 Summary

11.3 Keywords

11.4 Review Questions

11.5 Further Readings

Objectives

After studying this unit, you will be able to:

° Define conjugate subgroup
° Discuss conjugacy class of an element
Introduction

In the last unit, you have studied about finite abelian group. If G is a group and X is an arbitrary
set, a group action of an element g € G and x € X is a product, g* giving in x many problem in
algebra may best be attached in group actions. In this unit, you will get the information related
to conjugate elements.

11.1 Conjugate Subgroup

Definition: Let G be a group, and let x, y be elements of G. Then y is said to be a conjugate of x
if there exists an element a in G such that y = axa™.

If H and K are subgroups of G, then K is said to be a conjugate subgroup of H if there exists an
element a in G such that K = aHa™.

Proposition 1:
(a) Conjugacy of elements defines an equivalence relation on any group G.
(b) Conjugacy of subgroups defines an equivalence relation on the set of all subgroups of G.
Definition: Let G be a group. For any element x in G, the set
{ainG | axal=x}
is called the centralizer of x in G, denoted by C(x).
For any subgroup H of G, the set
{ainG | aHa'=H}

is called the normalizer of H in G, denoted by N(H).
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Proposition 2: Let G be a group and let x be an element of G. Then C(x) is a subgroup of G.

Proposition 3: Let x be an element of the group G. Then the elements of the conjugacy class of x
are in one-to-one correspondence with the left cosets of the centralizer C(x) of x in G.

' Example: Two permutations are conjugate in S_if and only if they have the same shape
(i.e., the same number of disjoint cycles, of the same lengths). Thus, in particular, cycles of the
same length are always conjugate.

Theorem 1: [Conjugacy class Equation] Let G be a finite group. Then

|Gl =120) | +2lg:Cx)]
where the sum ranges over one element x from each nontrivial conjugacy class.
Definition: A group of order p", with p a prime number and n > 1, is called a p-group.
Theorem 2: [Burnside] Let p be a prime number. The center of any p-group is nontrivial.
Corollary 1: Any group of order p? (where p is prime) is abelian.

Theorem 3: [Cauchy] If G is a finite group and p is a prime divisor of the order of G, then G
contains an element of order p.

' Example: Prove that if the center of the group G has index n, then every conjugacy class of
G has at most n elements.

Solution: The conjugacy class of an element a in G has [G : C(a)] elements. Since the center Z(G)
is contained in C(a), we have [G: C(a)] < [G: Z(G)] = n. (In fact, [G : C(a)] must be a divisor of n.)

' Example: Find all finite groups that have exactly two conjugacy classes.

Solution: Suppose that |G| =n. The identity element forms one conjugacy class, so the second
conjugacy class must have n-1 elements. But the number of elements in any conjugacy class is a
divisor of |G|, so the only way that n-1 is a divisor of nis if n = 2.

' Example: Let G = D,,, given by generators a, b with |a|=6, |b|=2, and ba=a"b. Let H =
{1, a%, b, a°b }. Find the normalizer of H in G and find the subgroups of G that are conjugate to H.

Solution: The normalizer of H is a subgroup containing H, so since H has index 3, either N, (H)
=H or N (H) = G. Choose any element not in H to do the first conjugation.

aHa' = {1, a(a®)a’, aba®, a(a’b)a® } = {1, a%, a%b, a’b }

This computation shows that a is not in the normalizer, so N_ (H) = H. Conjugating by any
element in the same left coset aH = { a, a*, ab, a*b } will give the same subgroup. Therefore, it
makes sense to choose a* to do the next computation.

a’Ha?={1, a% a’ba*, a*(a’b)a* } ={ 1, a% a'b, ab }

Comment: It is interesting to note that an earlier problem shows that b, a’b, and a*b form one
conjugacy class, while ab, a’b, and a® b form a second conjugacy class. In the above computations,
notice how the orbits of individual elements combine to give the orbit of a subgroup.

' Example: Write out the class equation for the dihedral group D, . Note that you will need
two cases: when n is even, and when n is odd.
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Solution: When n is odd the center is trivial and elements of the form a' b are all conjugate. Notes
Elements of the form a' are conjugate in pairs; a™ # a™ since a®™ # 1. We can write the class
equation in the following form:

Gl =1+(m1)/2) 2+n

When n is even, the center has two elements. (The element a™? is conjugate to itself since it is
equal to a™/2 This shows that Z(G) = {1, a~/? }.) Therefore, elements of the form a' b split into two
conjugacy classes. In this case the class equation has the following form:

|G| =2+ (n-2)/2) :2+2 -(n/2)

' Example: Show that for all n > 4, the centralizer of the element (1,2)(3,4) in S_ has order
8 - (n-4)!. Determine the elements in the centralizer of ((1,2)(3,4)).

Solution: The conjugates of a = (1,2)(3,4) in S are the permutations of the form (a,b) (c,d). The
number of ways to construct such a permutation is

n(n-1)/2 - (n-2)(n-3)/2 -1/2,
and dividing this into n! gives the order 8 - (n-4)! of the centralizer.

We first compute the centralizer of a in S,. The elements (1, 2) and (3, 4) clearly commute with
(1, 2) (3, 4). Note that a is the square of b = (1, 3, 2, 4); it follows that the centralizer contains
<b>,sob’=(1, 4, 2, 3) also belongs. Computing products of these elements shows that we must
include (1, 3)(2, 4) and (1, 4)(2, 3), and this gives the required total of 8 elements.

To find the centralizer of a in S, any of the elements listed above can be multiplied by any
permutation disjoint from (1, 2)(3, 4). This produces the required total |C(a)| =8 - (n-4)!.

Self Assessment

1. Let G be a group and let x be an elements of the G. Then L(x) is a ............... of G.
(a) Normal subgroup (b)  Cyclic subgroup
(c)  Subgroup (d) Permutation group

2. Any group of order p*is ...............

(a) permutation (b) abelian
() cyclic (d) finite
3. IfGisa ... group and P is a prime divisor of the order of G, then G contains an

element of order P.

(a) direct (b)  external
(c) internal (d) finite
4. Let P be a prime number. The center of any P-group is ...............
(@) trivial (b) non-trivial
() finite (d) infinite
5. A group of order p*, with P is a prime number and n ............... is called a p-group.
(@ a=1 (b) b>1
() c<1 d d=1
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11.2 Summary

° Let G be a group, and let x,y be elements of G. Then y is said to be a conjugate of x if there
exists an element a in G such that y = axa™.

. If H and K are subgroups of G, then K is said to be a conjugate subgroup of H if there exists
an element a in G such that K = aHa™.

° Conjugacy of elements defines an equivalence relation on any group G.
° Conjugacy of subgroups defines an equivalence relation on the set of all subgroups of G.
° Let G be a group. For any element x in G, the set

{ainG | axa®l=x}
is called the centralizer of x in G, denoted by C(x).
For any subgroup H of G, the set
{ainG | aHa'=H}
is called the normalizer of H in G, denoted by N(H).
° Let G be a group and let x be an element of G. Then C(x) is a subgroup of G.
° Let x be an element of the group G. Then the elements of the conjugacy class of x are in

one-to-one correspondence with the left cosets of the centralizer C(x) of x in G.

11.3 Keywords

Conjugate Element: If H and K are subgroups of G, then K is said to be a conjugate subgroup of
H if there exists an element a in G such that K = aHa™.

Centralizer: Let G be a group. For any element x in G, the set
{ainG | axa®l=x}

is called the centralizer of x in G, denoted by C(x).

11.4 Review Questions

1. Compute the G-equivalence classes of X for each of the G-sets X = {1, -2, 24, 5, 6} and
G={1),(1,2)(3,4,5);(12) (345),(12) (384)}for each x € X verify |G| =[O | |G, |.

2. Write the class equation for S5 and for |G _|

3. Let P be prime. Show that the number of different abelian groups of order P" is the same
as the number of conjugacy classin S .

4.  Leta e G, show that for any g € G, gc(a)g’ = c(gag™).
5. Let |G| =p"and suppose that | Z(G) | = p™' for p prime. Prove that G is abelian.

6.  Let G be a group with order p", where p is prime and X a finite G-set. If X_ = {x € X : gx =x
for all g € G} is the set of elements in X fixed by the group actions, then prove that
|X] = 1X;| (mod).

Answers: Self Assessment
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11.5 Further Readings Notes
Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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Unit 12: Sylow’s Theorems

CONTENTS
Objectives
Introduction
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12.1.1 A Proof of Sylow’s Theorems
122 Summary
12.3 Keywords
12.4 Review Questions

12.5 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss Sylow’s Theorem
° Describe examples of Sylow’s Theorem
Introduction

We already know that the converse of Lagrange’s Theorem is false. If G is a group of order m and
n divides m, then G does not necessarily possess a subgroup of order n. For example, A, has
order 12 but does not possess a subgroup of order 6. However, the Sylow Theorems do provide
a partial converse for Lagrange’s Theorem: in certain cases they guarantee us subgroups of
specific orders. These theorems yield a powerful set of tools for the classification of all finite
non-abelian groups.

12.1 The Sylow Theorems

We will use the idea of group actions to prove the Sylow Theorems. Recall for a moment what
it means for G to act on itself by conjugation and how conjugacy classes are distributed in the
group according to the class equation. A group G acts on itself by conjugation via the map (g, x)
— gxg™. Letx,,...,x,_be representatives from each of the distinct conjugacy classes of G that consist
of more than one element. Then the class equation can be written as

|G| = [Z(G)]| +[G:C(x)] +... + [G: C(x)],
where Z(G) = {g € G : gx = xg for all x € G} is the center of G and C(x)) = {g € G : gx, = x,g} is the
centralizer subgroup of x,.

We now begin our investigation of the Sylow Theorems by examining subgroups of order p,
where p is prime. A group G is a p-group if every element in G has as its order a power of p,
where p is a prime number. A subgroup of a group G is a p-subgroup if it is a p-group.
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12.1.1 A Proof of Sylow’s Theorems Notes

In this handout, we give proofs of the three Sylow theorems which are slightly different from
the ones in the book. Recall the following lemma:

Lemma: Let p be a prime number, and let G be a p-group (a finite group of order p* for some
k > 1) acting on a finite set S. Then the number of fixed points of the action is congruent to |S|
modulo p.

We make the following definition: if G has order p*m with p [ m, a Sylow p-subgroup of G is
a subgroup of order p*.

Theorem (Sylow’s First Theorem): If G is a finite group of order n = p*m with p prime and

p / m, then G has a subgroup of order p*. In other words, if Syl (G) denotes the set of Sylow
p-subgroups of G, then Syl (G) = .
Proof. The proof is by induction on |G|, the base case |G| = 1 being trivial. If there exists a

proper subgroup H of G such that p X [G : H], then a Sylow p-subgroup of H is also a a Sylow

p-subgroup of G and we're finished by induction. So without loss of generality, we may assume
that p | [G: H] whenever H < G. From the class equation, it follows thatp | |Z_|. By Cauchy’s

theorem, there exists a subgroup N < Z_ of order p, which is necessarily normal in G. Let G =
G/N, so | G | = p~'m. By induction, G has a subgroup P of order p*'. Let P be the subgroup
of G containing N which corresponds to P by the first isomorphism theorem. Then

|P| = IP/N|-N|=p*" p=p"
so that P is a Sylow p-subgroup of G as desired.

Theorem (Sylow’s Second Theorem): If G is a finite group and p is a prime number, then all
Sylow p-subgroups of G are conjugate to one another.

Proof: We show more precisely that if H is any subgroup of G of p-power order and P is any
Sylow p-subgroup of G, then there exists x € G such that H < xPx™. (This implies the theorem,
sinceif H e Sylp(G) then |H| = |P| = |xPx™ |, which implies that H = xPx™, so that H is conjugate
to P.) Note that H acts on G/P (the set of left cosets of P in G) by left multiplication. Let Fix denote
the elements of G/P fixed by this action. Then |Fix| = |G/P| (mod p) by the Lemma. Since

p X m= |G/P|, |Fix| #0, and thus Fix# ff ;. Let xP be a left coset fixed by the action. Then

hxP=xPVhe H=x'Hx<P,
so that H < xPx! as desired.

Theorem (Sylow’s Third Theorem): If G is a finite group and p is a prime number, let
n = |Sylp(G) |. Then n, | |G| and n =1 (mod p).

Proof: We consider the action of G on Sylp(G) by conjugation. By the second Sylow theorem, this
action is transitive, so there is just one orbit. Hence n, which is the size of this orbit, divides |G| .

To prove the congruence n =1 (mod p), we fix a Sylow p-subgroup P € Syl (G) and consider the
action of P on Syl (G) by conjugation. Let Fix denote the set of fixed points of this action. Note
that Q € Fix < P <N_(Q), and in particular P € Fix. If Q € Fix, then P, Q <N(Q) are both Sylow
p-subgroups of N(Q), so they are conjugate in N_(Q) (again by the second Sylow theorem). But
Q is a normal subgroup of N (Q), so P = Q. Thus Fix = {P}, and in particular |Fix| = 1. By the
Lemma, np =1 (mod p) as desired.
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The more precise fact established in our proof of Sylow’s Second Theorem yields the following
useful result:

Corollary: If G is a finite group and p is a prime number, then any subgroup of G of p-power
order is contained in some Sylow p-subgroup.

Since G acts transitively by conjugation on Syl (G), and the stabilizer of P € Syl (G) is N(P), we
deduce that np =[G : N;(P)] for any P € Syl (G).

Therefore:

Corollary: If G is a finite group and p is a prime number, let n_be the number of Sylow
p-subgroups of G. Then the following are equivalent:

1. np=1.
2. Every Sylow p-subgroup of G is normal.

3. Some Sylow p-subgroup of G is normal.

' Example: By direct computation, find the number of Sylow 3-subgroups and the number
of Sylow 5-subgroups of the symmetric group S,. Check that your calculations are consistent
with the Sylow theorems.

Solution: In S, there are (5 ‘4 -3 ) / 3 = 20 three cycles. These will split up into 10 subgroups of
order 3. This number is congruent to 1 mod 3, and is a divisor of 5 -4 -2.

There are (5!) / 5 = 24 five cycles. These will split up into 6 subgroups of order 5. This number
is congruent to 1 mod 5, and is a divisor of 4 -3 -2.

' Example: How many elements of order 7 are there in a simple group of order 168?

Solution: First, 168 =23 - 3 - 7. The number of Sylow 7-subgroups must be congruent to 1 mod 7
and must be a divisor of 24. The only possibilities are 1 and 8. If there is no proper normal
subgroup, then the number must be 8. The subgroups all have the identity in common, leaving
8 -6 =48 elements of order 7.

' Example: Prove that a group of order 48 must have a normal subgroup of order 8 or 16.

Solution: The number of Sylow 2-subgroups is 1 or 3. In the first case there is a normal subgroup
of order 16. In the second case, let G act by conjugation on the Sylow 2-subgroups. This produces
a homomorphism from G into S,. Because of the action, the image cannot consist of just 2
elements. On the other hand, since no Sylow 2-subgroup is normal, the kernel cannot have 16
elements. The only possibility is that the homomorphism maps G onto S,, and so the kernel is a
normal subgroup of order 48 / 6 = 8.

' Example: Let G be a group of order 340. Prove that G has a normal cyclic subgroup of
order 85 and an abelian subgroup of order 4.

Solution: First, 340 = 2% 5 - 17. There exists a Sylow 2-subgroup of order 4, and it must be abelian.
No divisor of 68 = 2% - 17 is congruent to 1 mod 5, so the Sylow 5-subgroup is normal. Similarly,
then Sylow 17-subgroup is normal. These subgroups have trivial intersection, so their product
is a direct product, and hence must be cyclic of order 85 =5 - 17. The product of two normal
subgroups is again normal, so this produces the required normal subgroup of order 85.

LOVELY PROFESSIONAL UNIVERSITY



Unit 12: Sylow’s Theorems

@ Notes
' Example: Show that there is no simple group of order 200.

Solution: Since 200 = 2* - 5, the number of Sylow 5-subgroups is congruent to 1 mod 5 and a
divisor of 8. Thus there is only one Sylow 5-subgroup, and it is a proper nontrivial normal
subgroup.

' Example: Show that a group of order 108 has a normal subgroup of order 9 or 27.

Solution: Let S be a Sylow 3-subgroup of G. Then [G:S] =4, since |G| = 2?3%, so we can let G act
by multiplication on the cosets of S. This defines a homomorphism p : G -> S, so it follows that
| n(G) | is a divisor of 12, since it must be a common divisor of 108 and 24. Thus | ker(n) | 29,
and it follows that ker(n) = S, so | ker(n) | must be a divisor of 27. It follows that | ker(n) | =9
or | ker(n) | =27.

' Example: If p is a prime number, find all Sylow p-subgroups of the symmetric group S,.

Solution: Since |S | = p!, and p is a prime number, the highest power of p that divides [S | is p.
Therefore, the Sylow p-subgroups are precisely the cyclic subgroups of order p, each generated
by a p-cycle. There are (p-1)! = p! / p ways to construct a p-cycle (a,, . .., a ). The subgroup
generated by a given p-cycle will contain the identity and the p-1 powers of the cycle. Two
different such subgroups intersect in the identity, since they are of prime order, so the total
number of subgroups of order p in S is (p-2)! = (p-1)! / (p-1).

' Example: Prove that if G is a group of order 56, then G has a normal Sylow 2-subgroup
or a normal Sylow 7-subgroup.

Solution: The number of Sylow 7-subgroups is either 1 or 8. Eight Sylow 7-subgroups would
yield 48 elements of order 7, and so the remaining 8 elements would constitute the (unique)
Sylow 2-subgroup.

' Example: Prove that if N is a normal subgroup of G that contains a Sylow p-subgroup of
G, then the number of Sylow p-subgroups of N is the same as that of G.

Solution: Suppose that N contains the Sylow p-subgroup P. Then since N is normal it also
contains all of the conjugates of P. But this means that N contains all of the Sylow p-subgroups
of G, since they are all conjugate. We conclude that N and G have the same number of Sylow
p-subgroups.

' Example: Prove that if G is a group of order 105, then G has a normal Sylow 5-subgroup
and a normal Sylow 7-subgroup.

Solution: The notation n (G) will be used for the number of Sylow p-subgroups of G. Since 105
=3 -5 -7, we have n,(G) =1 or 7, n(G) = 1 or 21, and n (G) = 1 or 15 for the numbers of Sylow
subgroups. Let P be a Sylow 5-subgroup and let Q be a Sylow 7-subgroup. At least one of these
subgroups must be normal, since otherwise we would have 21 -4 elements of order 5 and 15 -6
elements of order 7. Therefore, PQ is a subgroup, and it must be normal since its index is the
smallest prime divisor of |G|, so we can apply the result in the previous problem. Since PQ is
normal and contains a Sylow 5-subgroup, we can reduce to the number 35 when considering the
number of Sylow 5-subgroups, and thus n,(G) = n,(PQ) = 1. Similarly, since PQ is normal and
contains a Sylow 7-subgroup, we have n (G) = n (PQ) = 1.
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Self Assessment

1.

A group G is a p-group of every element in G has its order a power of ................

@ s (®) p

© &l d pl

If G is a finite group. Then G is p-group of and only if |G| = ................
@@ p* (b) p

© p d p

Let P be a Sylow p-subgroups of a ................ G and let x have as its order a power of p. If
x'p(x) =p. Thenx € p.

(@) indirect (b) infinite

() finite (d) direct

A subgroup of a group Gisa p- ......cccc.cec. if it is a p-group.

(@) subgroup (b) normal group

(¢) infinite group (d) cyclic group

How many elements of order 7 are there is a simple group of order 168.
(@ 7 (b) 8

(© 9 (d) 48

12.2 Summary

Let G be a finite group and p a prime such that p divides the order of G. Then G contains a
subgroup of order p.

(First Sylow Theorem) Let G be a finite group and p a prime such that p* divides |G]|.
Then G contains a subgroup of order p~.

Let P be a Sylow p-subgroup of a finite group G and let x have as its order a power of p.
If x'Px =P. Thenx € P.

Let H and K be subgroups of G. The number of distinct H-conjugates of K is
[H: N(K) N H].

(Second Sylow Theorem) Let G be a finite group and p a prime dividing |G|. Then all
Sylow p-subgroups of G are conjugate. That is, if P, and P, are two Sylow p-subgroups,
there exists a g € G such that gP g =DP,.

12.3 Keywords

Cauchy: Let G be a finite group and p a prime such that p divides the order of G. Then G contains
a subgroup of order p.

First Sylow Theorem: Let G be a finite group and p a prime such that p* divides |G|. Then G
contains a subgroup of order p.
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12.4 Review Questions Notes
1. What are the order of all Sylow p-subgroups where G has order 18, 24, 54 and 80?

2. Find all the Sylow 3-subgroups of S, and show that they are all conjugate.

3. Show that every group of order 45 has a normal subgroup of order 9.

4.  Let H be a Sylow p-subgroup of G. Prove that H ps the only Sylow p-subgroup of G

contained in N(H).

o

Prove that no group of order 96 is simple.

6. If H is normal subgroup of a finite group G and |H| = p*for some prime p, show that H is
a contained in every Sylow p-subgroup of G.

Answers: Self Assessment

12.5 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
A
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Unit 13: Solvable Groups

CONTENTS

Objectives

Introduction

13.1 Solvable Group
13.2 Summary

13.3 Keywords

13.4 Review Questions

13.5 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss the solvable groups
° Describe examples of solvable group
Introduction

In the earlier unit, you have studied about the conjugate elements and Sylow’s Theorem. This
unit will equip you with more information related to solvable group.

13.1 Solvable Group

Definition: The group G is said to be solvable if there exists a finite chain of subgroups
G=N,2N, o -~ 2N, such that

(i)  N,is anormal subgroup in N , fori=1,2,..,n,
(i) N,/ N,isabelian fori=1,2,..,n,and
(i) N_={e}.

Proposition: A finite group G is solvable if and only if there exists a finite chain of subgroups
G=N,2N, 2...N, such that

(1) N, is a normal subgroupin N, fori=1,2,.. ., n,

(i) N, / N,is cyclic of prime order fori=1,2,...,n, and

(iii) N_={e}.

Theorem 1: Let p be a prime number. Any finite p-group is solvable.

Definition: Let G be a group. An element g in G is called a commutator if
g = aba'b

for elements a, b in G.
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The smallest subgroup that contains all commutators of G is called the commutator subgroup or Notes
derived subgroup of G, and is denoted by G’.

Proposition: Let G be a group with commutator subgroup G’.
(@) The subgroup G’ is normal in G, and the factor group G/G’ is abelian.

(b) If N is any normal subgroup of G, then the factor group G/N is abelian if and only if
G cN.

Definition: Let G be a group. The subgroup (G")’ is called the second derived subgroup of G. We
define G® inductively as (G*?)’, and call it the k th derived subgroup.

Theorem 2: A group G is solvable if and only if G® = {e} for some positive integer n.
Corollary: Let G be a group.

(@) If Gis solvable, then so is any subgroup or homomorphic image of G.

(b)  If Nis a normal subgroup of G such that both N and G/N are solvable, then G is solvable.
Definition: Let G be a group. A chain of subgroups G =N 2N, 2... 2 N, such that

(i) N, is a normal subgroup in N, fori=1,2,...,n,

(i) N,/ N,issimplefori=1,2,...,n, and

(i) N, = (e}

is called a composition series for G.

The factor groups N,, / N, are called the composition factors determined by the series.

Theorem 3: [Jordan-Hoélder] Any two composition series for a finite group have the same
length. Furthermore, there exists a one-to-one correspondence between composition factors of
the two composition series under which corresponding composition factors are isomorphic.

' Example: Let p be a prime and let G be a non-abelian group of order p®. Show that the
center Z(G) of G equals the commutator subgroup G” of G.

Solution: Since G is non-abelian, we have |Z(G) | = p. (The center is nontrivial, and if |Z(G)| =
p? then G/Z(G) is cyclic, the text implies that G is abelian.) On the other hand, any group of
order p?is abelian, so G/ Z(G) is abelian, which implies that G’ Z(G). Since G is nonabelian, G’ {e},
and therefore G’ = Z(G).

' Example: Prove that D _ is solvable for all n.
One approach is to compute the commutator subgroup of D , using the standard description
D ={a'b|0<i<n,0<j<20(@)=n,0b)=2ba=a'b}

We must find all elements of the form xyx"'y”, for x,y in D,. We consider the cases x = a' or x = a'b
andy =alory = ab.

Case 1: If x = a' and y = a, the commutator is trivial.

Case 2:If x =a'and y = alb, then xyx'y" = a'alba’alb = a'ala’balb = a'adla'a’b® = a?, and thus each even
power of a is a commutator.

Case 3: If x = alb and y = a!, we get the inverse of the element in Case 2.

Case 4: If x =a'b and y = alb, then
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xyx'y! = a'lbalba’baib, and so we get
xyx'y? = alalb?a'a’b* = a’i, and again we get even powers of a.

Thus the commutator subgroup D, is either <a > (if nis odd) or <a”> (if nis even). In either case,
the commutator subgroup is abelian, so D " = {e}.

' Example: Prove that any group of order 588 is solvable, given that any group of order 12
is solvable.

We have 588 =22 -3 - 72 Let S be the Sylow 7-subgroup. It must be normal, since 1 is the only
divisor of 12 that is 1 mod 7. By assumption, G / Sis solvable since | G / S | = 12. Furthermore,
S is solvable since it is a p-group. Since both S and G / S are solvable, it follows from Corollary
that G is solvable.

' Example: Let G be a group of order 780=22 -3 -5 -13. Assume that G is not solvable. What
are the composition factors of G? (Assume that the only nonabelian simple group of order 60 is
A.)

5

The Sylow 13-subgroup N is normal, since 1 is the only divisor of 60 that is 1 mod 13. Using the
fact that the smallest simple nonabelian group has order 60, we see that the factor G/N must be
simple, since otherwise each composition factor would be abelian and G would be solvable.
Thus the composition factors are Z,, and A,.

Theorem-[Jordan-Hoélder] Any two composition series for a finite group have the same length.
Furthermore, there exists a one-to-one correspondence between composition factors of the two
composition series under which corresponding composition factors are isomorphic.

Let |G| = N. We first prove existence, using induction on N. If N =1 (or, more generally, if G is
simple) the result is clear. Now suppose G is not simple. Choose a maximal proper normal
subgroup G1 of G. Then G1 has a Jordan-Hélder decomposition by induction, which produces a
Jordan-Holder decomposition for G.

To prove uniqueness, we use induction on the length n of the decomposition series. If n=1 then
G is simple and we are done. For n > 1, suppose that

GoGloG2oGn={1}
and
GoGloG2oGm=1

are two decompositions of G . If G1 = G1 then we're done (apply the induction hypothesis to G1),
so assume G1/G1 . Set H: = G1G1 and choose a decomposition series H > H, > Hk = {1} for H.
By the second isomorphism theorem, G1/H=G1G1/G1=G/Gl1 (the last equality is because G1G1
is a normal subgroup of G properly containing G1). In particular, H is a normal subgroup of G1
with simple quotient. But then

GloG2>o..oGn
and
GloHo>..oHk

are two decomposition series for G1, and hence have the same simple quotients by the induction
hypothesis; likewise for the G1 series. Therefore, n=m. Moreover, since G/G1=G1/H and
G/G1=G1/H (by the second isomorphism theorem), we have now accounted for all of the
simple quotients, and shown that they are the same.
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Self Assessment Notes
1.  Let P be a prime number. Any ............... p-group is solvable
(a) infinite (b) direct
() finite (d) indirect
2. The smallest subgroup that contains all commutations of G is called as ...............
(a) commutator subgroup (b) normal subgroup
(¢)  generator subgroup (d) cyclic subgroup
3. Ifx=alandy=........ , the commutator is trivial
(@ a (b) at
© a @ y
4. Let G be a group the subgroup is called the ............... of G.
(a) normal subgroup (b) second derived subgroup
() composition series (d) cyclic series

13.2 Summary

o The group G is said to be solvable if there exists a finite chain of subgroups G =N 2o N,
2 - 2N, such that

() N, is a normal subgroup inN,, fori=1,2, .., n,

(i) N,/ N, isabelianfori=1,2,..,n,and

(iii) N_={e}.

) A finite group G is solvable if and only if there exists a finite chain of subgroups G =N, 2
N, = ... N, such that

1
(i) N, is a normal subgroup in N, fori=1,2,...n,
(if) N,, / N, is cyclic of prime order fori=1,2,...,n,and

(it N_={e}.

) Let p be a prime number. Any finite p-group is solvable.
) Let G be a group. An element g in G is called a commutator if
g = aba'b”

for elements a,b in G.

) The smallest subgroup that contains all commutators of G is called the commutator
subgroup or derived subgroup of G, and is denoted by G'.

° Let G be a group. A chain of subgroups G =N 2N, 2... 2 N, such that
(1) N, is a normal subgroup inN_, fori=1,2,...,n,
(ii) N,/ N,issimplefori=1,2,...n, and
(iii) N_ = {e}
is called a composition series for G.

° The factor groups N, / N, are called the composition factors determined by the series.
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13.3 Keywords

Commutator Subgroup: The smallest subgroup that contains all commutators of G is called the
commutator subgroup or derived subgroup of G, and is denoted by G'.

Let G be a group. A chain of subgroups G=N 2N, 2... 2N, such that
(1) N, is a normal subgroup in N, fori=1,2,.. ., n,

(i) N,/ N,issimplefori=1,2,... n,and

(i) N, ={e}

is called a composition series for G.

Jordan-Holder: Any two composition series for a finite group have the same length. Furthermore,
there exists a one-to-one correspondence between composition factors of the two composition
series under

13.4 Review Questions

1. Prove the normal series
Z,>{3}>{15}>{0}
Z,>{4)>{20}5{0}
of the group Z_, are isomorphic.
2. Let G and H be solvable groups. Show G x H is also solvable.

3. If G has a composition series and if N is a proper normal subgroup of G, Show the n exists
a composition series containing N.

4. Let N be a normal subgroup of G. If N and G/N have composition series, then G must also
have a composition series.

5. Let N be a normal subgroup of G if N and G/N are solvable groups. Show that G is also
solvable group.

6.  Prove that G is a solvable group if and only if G has a series of subgroups G =P > P ,
5..P,oP ={e}

where p, is normal in p,,, and the order p,,,/p, is prime.

Answers: Self Assessment

13.5 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.
Mitchell and Mitchell: An Introduction to Abstract Algebra.

John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Unit 14: Rings

CONTENTS

Objectives

Introduction

141 What is a Ring?

14.2 Elementary Properties
14.3 Two Types of Rings
144 Summary

14.5 Keywords

14.6 Review Questions

14.7 Further Readings

Objectives

After studying this unit, you will be able to:

° Define and give examples of rings
° Discuss some elementary properties of rings from the defining axioms of a ring
. Define and give examples of commutative rings, rings with identity and commutative

rings with identity
Introduction

With this unit, we start the study of algebraic system with two binary operations satisfying
certain properties. Z, Q and R are examples of such a system, which we shall call a ring.

Now, you know that both addition and multiplication are binary operations on Z. Further, Z is
an abelian group under addition. Though it is not a group under multiplication, multiplication
is associative. Also, addition and multiplication are related by the distributive laws

a(b+c) =ab +nc, and (a + b)c = ac + bc

for all integers a, b and c. We generalise these very properties of the binary operations to define
a ring in general. This definition is given by the famous algebraist Emmy Noether.

After defining rings we will provide several examples of rings. You will also learn about
some propertics of rings that follow from the definition itself. Finally, we shall discuss certain
types of rings that are obtained when we impose more restrictions on the “multiplication” in
the ring.

As the contents suggest, this unit lays the foundation for the rest of this course. So make sure that
you have attained the following objectives before going to the next unit.
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14.1 What is a Ring? Notes

You are familiar with Z, the set of integers. You also know that it is a group with respect to
addition. Is it a group with respect to multiplication too? No. But multiplication is associative
and distributes over addition. These properties of addition and multiplication of integers allow
us to say that the system (Z, +, .) is a ring. But, what do we mean by a ring?

Definition: A non-empty set R together with two binary operations, we mean usually called
addition (denoted by f) and multiplication (denoted by .), is called a ring if the following axioms
are satisfied:

R1) a+b=Db+aforalla binR, ie., addition is commutative.

R2) (a+b)+c=a+(b+c)foralla, b, cinR, is. addition is associative.

R3) There exists an element (denoted by 0) of R such that
at0=a=0+aforallainR, i.e., R has an additive identity.

R4) ForeachainR, there exists x in R such thata + x =: 0 =x + a, i.e., every elements of R has
an additive inverse.

R5) (a.b)c=a.b.c)foralla b, cinR, ie, multiplication is associative.
R6) a.(b+c)=a.b+a.cand

(atb).i=a.d+b.c

foralla, b, cinR,
i.e., multiplication distributes over addition from the left as well as the right.

The axioms RI-R4 say that (R, +) is an abelian group. The axiom R5 says that multiplication is
associative. Hence, we can say that the system (R, +, .) is a ring if

(i) (R, +)is an abelian group,
(i) (R, .)is a semigroup, and
(iii) foralla,b,cinR,a.(b+c)=a.bta.c,and(a+b)=a.c+b.c

As you know that the addition identity 0 is unique, and each element a of R has a unique additive
inverse (denoted by - a). We call the element 0 the zero element of the ring.

By convention, we write a - b for a + ( -b).

Let us look at some examples of rings now. You have already seen that Z is a ring. What about
the sets Q and R? Do (Q, +, .) and (R, +, .) satisfy the axioms R1 - R6? They do.

Therefore, these systems are rings.

The following example provides us with another set of examples of rings

' Example: Show that (nZ, +, .) is a ring, wheren € Z.

Solution: You know that nZ = { nm I m € Z } is an abelian group with respect to addition. You
also know that multiplication in nZ is associative and distributes over addition from the right as
well as the left. Thus, nZ is a ring under the usual addition and multiplication.

So far the examples that we have considered have been infinite rings, that is, their underlying
sets have been infinite sets. Now let us look at a finite ring, that is, a ring (R, +. .) where Ris a
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Notes finite set. Our example is the set Z,,. Let us briefly recall the construction of Z,, the set of residue
classes modulo n.

If a and b are integers, we say that a is congruent to b modulo n if a - b is divisible by n; in
symbols, a = b (mod n) if n I (a - b). The relation ‘congruence modulo n” is an equivalence
relation in Z. The equivalence class containing the integer a is
a ={be Z(a-bis divisible by n}

={a+mp |meZ}

It is called the congruence class of a modulo n or the residue class of a modulo n. The set of all
equivalence classes is denoted by Z,,. So

To help you regain some practice in adding and multiplying in Z,,, consider the following
Cayley tables for Z .

Addition in Zs Multiplication in Zs
[+]o 1 1 3 3|1 Toa 1T 31 3 31
0|68 T I 3 3 o |0 o @ 0§ 0

T|7T 2 3 3 0 T 0 1 72 3 &
i 21 3 & 0 1 53/ 7 3 1 1
7 |3 4 @ 1 12 (o6 3 1 4 1|
a4 o 1 z 3||afo 3§ 3 1 T

Now let us go back to looking for a finite ring.

' Example: Show that (Z , +, .) is a ring.

Solution: You already know that (Z , +) is an abelian group, and that multiplication is associative
in Z,. Now we need to see if the axiom Ré6 is satisfied.

For any E,BEeZn,
a(b+c)=a(b+c)=ab+ac=ab+ac=ab+ac

Similarly, (6_1 +6).=L,+ bcVa,bceZ,.
So, (Z,, +,) satisfies the axioms R1-R6. Therefore, it is a ring.

Now let us look at a ring whose underlying set is a subset of C.

' Example: Consider the set

Z+iZ ={m+in | m and n are integers }, where i* = - L
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We define ‘+" and *." in Z + iZ to be the usual addition and multiplication of complex numbers. Notes
Thus, foram + in and s + itin Z + iZ,

(m+in) + (s +it) = (m +s) +i(n + t), and
(m +in) . (s +it) = (p - nt) + i(mt + ns).

Verify that Z + iZ is a ring under this addition and multiplication. (This ring is called the ring of
Gaussian integers, after the mathematician Carl Friedrich Gauss.)

Solution: Check that (Z +iZ, +) is a subgroup of (C, I-). Thus, the axioms RI-R4 are satisfied. You
can also check that

((a+ib). (c +id)) . (m +in) = (a +ib) . ((c +id) . (m + in))

V a+ib,c+id, m+in € Z +iZ.

This shows that R5 is also satisfied.

Finally, you can check that the right distributive law holds, i.e.,

(a+ib) + (c+id)) . (m +in) = (@ + ib) . (m + in) + (c +id) . (m + in) for any a + ib, c +id, m +
in e Z +iZ.

Similarly, you can check that the left distributive law holds. Thus, (Z + iZ, +, .) is a ring. The
operations that we consider in it are not the usual addition and multiplication.

' Example: Let X be a non-empty set, o (XI) be the collection of all subsets of X and A
denote the symmetric difference operation. Show that (g (X), A, n) is a ring.

Solution: For any two subsets A and B of X,
AAB=(A\B)U (B\A)

It is clear that (g (X), A) is an abelian group. You also know that (1 is associative. Now let us see
if N distributes over A.

Let A, B,CE g (X). Then
ANBNO=ANIB\C) U (C\B)
=[AN B\CO)] U[AN(C\ B)], since n distributes over U.
=[(ANBN\ANC]U[(ANC)\(ANB)], since N distributes over complementation.
=(ANB)A(ANCQ).
So, the left distributive law holds.
Also, BNC)NA=AN(BNC), since ) is commutative.
=(ANB)P(ANC)
= (BNA)A (CNA).
Therefore, the right distributive law holds also.
Therefore, ( ¢ (X), A, ) is aring.

So’ far you have seen examples of rings in which both the operations defined on the ring have
been commutative. This is not so in the next example.

' Example: Consider the set

ap  ap
M (R) =
2( ) {|:az1 a22:|

a, a,,, a,, and a; are real numbers}

LOVELY PROFESSIONAL UNIVERSITY 143



Abstract Algebra

Notes

144

Show that M, (R) is a ring with respect to addition and multiplication of matrices.

Solution: You can check that (M,(R), +) is an abelian group. You can also verify the associative
property for multiplication. We now show that A- (B+C)=A - B A- A- Cfor A, B, Cin M,(R).

A.(B+C)= ay ap (| by by + Cn Cp
. ay ay |(|by by Cxn Cp

R a12:||:b11 +cy b+ C12:|

|92 Ap by +cy bytcy,

_au (bu + Cu) +ap (b21 + C21) ay (b12 +Cp ) +ap (bzz +Cp ):|
| n (bn +Cp ) +ay (b21 + C21) Ay (blz +Cp ) +ay (bzz + sz)

(321b11 + a22C21) + (a21C11 + a22C21) (az1b12 + azzbzz) + (a21C12 + azzczz)

_ _(aubu +apty ) + (auCu +a5,Cy ) (anblz +ap,by, ) + (auclz + auczz)}

_ ayby;, +a,by  a;by, + a12b22:| + |:a11C11 +a;Cy; Al + a12C22:|

| ayby + aynb,  ayby, +ayby, Ay Cp FApCy Ayl +apCy

_ | 3n a12:| |:b11 b12:|+|:a11 a12:| |:Cn C12:|
|92 Ap b, b, Ay An | [Cn Cp

=AB+AC

In the same way we can obtain the other distributive law, i.e, (A+B).C=A.C+B.C V A, B,
C e My(R).

Thus, M,(R) is a ring under matrix addition and multiplication.

1=

Note Multiplication over M,(R) is not commutative. So, we can’t say that the left
distributive law implies the right distributive law in this case.

' Example: Consider the class of all continuous real valued functions defined on the closed
interval [0, 1]. We denote this by C [0, 1]. If f and g are two continuous functions on [0, 1], we
define f + g and fg as

(f+g) (x) = f(x) + g(x) (i.e., pointwise addition)
and (f. g) (x) = f(x). g(x) (i.e., pointwise multiplication)

for every x € [0, 1]. From the Calculus course you know that the function f + g and fg are defined
and continuous on [0, 1], i.e., if f and g € C[0, 1], then both f + g and f .g are in C [0, 1]. Show that
C [0, 1] is a ring with respect to + and

Solution: Since addition in R is associative and commutative, so is addition in C [0, 1]. The
additive identity of C [0, 1] is the zero function. The additive inverse off € C [0, 1] is (-f), where
(-f)(x) =-£(A) V x € [0, 1]. See figure 14.1 for a visual interpretation of (- f). Thus, (C [0, 1], +) is
an abelian group. Again, since multiplication in R is associative, so is multiplication in C [0, 1].
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Figure 14.1: The Graphs of f and (-f) over [0, 1]
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Now let us see if the axiom R6 holds.

To prove f. (g +h)
Now (f. (g +h)(x)

f.g+f.h, weconsider (f. (g + h) (x) for any x in [0, 1].
f(x) (g +h) ()
f(x) () +h(x))

= f(x) g(x) + f(x)h(x), since, distributes over + in R.

= (£g)() + (Eh)(x)

Since multiplication is commutative in C [0, 1], the other distributive law also holds. Thus, R6 is

true for C [0, 1]. Therefore, (C [0, 1], +, .) is a ring,.
This ring is called the ring of continuous functions on [0, 1].

The next example also deals with functions.

Example: Let (A, +) be an abelian group. The set of all endomorphisms of A is
EndA=(f:A-A|fa+b)=f(a)+f(b) V a,beA)

For f, g € End A, we definef + gand f. g as

(F+g) (@) = f(a) + g(a), and

(f. §) () = fog(a) = f(g(@)) ¥ a < A

Show that (End A, +,.) is a ring. (This ring is called the endomorphism ring of A.)

Solution: Let us first check that + and . defined by (1) are binary operations on End A.

Foralla,b € A,
(f+g)(a+b)=f(a+b)fga+b)
= (f(2) + £(b)) + (g(a) + g(b))
= (f(2) + g(a)) * (f(b) + g(b))
=(t+g)(@+(f+g)(b) and
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(f-g) (a+Db)=f(g(a+b)
= f(g(a) + g(b))
= f(g(@)) + f(g(b))
= (£.g)@) *+ (. g) (b)
Thus, f+gandf. g e End A.
Now let us see if (End A, +, .) satisfies RI-R6.

Since + in the abelian group A is associative and commutative, so is + in End A. The zero
homomorphism on A is the zero element in End A. (- f) is the additive inverse of f E End A. Thus,
(End A, +) is an abelian group.

You also know that the composition of functions is an associative operation in End A.
Finally, to check R6 we look at f . (g + h) for any f, g, h € End A. Now for any a € A,
[f. (g + )l @) = £((g + 1) (8))
= f(g(a) + h(a))
= f(g(a) + f(h(a))
= (f.8) @)+ (f. 1) (a)
=(f.g+f.h)(a)
f(g+h)y=f.g+f.h
We can similarly prove that (f +g) . h=f. h+g.h.
Thus, R1-R6 are true for End A.

Hence, (End A, +, ) is a ring,.

=74|

Note It is not commutative since fog need not be equal to gof for f, g € End A.

Now, let us look at the Cartesian product of rings.

Example: Let (A, +,.) and (B, ¥, [ ) be two rings. Show that their Cartesian product
A X B is a ring with respect to ® and * defined by

(a,b)® (@, b)=(a+a’,bHD),and

(a,b)*@,b)=(a.a’, blD)

for all (a, b), (a’, b") in A X B.

Solution: We have defined the addition and multiplication in A X B componentwise. The zero
element of A X B is (0, 0). The additive inverse of (a, b) is (-a, & b), where =& b denotes the inverse
of b with respect to =.

Since the multiplications in A and B are associative, * is associative in A x B. Again, using the fact
that R6 holds for A and B, we can show that R6 holds for A x B. Thus, (A x B, 0, *) is a ring,.
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14.2 Elementary Properties Notes

In this section we will prove some simple but important properties of rings which are immediate
consequences of the definition of a ring. As we go along you must not forget that for any ring R,
(R, +) is an abelian group. Hence, the results obtained for groups in the earlier units are applicable
to the abelian group (R, +). In particular,

(i) the zero element, 0, and the additive inverse of any element is unique.

(ii)  the cancellation law holds for addition; i.e., V a,b,ce R,a+c=b+c=a=h.
As we have mentioned earlier, we will write a - b for a + (-b) and ab for a. b, where a, b € R.
So let us state some properties which follow from the axiom R6, mainly.
Theorem 1: Let R be a ring. Then, for any a, b, c € R,
i) a0=0=0a,

(i) Now,0+0=0
=a(0+0)=a0
= a0 + a0 = a0, applying the distributive law.
=a0 + 0, since 0 is the additive identity.
= a0 = 0, by the cancellation law for (R, +).
Using the other distributive law, we can similarly show that Oa = 0.
Thus,a0 =0=0aforalla € R.
(i) From the definition of additive inverse, we know that b + (- b) = 0.
Now, 0 = a0, from (i) above.

a(b+ (-b)),as0=b+ (- b).

ab + a(- b), by distributivity.

Now, ab + [- (ab)] = 0 and ab + a(- b) = 0. But you know that the additive inverse of an
element is unique.

Hence, we get - (ab) = a(- b).
In the same manner, using the fact that a + (-a) = 0, we get - (ab) = (- a)b.
Thus, a(- b) = (- a)b =~ (ab) for all a, b € R.
(iii) Fora,beR,
(-a) (- b) = - (a(- b)), from (ii) above.
= a(- (- b)), from (ii) above.

= ab, since b is the additive inverse of (- b).
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(iv) Fora,b,ceR,
a(b-c)=a(b+(-c)
ab + a(- c), by distributivity.

ab + (- (ac)), from (ii) above.
=ab-ac.

If k is an integer (k > 2) such that the sum of k elements in a ring R is defined, we define the sum

of (k +1) elements a , a, ..., a,, in R, taken in that order, asa, +., +a,,, = (a, + ... +a)+a,,.

In the same way if k is a positive integer such that the product of k elements in R is defined, we
define the product of (k + 1) elements a,, a,, ..., a,,, (taken in that order) as

a.a,..a, =(a.a,...a).a

1A e 12y eeee KH1°

As we did for groups, we can obtain laws of indices in the case of rings also with respect to both
+and ., in fact, we have the following results for any ring R.

(i) If mand n are positive integers and a € R, then
a™.a"=a™m, and
(@am)” =am.
(i) If m and n are arbitrary integers and a, b € R, then
(n+m)a=na+ma,
(nm)a = n(ma) = m(na),
n(a +b) =na +nb,
m(ab) = (ma)b = a(mb), and
(ma) (nb) = mn (ab) = (mna)b.
(iii) Ifa +a, .., a,b,.. b, eRthen
(@, *..+a ) (b, +..+b)
=a,b+..+ab +aa +..+ab+.+ab+..+ab.

There are several other properties of rings that we will be discussing throughout this block. For
now let us look closely at two types of rings, which are classified according to the behaviour of
the multiplication defined on them.

14.3 Two Types of Rings

The definition of a ring guarantees that the binary operation multiplication is associative and,
along with +, satisfies the distributive laws. Nothing more is said about the properties of
multiplication. If we place restrictions on this operation we get several types of rings. Let us
introduce you to two of them now.

Definition: We say that a ring (R, +, .) is commutative if . is commutative, i.e., if ab = ba for all a,
beR.

For example, Z, Q and R are commutative rings.

Definition: We say that a ring (R, +, .) is a ring with identity (or with unity) if R has an identity
element with respect to multiplication, i.e., if there exists an element e in R such that

ae=ea=aforallaeR.

LOVELY PROFESSIONAL UNIVERSITY



Unit 14: Rings

Can you think of such a ring? Aren’t Z, Q and R examples of a ring with identity? Notes

Definition: We say that a ring (R, +, .) is a commutative ring with unity, if it is a commutative
ring and has the multiplicative identity element 1.

Thus, the rings Z, Q, Rand C are all commutative rings with unity. The integer 1 is the
multiplicative identity in all these rings.

We can also find commutative rings which are not rings with identity. For example, 2Z, the ring
of all even integers is commutative. But it has no multiplicative identity.

Similarly, we can find rings with identity which are not commutative. For example, M,(R) has

th it el t Lo
e unit element | |.

But it is not commutative. For instance,

ita=lt Yanas=l® 1 m
1—20an —02, en
ago[1 O[O 1] Jo 1]
T2 ollo 270 2™

sy [0 11 0] 2 0]
“lo 22 o7 |4 o™
Thus, AB = BA.

Now, can the trivial ring be a ring with identity? Since 0 . 0 = 0, 0 is also the multiplicative
identity for this ring. So (( 0 ), +, .) is a ring with identity in which the additive and identities
coincide. But, if R is not the trivial ring we have the following result.

Theorem 2: Let R be a ring with identity 1. If R # { 0 } then the elements 0 and 1 are distinct.

Proof: SinceR#{0},3a eR,a#0. Now suppose 0 =1. Thena=a.1=a.0=0 (by Theorem 1).
That is, a = 0, a contradiction. Thus, our supposition is wrong. That is, 0 # 1.

Now let us go back when will A x B be commutative? A x B is commutative if and only if both
therings A and B are commutative. Let us see why. For convenience we will denote the operations
in all three rings A, Band A x Bby + and .. Let (a, h) and (a’, b") € A x B.

Then (a, b). (@', b") = (@', b") . (a, b)

=(aa’,b.b)=(a"a,b .b)

=aa =a’aandb.b’=b".b.

Thus, A x B is commutative iff both A and B are commutative rings.

We can similarly show that A x B is with unity iff A and B are with unity. If A and B have
identities e, and e, respectively, then the identity of A x B is (e, e,).

Now we will give an important example of a non-commutative ring with identity. This is the
ring of real quaternions. It was first described by the Irish mathematician William Rowan
Hamilton (1805-1865). It plays an important role in geometry, number theory and the study of
mechanics.
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' Example: Let H=(a+bi+cj+ dk | a,b, ¢, d € R), where i, j, k are symbols that satisfy
P=-1=p=kjj=k=-jijk=i=-kjki=j=-ik.

We define addition and multiplication in H by

(@+bi+c+dk)+(a+bi+cj+dk)

=(a+a)(b+b) +(c-c)t(d+d)k and

(a+Dbi+c+dk) (a, + bji+ ¢+ d k)= (aa - bb, -cc, -dd)) + (ab,+ ha, + cd, - dc ), + (ac, - bd, + ca,
+db,)j - (ad, + bc, - cb, + da )k

(This multiplication may seem complicated. But it is not so. It is simply performed as for
polynomials, keeping the relationships between i, j and k in mind.)

Show that H is a ring.
Solution: Note that (1, i, +j,  k ] is the group QH.

Now, you can verify that (H, +) is an abelian group in which the additive identity is 0 = 0 + 0i +
0j + Ok, multiplication in H is associative, the distributive laws hold and

I=1+0i+ 0j + Ok is the unity in H.

Do you agree that H is not a commutative ring? You will if You remember that ij # ji, for
example.

So far, in this unit we have discussed various types of rings. We have seen examples of commutative
and non-commutative rings. Though non-commutative rings are very important for the sake of
simplicity we shall only deal with commutative rings henceforth. Thus, from now on, for us a
ring will always mean a commutative ring. We would like you to remember that both + and .
are commutative in a commutative ring.

Now, let us summarise what we have done in this unit.
Self Assessment

1.  ForeachainR. There exists X in R such thata + X=:0=............ i.e. every elements of R
has an additive inverse.

(@ a.x (b) x+a
(0 x'+a (d a'+x
2. Ifaand b are integers, we say that a is congruent to b modulon : f ............. is divisible
by n.
(@ a+b (b) a-b
(¢ a.b (d a/b

3. A x Bis with unity if A and B are with unity. If A and B have identies e, and e, respectively,
then the identity of A X Bis ................

(@) e +e, (b) e, + e
© (e @ (er'e)
4. The ... for addition and multiplication and the generalised distributive law.
(@) law of indices (b) Ring
(c)  Subring (d) ideal

LOVELY PROFESSIONAL UNIVERSITY



Unit 14: Rings

5. If m and n are arbitrary integers and a, b € R then (n + m) a =na + ma and n(a + b) = Notes
(@) mna+nb (b) a+b"
() nab+nba (d) an+bn?!

14.4 Summary

In this unit we discussed the following points.

o Definition and examples of a ring.
° Some properties of a ring like
a.0=0=0.a,
a(-b)=-(ab)=(-a) b,
(-a) (-b) = ab,

a(b-c)=ab-ac,

(b-c)a=ba-ca

V a, b,cinaringR.
° The laws of indices for addition and multiplication, and the generalised distributive law.
) Commutative rings, rings with unity and commutative rings with unity.

Henceforth, we will always assume that a ring means a commutative ring, unless otherwise
mentioned.

14.5 Keywords

Ring: A non-empty set R together with two binary operations, usually called addition (denoted
by f) and multiplication (denoted by .), is called a ring if the following axioms are satisfied.

Commutative Rings: We say that a ring (R, +, .) is commutative if . is commutative, i.e., if ab = ba
for all a, b € R. For example, Z, Q and R are commutative rings.

14.6 Review Questions

1.  Write out the Cayley tables for addition and multiplication in Z;, the set of non-zero

elements of Z_. Is (Z,,+,".) a ring? Why?

2. Show that the set Q++2Q={p++2q|p,qeQ} is a ring with respect to addition and

multiplication of real numbers.

a 0
3. LetR= {{O b} a,b are real numbers}. Show that R is a ring under matrix addition and

multiplication.

a 0
4. LetR= {{b 0} a,b are real numbers}. Prove that R is a ring under matrix addition and

multiplication.

LOVELY PROFESSIONAL UNIVERSITY 151



Abstract Algebra

152

Notes

5. Whyis (g (X), U, N) not a ring?

6.  Show that {0} is a ring with respect to the usual addition and multiplication. (This is called
the trivial ring.)

7. Prove that the only ring R in which the two operations are equal (i.e, a+ b =ab V a,
b € R) is the trivial ring.

X X
8. Show that the set of matrices {L x} xXe€ R} is a commutative ring with unity.

9. Let R be a Boolean ring (i.e., a>=a V a € R). Show thata =-a V a € R. Hence show that R
must be commutative.

Answers: Self Assessment
1.(b) 2.(a) 3.(c) 4.(@ 5.(a)

14.7 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

J

Onlinelinks  www jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Objectives

After studying this unit, you will be able to:

° Discuss examples of subrings and ideals of some familiar rings
° Explain whether a subset of a ring is a subring or not

. Describe whether a subset of a ring is an ideal or not

) Define and give examples of quotient rings

Introduction

In this unit, we will study various concepts in ring theory corresponding to some of those that
we have discussed in group theory. We will start with the notion of a subring, which corresponds
to that of a subgroup, as you may have guessed already.

Then we will take a close look at a special kind of subring, called an ideal. You will see that the
ideals in a ring play the role of normal subgroups in a group. That is, they help us to define a
notion in ring theory corresponding to that of a quotient group, namely, a quotient ring.

After defining quotient rings, we will look at several examples of such rings. But you will only
be able to realise the importance of quotient rings in the future units.

We hope that you will be able to meet the following objectives of this unit, because only then
you will be comfortable in the future units of this course.

15.1 Subrings

In last unit we introduced you to the concept of subgroups of a group. In this unit we will
introduce you to an analogous notion for rings. Remember that for us a ring means a
commutative ring.

In the previous unit you saw that, not only is Z c Q, but Z and Q are rings with respect to the
same operations. This shows that Z is n subring of Q, as you will now realise.
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Definition: Let (R, +, .) be a ring and S be a subset of R. We say that S is a subring of R, if
(S +, ) isitself a ring, i.e., S is a ring with respect to the operations on R.

For example, we can say that 27, the set of even integers, is a subring of Z.

Before giving more examples, let us analyse the definition of a subring. The definition says that
a subring of a ring R is a ring with respect to the operations on R. Now, the distributive,
commutative and associative laws hold good in R. Therefore, they hold good in any subset of
R also. So, to prove that a subset S of R is a ring we don’t need to check all the 6 axioms R1-R6
for S. It is enough to check that

(i) Sisclosed under both + and .,
(ii) OeS,and
(iii) foreacha S,-aeS.

If S satisfies these three conditions, then S is a subring of R. So we have an alternative definition
for a subring.

Definition: Let S be a subset of a ring (R, +, .). Sis called a subring of R if
(1) Sisclosed under + and .,i.e.,a+b,a.b e Swhenevera,b €S,

(ii) 0O0eS,and

(iii) foreachaeS,-a€S.

Even this definition can be improved upon. For this, recall from Unit 3 that (S, +) < (R, +)ifa-b
€ Swhenever a, b € S. This observation allows us to give a set of conditions for a subset to be a
subring, which are easy to verify.

Theorem 1: Let S be a non-empty subset of (R, +, .). Then S is a subring of R if and only if
(@ x-yeSVxyeS; and
(b) xyeSVxyeS.

Proof: We need to show that S is a subring of R according to our definition iff S satisfies (a) and
(b). Now, S is a subring of R iff (S, f) < (R, f ) and S is closed under multiplication, i.e., iff (a)
and (b) hold.

So, we have proved the theorem.
This theorem allows us a neat way of showing that a subset is a subring.
Let us look at some examples.

We have already noted that Z is a subring of Q. In fact, you can use Theorem 1 to check that Z is
subring of R, C and Z + iZ too. You can also verify that Q is a subring of R, C and

Q+v2Q=1{a+V2B|a,BeQ}.

a subring of Z.

Solution: Firstly, do you agree that 37, = (6, 3)? Remember that 6 = 0, 9 = 3, and so on. Also,

0 -5=-3=5.Thus, x- y €3Z, V x,y € 3Z,. You can also verify that xy € 3Z, V x,y € 3Z_. Thus,
by Theorem 1, 3Z_ is a subring of Z.
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' Example: Consider the ring ¢ (X). Show that S = { ¢, X ) is a subring of g (X).

Solution: Notethat AAA=¢ V Ae p (X). . A=-Ain p (X).
Now, to apply Theorem 1 we first note that S is non-empty.
Next, 0Ad=¢p S5, XAX=¢€S,

PAX=XeS ¢Np=¢eS,XNX=XeS, ¢NX=¢€S.

Thus, by Theorem 1, S is a subring of @ (X).

For each proper subset of X we get a subring of @ (X). Thus, a ring can have, several subrings. Let
us consider two subrings of the ring Z2

' Example: Show thatS=((n,0) } | n € Z}is a subring of Z x Z. Also show that
D=((nn) | ne Z}isasubring of Z x Z.

Solution: You can recall the ring structure of Z2 Both S and D are non-empty. Both of them
satisfy (a) and (b) of Theorem 1. Thus, S and D are both subrings of Z2.

We would like to make a remark here which is based on the examples of subrings that you have
seen so far.

Remark: (i) If R is a ring with identity, a subring of R may or may not be with identity. For
example, the ring Z has identity 1, but its subring nZ (n > 2) is without identity.

(ii) The identity of a subring, if it exists, may not coincide with the identity of the ring. For
example, the identity of the ring Z x Z is (1, 1). But the identity of its subring Z x {0} is (1, 0).

Example: Let R be a ring and a € R. Show that the set aR = (ax | x € R} is a subring of R.
Solution: Since R # ¢, aR # ¢. Now, for any two elements ax and ay of aR,

ax -ay =a(x -y) € aR and (ax) (ay) = a(xay) € aR.

Thus, by Theorem 1, aR is a subring of R.

Using Example we can immediately say that mZ, is a subring of Z vV m E Z. This also shows
us a fact that we have already seen : nZ is a subring of Z V n € Z.

Now let us look at some properties of subrings. From Unit 3 you know that the intersection of
two or more subgroups is a subgroup. The following result says that the same is true for
subrings.

Theorem 2: Let S, and S, be subrings of a ring R. Then S, S, is also a subring of R.
Proof: Since 0ES, and 0ES, 0ES, NS, S, NS, #¢.

Now, letx,y € S, S,. Thenx, y ES and x, y € S,. Thus, by Theorem 1, x -y and xy are in S, as
well asin S, i.e, they liein S N S,.

Thus, S, S, is a subring of R.

On the same lines as the proof above we can prove that the intersection of any family of subrings
of a ring R is a subring of R.

Now let us look at the Cartesian product of subrings.
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Theorem 3: Let S, and S, be subrings of the rings R, and R, respectively. Then S, x S, is a subring
of R x R,

Proof: Since S, and S, are subrings of R, and R, S, # ¢ and S, # ¢. S, x S, # ¢.

Now, let (a, b)and (a’,b") € S, xS,. Thena,a’ ES, and b, b" ES,. As S and S, are subrings, a - a’,
a.a’eSandb-b’,bb’ €S,

(We are using + and . for both R, and R, here, for convenience.) Hence,

(a,b)-(a’,b)=(a-a’,b-b’) €S, x5Sz and

(a,b).(a, 1) = (aa’, bb') € S, x S..

Thus, by Theorem 1, S, x S, is a subring of R, x R,.

Self Assessment

1.

Let S be a subset of a ring (R, +,.). Sis called ................ of RofO €S

(@) ring (b) subring

(c)  polynomial ring (d) ideals

Sbea ... subset of (R, +,.). Then Sis a subring of R. If and only if x -y e SY X, y €S,
(@) empty (b) non-empty

(¢) null set (d) real set

Let R be aring and a € R then the setaR = (ax | x e R)isa ............... of R.

(@) subring (b) ring

() ideal (d) polynomial

15.2 Summary

Let (R, +,.) be aring and S be a subset of R. We say that S is a subring of R, if (S, +, .) is itself
aring, i.e., S is a ring with respect to the operations on R.

For example, we can say that 27, the set of even integers, is a subring of Z.

Before giving more examples, let us analyse the definition of a subring. The definition
says that a subring of a ring R is a ring with respect to the operations on R. Now, the
distributive, commutative and associative laws hold good in R. Therefore, they hold good
in any subset of R also. So, to prove that a subset S of R is a ring we don’t need to check all
the 6 axioms R1-R6 for S. It is enough to check that

(1) S is closed under both + and .,
(ii) 0O0eS,and
(iii) foreacha S,-aeS.

If S satisfies these three conditions, then S is a subring of R. So we have an alternative
definition for a subring.

Let S be a subset of a ring (R, +, .). S is called a subring of R if

(i) Sisclosed under +and.,ie.,a+b,a.bESwhenevera, bES,
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(i) OES,and Notes
(iii) foreachaES,-aES.

) Even this definition can be improved upon. For this, recall from Unit 3 that (S, ) < (R, +)
ifa - b E S whenever a, b E S. This observation allows us to give a set of conditions for a
subset to be a subring, which are easy to verify.

15.3 Keyword

Subring: Let (R, +, .) be a ring and S be a subset of R. We say that S is a subring of R, if (S, +, .) is
itself a ring, i.e., S is a ring with respect to the operations on R.

15.4 Review Questions

abe R} Does S have a unit

a 0 a 0
1.  Show thatS= 0 b a,beZ;. isasubring of R = 0 b

element?
If yes, then is the unit element the same as that of R?
2. For any ring R, show that {0} and R are its subrings.
3. Show that if A is subring of B and B is a subring of C, then A is a subring of C.

4. Give an example of a subset of Z which is not a subring.

5. Show that {a,g} and {6,5,1} are proper ideal of Z .

Answers: Self Assessment

15.5 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A

Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Objectives

After studying this unit, you will be able to:

° Discuss ideals of some familiar rings

° Explain whether a subset of a ring is an ideal or not
° Define and give examples of quotient rings
Introduction

In earlier unit, you have studied normal subgroups and the role that they play in group theory.
You saw that the most important reason for the existence of normal subgroups is that they allow
us to define quotient groups. In ring theory, we would like to define a similar concept, a
quotient ring. In this unit, we will discuss a class of subrings. These subrings are called ideals.
While exploring algebraic number theory, the 19th century mathematicians Dedekind, Kronecker
and others developed this concept. Let us see how we can use it to define a quotient ring.

Consider a ring (R, +, .) and a subring I of R. As (R, +) is an abelian group, the subgroup, I is
normal in (R, +), and hence the set R/I=(a+1 | a € R}, of all cosets of I in R, is group under the
binary operation + given by

@+D+b+D=@+by+I 1)

foralla+1,b+1e R/I. We wish to define. on R/I so as to make R/I a ring. You may think that
the most natural way to do so is to define

@+I).(b+)=ab+IVa+l,b+IeR @)

But, is this well defined? Not always. For instance, consider the subring Z of R and the set of
cosets of ZinR. Now, since1=1-0eZ,1+Z=0+Z.

Therefore, we must have

(V2 +2).1+2)=(\2 +2).(0+2),ie, V2 +Z=0+Z,ie, V2 €Z.

But this is a contradiction. Thus, our definition of multiplication is not valid for the set R/Z.
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But, it is valid for R/I if we add some conditions on I: What should these conditions be? To
answer this, assume that the multiplication in (2) is well defined.

Then, (r+1). (0+I)=r.0+I=0+I=Iforallr € R.
Now, you know thatif x € [, thenx+I=0+1=1L

As we have assumed that is well defined, we get

(+D) (x+)=(+I).(0+I)=0+IwheneverreR, x e L
ie,rx+I=Iwheneverr e R, x €1l

Thus, rx € I, wheneverr e R, x € L.

So, if © . " is well defined we see that the subring I must satisfy the additional condition that
rx € Iwheneverr e Rand x € L.

We will prove that this extra condition on I is enough to make the operation a well defined one
and (R/1, +, .) a ring. In this unit we will consider the subrings I of R on which we impose the
condition rx € I wheneverr e Rand x € L

Definition: We call a non-empty subset I of a ring (R, +, .) an ideal of R if
(i) a-belforalla,bel and
(ii) raelforallre Randacel

Over here we would like to remark that we are always assuming that our rings are commutative.
In the case of non-commutative rings the definition of an ideal is partially modified as follows.

A non-empty subset I of a non-commutative ring R is an ideal if
(i) a-belVabeland
(ii) raelandarelVaelLreR

Now let us go back to commutative rings. From the definition we see that a subring I of a ring
Risanideal of Riffracl Vr e Raanda €L

Let us consider some examples. You saw that for any ring R, the set (0) is a subring. In fact, it is
an ideal of R called the trivial ideal of R. Other ideals, if they exist, are known as non-trivial
ideals of R.

You can also verify that every ring is an ideal of itself. If an ideal I of a ring R is such that I # R,
then I is called a proper ideal of R.

For example, if n #0,1, then the subringnZ = {nm | m € Z) is a proper non-trivial ideal of Z. This
is because for any z € Z and nm € nZ, z(nm) = n(zm) € nZ.

' Example: Let X be an infinite set. Consider I, the class of all finite subsets of X. Show that
Lis an ideal of @ (X).

Solution: I = { A | A is a finite subset of X }. Note that
(i) ¢ el ie, the zero element of p (X)isinI,
(ii) A-B=A+(-B)=A+B,asB=-Bin p (X)=AAB.
Thus, if A, B € I, then A - B is again a finite subset of X, and hence A-B ¢ L.

(iii) AB= A B. Now, whenever A is a finite subset of X and B is any element of g (X), AN B
is a finite subset of X. Thus, A e land Be P (X) = AB 1.

Hence, I is an ideal of o (X).
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' Example: Let X be a set and Y be a non-empty subset of X. Show that

I={A ep(x)| ANY=¢}isanideal of p (X).

In particular, if we take Y = {x }; where X is a fixed element of X, then
I={Ae p (X)|x,&A}isanideal of p (X).

Solution: Firstly, ¢ € 1,

Secondly, V A,BE],
(A-B)NY=(AAB)NY=ANY)ABNY)=¢A¢=¢ sothat A-Bel.
Finally, for A e ITand BE o (X),
(AB)NY=(ANB)NY=(ANY)NB=¢NB=¢,Sothat AB e

Thus, I is an ideal of @ (X).

Example: Consider the ring C[0, 1]

LetM=(f e C[0,1] | f(1/2) =0). Show that M is an ideal of C[0, 1].

Solution: The zero element 0 is defined by 0(x) = 0 for all x € [0, 1]. Since 0(1/2) =0, OE M.
Also,iff,ge M, ,then (f-g)(1/2)=£f(1/2)-g(1/2)=0-0=0.

So,f-geM.

Next, iff e Mand g e C [0, 1] then (fg) (1/2) =£(1/2) g (1/2) =0g(1/2) =0, s0f e M.

Thus, M is an ideal of C[0, 1].

When you study Unit 17, you will see that M is the kernel of the homomorphism
¢:C[0,1] > R: ¢ (f) =£(1/2).

' Example: For any ring R and a, a, € R, show that Ra, + Ra, = { x,a, + x,a, | x,, x, € R)
is an ideal of R.

Solution: Firstly, 0 = Oa, t Oa,. -.0eRa, +Ra,
Next, (x,a, + x,a,) - (y,a, + y,a,)
=(x-yJa+(x,-y,)a, €Ra +Ra,V x,x,y,y, € R
Finally, for r € Rand x,a, + x,a, € Ra, + Ra,,

r(x,a, € x,a,) =rx,a, +rx,a, € Ra, + Ra,.

Thus, Ra, + Ra, is an ideal of R.

This method of obtaining ideals can be extended to give ideals of the form { x,a, + x,a, + ... +x a_
| x, € R} for fixed elements a,..,..., a, of R. Such ideals crop up again and again in ring theory. We
give them a special name.

Definition: Let a,, ....., a, be given elements of a ring R. Then the ideal generated by a,, ....., a,, is
Ra, +Ra,+..+Ra =(x,a+x,a,+..+xa | x, ER).a, ..., a, arecalled the generators of this ideal.

We also denote this ideal by <a,, a,, ....., an >
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When n =1, the ideal we get is called a principal ideal. Thus, if a € R, then Ra = <a > is a principal Notes
ideal of R. In the next unit you will be using principal ideals quite a lot.

g

Tasks 1. LetR be aring with identity. Show that <1 >=R.

2. Find the principal ideals of Z  generated by 3 and 5.

Definition: An element a of a ring R is called nilpotent if there exists a positive integer n such
thata” =0.

For example, 3 and 6 are nilpotent elements of Z,, since 3'=9=0 and 6 =36=0. Also, in any
ring R, 0 is a nilpotent element.

Now consider the following example.

Example: Let R be a ring. Show that the set of nilpotent elements of R is an ideal of R.
This ideal is called the nil radical of R.

Solution: Let N ={a € R | a» = 0 for some positive integer n }. Then 0 EN.

Also, if a, b € N, then a" = 0 and b™ = 0 for some positive integers m and n.

NOW, (a_b)m+n — Z m+n Crar(_b)mﬂ'kr
r=0

Foreachr=0,1, ..., m+n, either r >n or m + n - r > m, and hence, either a*= 0 or b = 0. Thus,
the term a” b™" = 0. S0 (a - b)™™" = 0.

Thus, a - b € N whenever a, b € N.

Finally, if a € N, a” = 0 for some positive integer n, and hence, for any
reR, (ar)*=a"rm=0,ie, ar e N.

So, N is an ideal of R.

Let us see what the nil radicals of some familiar rings are. For the rings Z, Q, R or C, N = {0}, since
the power of any non-zero element of these rings is non-zero.

ForZ, N = {6,5}.

Theorem 1: Let R be a ring with identity 1. If I is an ideal of Rand I E I, then I = R.

Proof: We know that I ¢ R. We want to prove that Rc I. Let r ER. Since 1 E I and I is an ideal of
R,r=r.1el.So,RcI. Hencel =R.

Using this result we can immediately say that Z is not an ideal of Q. Does this also tell us whether
Q is an ideal of R or not’? Certainly Since 1 € Q and Q # R, Q can’t be an ideal of R.

Now let us shift our attention to the algebra of ideals. In the previous section we proved that the
intersection of subrings is a subring. We will now show that the intersection of ideals is an ideal.
We will also show that the sum of ideals is an ideal and a suitably defined product of ideals is an
ideal.
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Theorem 2: If I and J are ideals of a ring R, then

@ INJ

(b) I+J={a+b|aelandbe]} and

(@ D={xeR|xisafinitesumab, +..+a_b_, whereailand bi € ]} are ideals of R.

Proof: (a) From Theorem 2 you know that I(1] is a subring of R. Now, ifa € 1], thena € I and
a € J. Therefore, ax e Tand a € Jforall xinR.Soax e I[1J foralla e I[1Jand x € R. Thus, IN]
is an ideal of R.

(b) Firstly, 0=0+0el+] S I+]=1

Secondly, if x,y € 1+], thenx =a +b,andy =a, + b, for somea, a, eland b, b, €.
Sox-y=(a, +b)-(a,*+b)=(a,-a)(b,-b)el+].

Finally,letx e [+Jandr € R. Thenx =a + b for some a e Iand b € ]. Now
xr=(a+b)r=ar+br el +],asa e [impliesar € Iand b € ] implies br € J forall r € R.
Thus, I + ] is an ideal of R.

(c)  Firstly, IJ # ¢, sinceI # ¢ and J # ¢.

Next, letx,y € IJ. Thenx=ab, + ... +a _b_and

y=a' b, +..+a' b forsomea,..aa,..a,elandb,. b b, b el
Lx-y=(ab+..+ab)-(@Db +..+a b))

=ab +..+ab +(-a )b +..+(-a' )b

which is a finite sum of elements of the form ab witha e Iand b € J.

So, x-y el].

Finally, letx € I sayx=ab, + ... +a b witha, e 1 and b, E]. Then, for any r ER
xr=(ab, +..+ab)r=a(br)..+a/(br),

which is a finite sum of elements of the form ab witha e Tand b € J.

(Note thatb, € ] = br € J for all r in R\)

Thus, IJ is an ideal of R.

Over here, we would like to remark that if we define I ={ab | aEI, b € J}, then IJ need not even
be a subring, leave alone being an ideal. This is because if x, y E I, then with this definition of IJ
it is not necessary that x -y  IJ.

Let us now look at the relationship between the ideals obtained. Let us first look at the following
particular situation:

R=Z,1=22and ] =10Z. ThenI (] =], since ] c I. Also, any element of I + ] is ot the form x = 2n
+10m, where n, m € 2. Thus, x = 2(n + 5m) € 2Z. On the other hand, 2Z=fcI1+]. Thus,[+] =
<2,10>=<2>.

Similarly, you can see that IJ] = <20 >.
Notethat J cINJcIcI+].

In fact, these inclusions are true for any I and J. We show the relationship in figure 16.1.
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Figure 16.1: The Ideal Hierarchy

R

16.1 Quotient Rings

You have studied quotient groups. You know that given a normal subgroup N of a group G, the
set of all cosets of N is a group and is called the quotient group associated with the normal
subgroup N. Using ideals, we will now define a similar concept for rings. At the beginning we
said that if (R, +, .) is a ring and I is a subring of R such that

(R/L, +, ) is a ring, where + and . are defined by
(X+D)+(y+1) = (x+y) +Tand
(x+I). (y+I)=xy+IV x+I,y+I1eR/I,

then the subring I should satisfy the extra condition that rx € I whenever r € Rand x € I, i.e,,
I should be an ideal. We now show that if I satisfies this extra condition then the operations that
we have defined on R/I are well defined.

From group theory we know that (R/L, +) is an abelian group. So we only need to check that is
well defined, i.e., if

a+l=a"+Lb+I=b +1I thenab+I=a’b’ +1L
Now, sincea+I=a"+l,a-a’ L

Leta-a’ =x.Similarly, b-b" € 1,sayb-b" =y.
Thenab=(a"+x) (b'+y)=a’b’ + (xb’+a’y + xy).
s.ab-a’b’ e, sincex € I.y € I and I'is an ideal of R.

sab+I=ab +1
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Thus, is well defined on R/1.
Now our aim is to prove the following result.

Theorem 3: Let R be a ring and I be an ideal in R. Then R/Iis a ring with respect to addition and
multiplication defined by

X+D)+(y+D)=(x+y)+Land

(x+I).(y+I)=xy+IVxyeR.

Proof: As we have noted earlier, (R/1, +) is an abelian group. So, to prove that R/I is a ring we
only need to check that . is commutative, associative and distributive over +.

Now,

(i) .iscommutative: (a+I). (b+I)=ab+I=ba+I=(b+1I), (a4-I)foralla+Ib+IeR/L

(ii) .isassociative:‘V’a,b,ce R
(@a+I).(b+1).(c+)=(ab+1I). (C+])
= (ab)c +1
= a(bc) +1
=@+1).((b+D.(c+D)
(iii) Distributivelaw : Leta+ 1, b+1, ¢ +1 € RA. Then
@+D.(b+D)+(+1)=@+D[b+6) +1]
=alb+c)+I1
=(ab+ac)+1
= (ab+1I) + (ac +I).
=@+]).b+)+@+I).(c-1])
Thus, R/1is a ring.
This ring is called the quotient ring of R by the ideal I.

Let us look at some examples. We start with the example that ‘gave rise to the terminology
‘Rmod .

' Example: Let R =Z and I =nZ. What is R/I?

Solution: You have seen that nZ is, an ideal of Z. From Unit 2 you know that
Z/nZ={nZ,1+nZ, .., (n-1)+nZ}.

= {6,1,....,11 —1}, the same as the set of equivalence classes modulo n.

So, R/Iis the ring Z .

Now let us look at an ideal of Z , where n = 8.

' Example: Let R = Z,. Show that I = {0,4} is an ideal of R. Construct the Cayley tables for
+and,inR/L
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Solution: I = 4 R, and hence is an ideal of R. From group theory you know that the number 8 of Notes
. _ _oR)_8
elements in R/I=o(R/]) = o) 2

You can see that these elements are
0+1={0,4},1+1={1,5},2+1={2,6},3+1=(3,7}.

The Cayley tables for + and . in R/I are

!__'+ 6+1 T+ 241 341 . B+l T4l I+l Tt |
[ 5+1] 051 T+1 241 341 | | D41 | 041 041 G+t 041
To1 | T+1 3+1 341 O+1 | | T+1| 8+1 T+8 3+t G+

|'_§-Ijl 341 341 G40 141 | | 24| 641 Eet 41 3e0
!IHE--T 3.1 041 T4 241 E I I I B R B
Self Assessment
1. A non-empty subset I of a ring (R+,.) an ................. of Rofa-belforalla,bel

(a) ring (b) subring

(¢)  polynomial (d) ideal
2. Ifn=#0,1. Then the subring nZ = {nm | m € Z} is a proper ................. ideal of Z.

(a) non-trivial (b) trivial

()  direct (d) indirect
3. Xbe asetand Y be a non-empty subsetof X. ThenI={A € 5(x) | A.....cc.c.cc..e. y = ¢}isanideal

of §(x).

(@ N (b) o

(© U d <
4. IfIand]areidealsof aring R, thenT................ J are ideals ring R.

@ o ® <

© N @ U

5. A normal subgroup N of a group G, the set of all cosets of N is a group and is called
................. associated with the normal subgroup N.

(a) quotient group (b) ring
(c)  subring (d) ideal

16.2 Summary

o We call a non-empty subset I of a ring (R, +, .) an ideal of R if
(i) a-belforalla, bel and

(ii) raelforallre Randacel
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Over here we would like to remark that we are always assuming that our rings are
commutative. In the case of non-commutative rings the definition of an ideal is partially
modified as follows.

A non-empty subset I of a non-commutative ring R is an ideal if
(1) a-belVabel and

(ii) raelandarelVaelreR.

° Now let us go back to commutative rings. From the definition we see that a subring I of a

ring Ris anideal of Riffrael Vre Raanda el

. You can also verify that every ring is an ideal of itself. If an ideal I of a ring R is such that
I#R, then Iis called a proper ideal of R.

° For example, if n # 0,1, then the subring nZ = { nm | m € Z) is a proper non-trivial ideal
of Z. This is because for any z € Z and nrn € nZ, z(nm) = n(zm) € nZ.

° An element a of a ring R is called nilpotent if there exists a positive integer n such that
a” =0.
° For example, 3 and 6 are nilpotent elements of Z,, since 3'=9=0 and 6 =36=0. Also,

in any ring R, 0 is a nilpotent element.

16.3 Keywords

Proper Ideal: We call a non-empty subset I of a ring (R, +, .) an ideal of R if
(1) a-belforalla,bel and

every ring is an ideal of itself. If an ideal I of a ring R is such that I # R, then I is called a proper
ideal of R.

Nilpotent: An element a of a ring R is called nilpotent if there exists a positive integer n such that
a” =0.

Quotient Group: A normal subgroup N of a group G, the set of all cosets of N is a group and is
called the quotient group associated with the normal subgroup N.

This ring is called the quotient ring of R by the ideal I.

16.4 Review Questions

1.  LetSbeasubring of a ring R. Can we always define a ring homomorphism whose domain
is R and kernel is S? Why?

2. Prove Theorem 8.

3. In the situation of Theorem 8 prove that

(@) ifgofis1-1,thensoisf.

(b) if gofis onto, thensoisg.

4. Use Theorem 8 to show that the function h : Z x Z — Z, defined by h((n, m)) = m is a
homomorphism.

5. Which of the following functions are ring isomorphisms?

(@ f:Z->:fn)=n
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(b) f:Z—>5Z:f(n)=>5n Notes

(©) f:C— C:f(z) = z, the complex conjugate of z.

6. Show that the composition of isomorphisms is an isomorphism.
Answers: Self Assessment

1.(d) 2. 3.(&d 4() 5. ()

16.5 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A
Y.

Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Unit 17: Ring Homomorphisms

CONTENTS

Objectives

Introduction

17.1 Homomorphisms

17.2 Properties of Homomorphisms
17.3 The Isomorphism Theorems
174 Summary

17.5 Keyword

17.6 Review Questions

17.7 Further Readings

Objectives

After studying this unit, you will be able to:

° Discuss whether a function is a ring homomorphism or not

° Explain the kernel arid image of any homomorphism

. Explain examples of ring homomorphisms and isomorphisms

. Prove and use some properties of a ring homomorphism; state, prove and apply the

Fundamental Theorem of Homomorphisms for rings
Introduction

You have studied about the functions between groups that preserve the binary operation. You
also saw how useful they were for studying the structure of a group. In this unit, we will discuss
functions between rings which preserve the two binary operations. Such functions are called
ring homomorphisms. You will see how homomorphisms allow us to investigate the algebraic
nature of a ring.

If a homomorphism is a bijection, it is called an isomorphism. The role of isomorphisms in ring
theory, as in group theory, is to identify algebraically identical systems. That is why they are
important. We will discuss them also.

Finally, we will show you the interrelationship between ring homomorphism, ideals and
quotient rings.

17.1 Homomorphisms

Analogous to the notion of a group homomorphism, we have the concept of a ring
homomorphism. Recall that a group homomorphism preserves the group operation of its domain.
So it is natural to expect a ring homomorphism to preserve the ring structure of its domain.
Consider the following definition.
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Definition: Let (R, +,.) and (R,+..) be tworingsand f: R, - R, be a map. We say thatf isaring Notes
homomorphisms if

f(a +b) =f(a) 4 - f(b), and
f(a.b) =f(a) . f(b) foralla, bin R,.

Note that the + and . occurring on the left hand sides of the equations in the definition above are
defined on R,, while the + and . occurring on the right hand sides are defined on R,.

So, we can say that f : R, - R, is a homomorphism if

(i) the image of a sum is the sum of the images, and

(ii) the image of a product is the product of the images.

Thus, the ring homomorphism f is also a group homomorphisms from (R ,+ ) into (R,, +).

Just as we did in Unit 6, before giving some examples of homomorphisms let us define the
kernel and image of a homomorphism. As is to be expected, these definitions are analogous to
the corresponding ones in Unit 6.

Definition: Let R, and R, be two rings and f : R, - R, be a ring homomorphism. Then we define
(i)  theimage of f to be the set Im f = {f(x) | x € R},

(if)  the kernel off to be the set Ker f = {x € R, | f(x) = 0).

Note that Im f c R, and Ker f c R,

If Im f = R,, f is called an epimorphism or an onto homomorphism, and then R, is called the
homomorphic image of R,.

Now let us look at some examples.

' Example: Let R be a ring. Show that the identity map I, is a ring homomorphism. What are
Ker I, and Im I.?

Solution: Let x, y € R. Then

LG+ y) =x+y =19 + I, (y), and
L(xy) = xy = L{(X) L()-

Thus, I (xy) = xy = 1(x) - L(y)-
Thus, IR is a ring homomorphism.
KerI,={xeR | I(x)=0}
={xeR|x=0)

=1{0}

L1 = {0, [x € R}

={x | x e R]

=R

Thus, I, is a surjection, and hence an epimorphism.

' Example: Let s € N. Show that the map f: Z - Z, given by f(m) = m forallm e Z is a
homomorphism. Obtain Ker f and Im f also.
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Solution: For any m, n € Z,

f(m+n)=mtn = m+n =f(m) + f(n), and
f(mn) = mn = m +n = f(m) f(n).
Therefore, f is a ring homomorphism.

Now, Kerf = (m € Z | f(m) = 0 |
={meZ | m=01
=(meZ | me0(mods))
= sz.

Imf=(f(m) | m e Z)

=(m | me2Z)

~

showing that f is an epimorphism.

' Example: Consider the map f : Z, - Z, : f(n (mod 6)) = n(mod 3). Show that f is a ring
homomorphism. What is Ker {?

Solution: Firstly, for any n, m € Z,
f(n(mod 6) + m(mod 6)) = f((n + m) (mod 6)) = (n + m) (mod 3)
=n (mod 3) + m(mod 3)
= f(n (mod 6)) + f(m(mod 6))
You can similarly show that
f(n(mod 6) . m(mod 6)) = f(n(mod 6)) . f(m(mod 6)).
Thus, f is a ring homomorphism.

Ker f = {n(mod.6) | n=0(mod 3)) = {n(mod 6) | n € 3Z)

= {6,5}, bar denoting ‘mod 6'.

Before discussing any more examples, we would like to make a remark about terminology. In
future we will use the term "homomorphism” for ‘ring homomorphism’. You may remember
that we also did this in the case of group homomorphisms.

Now let us look at some more examples.

' Example: Consider the ring C[0, 1] of all real valued continuous functions defined on the
closed interval [0, 1].

Define ¢ : C[0, 1] + R : ¢ (f) = £(1/2). Show that ¢ is a homomorphism.
Solution: Letfand g € C [0, 1]

Then (f + g) (x) = f(x) f g(x) and

(fg) (x) = f(x) g(x) for all x € C[0, 1].
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Now, ¢(f +g) = (f+g) (1/2) =£(1/2) + g(1/2) = ¢(f) + ¢(g), and Notes

1

ffe) = @2) (1/2) = [ Jg[ 5] -4

Thus, ¢ is a homomorphism.

, a 0
@ Example: Consider thering R = {[ }

0 b

a,be R} under matrix addition and multiplication.

n
Show that themap1:Z — 13 : f(n) = {

0 n} is a homomorphism.

Solution: Note that f(n) = nl, where I is the identity matrix of order 2. Now you can check that f(n

+ m) = f(n) + f(m) and f(nm) = f(n) f(m) V n, m € Z. Thus, f is a homomorphism.

' Example: Consider the ring g (X) of Unit 14.
Let Y be a non-empty subset of X .

Definef: ¢ (X) > @ (Y) by f(A)I= AN Y forall Ain ¢ (X).Show that f is a homomorphism.
Does Y’ € Ker f ? What is Im f ?

Solution: For any A and Bin o (X),
f(AAB) = f((A\ B)U (B\ A))
(A\B)U (B\ANY))
= (A\B) MY)U((B\A) NY)
= (ANYNBNY)UBNAYNANY))
= (f(A\ £(B) U (£(B) \f(A))
= f(A) A{(B), and
f(ANB) =(ANBNY
=(ANBNXYNY)

=(ANY)N (BNY), since N is associative and commutative.
I=f(A) N £(B).
So, f is a ring homomorphism from @ (X) into g (Y).
Now, the zero element of ¢ (Y) is ¢. Therefore,
Kerf={Aep X) | ANY=¢). ..Y eKerf
We will show that f is surjective.
Now, Imf={ANY | Ae p ()]
Thus, Im f ¢ @ (Y). To show that ¢ (Y) cImf{, takeany B € o (Y).
ThenB € ¢ (X)and f(B) — BMY =B. Thus, B € Im {.
Therefore, Im f = o (Y).

Thus, f is an onto homomorphism.
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=
Tasks 1. Let A and B be two rings. Show that the projection map P: A x B— A: p(x, y)
= x is a homomorphism. What are Ker p and Im p?

2. Isf:Z+2Z -Z+ 2Z :f(a+ 2b)=a - V2b a homomorphism?
3. Show that the map ¢ : C[0, 1] > R x R: ¢ (f = (£(0), £(1)) is a homomorphism.

Having discussed many examples, let us obtain some basic results about ring homomorphisms.

17.2 Properties of Homomorphisms

Let us start by listing some properties that show how a homomorphism preserves the structure
of its domain. The following result is only a restatement of Theorem 1 of Unit 6.

Theorem 1: Let f : R, + R, be a homomorphism from a ring R, into a ring R,. Then

(b) f(-x)=-f(x) V xe R, and

© fkx-y)=fx)-fy) V¥ xyeR;

Proof: Since f is a group homomorphism from (R, +) to (R,, + ), we can apply Theorem 1 of
Unit 6 to get the result.

Theorem 2: Let f : R, - R, be a ring homomorphism. Then

(a) if Sis a subring of R, f(S) is a subring of R,

(b) if Tis a subring of R, f* (T) is a subring of R,.

Proof: We will prove (b) and leave the proof of (a) to you. Let us use Theorem 1 of Unit 16.
Firstly, since T # ¢, f* (T) # ¢. Next, leta, b € f /(T). Then f(a), f(b) € T

=f(a) - f(b) e Tand f(a) f(b) € T

=f(a-b) e Tand f(ab) € T

=a-bef'(T)and ab € f (T)

= f*(T) is a subring,.

Now, it is natural to expect an analogue of Theorem 2 for ideals. But consider the inclusioni: Z
-R:i(x) =x. You know that 22 is an ideal of Z. Butis i(2Z) (i.e., 22) an ideal of R? No. For example,

2e22, % e R, but 2% = % ¢ 2Z. Thus, the homomorphic image of an ideal need not be an ideal.
But, all is not lost. We have the following result.

Theorem 3: Let f : R, - R, be a ring homomorphism.

(a)  Iff is surjective and I is an ideal of R, then f (I) is an ideal of R,.

(b) Iflisanideal of R, then f'(1) is an ideal of R, and Ker f c f(]).

Proof: Here we will prove (a)

Firstly, since I is a subring of R, f(1) is a subring of R,.
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Secondly, take any f(x) € f(1) and r € R,. Since f is surjective, 3 s € R, such that f(s) =r. Notes
Then

rf(x) = £(s) f(x) = f(sx) € {(I), since sx € L

Thus, f(1) is an ideal of R,.

Now, consider an epimorphism f : R — S and an ideal Iin R. By Theorem 3 you know that £(1) is
an ideal of S and f'(f(I)) is an ideal of R. How are I and f'(f(I)) related? Clearly, I c f(f(1)).
Can f(f(T)) contain elements of R\I? Remember that Ker f c £'(f(1)) also. Thus,

I+ Ker f c f(f(1)). In fact, I + Ker f = f*(f(1)). Let us see why.
Let x € f*(f(l)). Then f(x) € f(1). Therefore, f(x) = f(y) for sdme y € L. Then
f(x-y)=0.
x-y e Kerf,ie,x ey+KerfcI+Kerf.
f1(f(I)) I + Ker £.
Thus, £'(f(I)) =1+ Ker f.
This tells us that if Ker f = I, then
f1(f(I)) =1 (since Kerf c I = I + Ker f =1I).
Theorem 4: Let f : R — S be an onto ring homomorphism. Then
(@) ifI'is anideal in R containing Ker f, I = f*(f(I))

(b) the mapping 1 - f(I) defines a one-to-one correspondence between the set of ideals of R
containing Ker f and the set of ideals of S.

Proof: We have proved (a) in the discussion above. Let us prove (b) now.
Let A be the set of ideals of R containing Ker £, and B be the set of ideals of S.
Define ¢ : A — B : 4(I) = £(I).
We want to show that ¢ is one-one and onto.
¢ is onto : If ] € B then f! (J) €A and Ker f c {* (J) by Theorem 3.
Now ¢ (£1()) = £(£1()) =,
¢ is one-one : If I, and I, are ideals in R containing Ker f, then
8(1) = 6(1,) = £(1,) = (1)
= FI(E(L)) = F1(E()
=1, =1, by (a).
Thus, ¢ is bijective.

And now let us look closely at the sets Ker f and Im f, where f is a ring homomorphism. In Unit
6 we proved that iff : G, - G, is a group homomorphism then Ker f is a normal subgroup of G,
and Im f is a subgroup of G,. We have an analogous result for ring homomorphisms, which you
may have already realised from the examples you have studied so far.

Theorem 5: Let f : R, - R, be a ring homomorphism. Then
(@) Ker fis an ideal of R,.

(b) Imfisa subring of R,
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Proof: (a) Since (0) is an ideal of R,, by Theorem 3(b) we know that f-1({o}) is an ideal of R,. But
f*({o}) = Ker f.

Thus, we have shown that Ker f is an ideal of R,.

(b) Since R, is a subring of R, f(R,) is a subring of R, by Theorem 2(a). Thus, Im f is a subring of
R

5
This result is very useful for showing that certain sets are ideals. For example, from Theorem 5

you can immediately say that {0,3} isan ideal of Z,. As we go along you will see more examples
of this use of Theorem 5.

Let us look a little more closely at the kernel of a homomorphism. In fact, let us prove a result
analogous to Theorem 4 of Unit 6.

Theorem 6: Let f : R, - R, be a homomorphism. Then f is injective iff Ker f = {0}

Proof: f is injective iff f is an injective group homomorphism from (R, +) into (R,, +). This is true
iff Ker f = {0}, by Theorem 4 of Unit 6. So, our result is proved.

So far we have seen that given a ring homomorphism f : R — S, we can obtain an ideal of R,
namely, Ker f. Now, given an ideal I of a ring R can we define a homomorphism f so that

Ker f=1?

The following theorem answers this question. Before going to the theorem recall the definition
of quotient rings.

Theorem 7:If I is an ideal of a ring R, then there exists a ring homomorphism f : R - R/I whose
kernel is L.

Proof: Let us define f : R > R/I by f(a) =a + Ifor all a € R. Let us see iff is a homomorphism. For
this take any a, b € R. Then

flatb)y=(a+b)+I=(a+1I) + (b+1I) =f(a) + f(b), and

f(ab) =ab +1=(a+1) (b +1) =1£(a) f(b).

Thus, f is a homomorphism.

Further, Kerf={a e R | f(a)=0+I}={aeR |a+I=1}
={aeR|ael}=1I.

Thus, the theorem is proved.

Also note that the homomorphism f is onto.

We call the homomorphism defined in the proof above the canonical (or natural) homomorphism
from R onto R/L.

Now let us look at the behaviour of the composition of homomorphisms. We are sure you find
the following result quite unsurprising.

Theorem 8: Let R, R, and R, berings and f : R, — R, and g : R, = R, be ring homomorphisms.
Then their composition gof : R, — R, given by (gof (x) = g(f(x)) for all x € R, is a ring

homomorphism.

The proof of this result is on the same lines as the proof of the corresponding result in
Unit 6.
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17.3 The Isomorphism Theorems Notes

We discussed group isomorphisms and various results involving them. In this section we will
do the same thing for rings. So, let us start by defining a ring isomorphism.

Definition: Let R, and R, be two rings. A function f : R, — R, is called a ring isomorphism (or
simply an isomorphism) if

(i) fis a ring homomorphism,

(i) fis1-1,and

(iii) fis onto.

Thus, a homomorphism that is bijective is an isomorphism.

An isomorphism of a ring R onto itself is called an automorphism of R.

Iff : R, > R, is an isomorphism, we say that R, is isomorphic to R,, and denote it by R, = R,.

Remark: Two rings are isomorphic if and only if they are algebraically identical. That is,
isomorphic rings must have exactly the same algebraic properties. Thus, if R, is a ring with
identity then it cannot be isomorphic to a ring without identity. Similarly, if the only ideals of
R, are {0} and itself, then any ring isomorphic to R, must have this property too.

And now, let us go back to Unit 6 for a moment. Over there we proved the Fundamental Theorem
of Homomorphism for groups, according to which the homomorphic image of a group G is
isomorphic to a quotient group of G, Now we will prove a similar result for rings, namely, the first
isomorphism theorem or the Fundamental Theorem of Homomorphism for rings.

Theorem 9 (The Fundamental Theorem of Homomorphism): Let f : R — S be a ring
homomorphism. Then R/Ker f = Im f. In particular, iff is surjective, then R/Ker f = S.

Proof: Firstly, note that K/Ker f is a well defined quotient ring since Ker f is an ideal of R. For
convenience, let us put Ker f =I. Let us define

y:R/I-Sby y(xtI)=£(x).
As in the case of Theorem 8 of Unit 6, we need to check that v, is well defined, i.e., if
x+I=y+Ithen y(x+I)=wy(y +1I).
Now,xtl=y+I=x-yel=Kerf=f(x-y)=0=f(x) =£(y)
S yx+D) = y(y +1).
Thus, v is well defined.
Now let us see whether v, is an isomorphism or not.
(i) v, is a homomorphism : Letx, y € R. Then
v((x+ D)+ (y+1) = yx+y+I)=f(x+y)=1(x) +(y)
=y(x+I)+y(y+I),and
v((x+1) (y + 1)) = w(xy +1) = f(xy) =£(x) £(y)
= y(x+1) w(y + 1)

Thus, y is a ring homomorphism.

(ii) Imwy=Imf:Since y(x +I)=£f(x) e Imf V x € R, Imy < Im {. Also, any element of Im f is
of the form f(x) = y(x + I) for some x € R. Thus, Im f ¢ Im y. So, Im y =Im f.
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(iii) wyis1-1.To show thislet x, y € R such that
W+ 1) = y(y +1). Then f(x) = £(y),
so thatf(x -y)=0,ie,x-y e Kerf=1
ie, x+I=y+L
Thus, yisI-1
So, we have shown that R/Ker f = 1m f.
Thus, iff is onto, then Im f =S and R/Ker f = S.

Note that this result says that f is the composition y o 1, where 1) is the canonical homomorphism:
R -R/I:n(a) =a+ 1 This can be diagrammatically shown as

f o
}1
r’,"-‘
il ,’a,i:
’f"
R/1”

Let us look at some examples of the use of the Fundamental Theorem.
Considerp:Z-Z_ :p(n) = n.p is an epimorphism and Ker p= {n|n=0inZ,,} =mZ.
Therefore, Z/mZ = Z,

(Note that we have often used the fact that Z/mZ and Z_ are the same.)

As another example, consider the projection map

p:R xR, =R, :p(a b) =a, where R, and R, are rings. Then p is onto and its kernel is ((0, b) |
b € R}, which is isomorphic to R,.

Therefore, (R, X R))/R,=R,.

1

Let us now apply Theorem 9 to prove that any ring homomorphism from a ring R onto Z is
uniquely determined by its kernel. That is, we can’t have two different ring homomorphisms
from R onto Z with the same kernel. (Note that this is not true for group homomorphisms. In
fact, you know that I and - I are distinct homomorphisms from Z onto itself with the same
kernel, {0}. To prove this statement we need the following result.

Theorem 10: The only non-trivial ring homomorphism from Z into itself is I,.
Proof: Let f : Z - Z be a non-trivial homomorphism. Let n be a positive integer.
Thenn=1+1+ ... +1 (n times). Therefore, .,

f(n) =£(1) + £(1) + ..... -1 f(1) (n times) = n f(1).

On the other hand, if n is a negative integer, then -n is a positive integer. Therefore, f(-n) = (-n)
f(1), i.e., -f(n) = - nf(1), since f is a homomorphism. Thus, f(n) = n f(1) in this case too.

Also £(0) = 0 = of(1).
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Thus, f(n)=nfl) YV neZ 1) Notes
Now, since f is a non-trivial homomorphism, f(m) # 0 for some m € Z.

Then, f(m) = f(m . 1) = f(m) £(1).

Cancelling f(m) on both sides we get f(1) = 1.

Therefore, from (1) we see that

fn)=nVneZie, f=1.

This theorem has an important corollary.

Corollary: Let R be a ring isomorphic. to Z. If f and g are two isomorphisms from R onto Z, then
f=g.

Proof: The composition f.g-" is an isomorphism from Z. onto itself. Therefore, by Theorem 10,
fog?=1z,ie,f=g.

We are now in a position to prove the following result.

Theorem 11: Let R be a ring and f and g be homomorphisms from R onto Z such that Ker f =
Ker g. Thenf=g.

Proof: By Theorem 9 we have isomorphisms
vy, :R/Ker f > Z and v, R/Kerg— Z.

Since Ker f = Ker g, y, and y_ are isomorphisms of the same ring onto Z. Thus, by the corollary
above, y_= Y,

Also, the canonical maps nr: R — R/Ker f and n,:R— R/Ker g are the same since Ker f = Ker g.
f=\|/ronf=\ugong=g.

Let us halt our discussion of homomorphisms here and briefly recall what we have done in this
unit. Of course, we have not finished with these functions. We will be going back to them again
and again in the future units.

Self Assessment

1. IfR +R,betworingsand f:R, >R, bearing ................. then we defineimf = {f(x) | x e R }.
(a) isomorphisms (b) automorphism
(¢ homomorphism (d) polynomial

2. If im f = R, f is called an ............... or onto homomorphism, then R, is called the

homomorphic image of RZ.

(a) epimorphism (b) hemomorphism
(¢)  isomorphism (d) analogous
3. Two rings are isomorphic if and only if they are algebraically .................
(a) designed (b) identical
(c) onto (d) isomorphic
4. A homomorphism that is ................. is an isomorphism
(a)  subjective (b)  Dijective
(c) onto (d) injective
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The only ................. ring homomorphism from Z into itself is Z,.
(@) trivial (b) non-trivial
()  direct (d) indirect

17.4 Summary

1.

N o O

The definition of a ring homomorphism, its kernel and its image, along with several
examples.

The direct or inverse image of a subring under a homomorphism is a subring.
Iff : R - S is a ring homomorphism, then

(i) ImfisasubringofS,

(i) Ker fis anideal of R,

(iii) f'(1) is an ideal of R for every ideal I of S.

(iv) iff is surjective, then f(I) is an ideal of S.

A homomorphism is injective iff its kernel is {0}.

The composition of homomorphisms is a homomorphism.

The definition and examples of a ring isomorphism.

The proof and applications of the Fundamental Theorem of Homomorphism which says
that iff : R — S is a ring homomorphism, then R/Ker f = Im f.

17.5 Keyword

Isomorphism: If a homomorphism is a bijection, it is called an isomorphism.

17.6 Review Questions

1.

Which of the following rings are not fields?
27,7,7Z,QxQ

Will a subring of a field be a field? Why?

Show that char ¢ (X) = 2, where X is a non-empty set.
Let R be a ring and char R = m. What is char (R x R)?

Answers: Self Assessment

1. (c)

2.@) 3.(b) 4.(b) 5.(b)

17.7 Further Readings

N

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).
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Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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Unit 18: Integral Domains

CONTENTS
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18.3 Summary

18.4 Keywords

185 Review Questions

18.6 Further Readings

Objectives

After studying this unit, you will be able to:

. Discuss whether an algebraic system is an integral domain or not
° Explain the characteristic of any ring

° Describe whether an algebraic system is a field or not
Introduction

In the earlier units, we have introduced you to rings, and then to special rings whose speciality
lay in the properties of their multiplication. In this unit, we will introduce you to yet another
type of ring, namely, an integral domain. You will see that an integral domain is a ring with
identity in which the product of two non-zero elements is again a non-zero element. We will
discuss various properties of such rings.

Next, we will look at rings like Q, R, C, and Z,, (where p is a prime number). In these rings, the
non-zero elements form an abelian group under multiplication. Such rings are called fields.
These structures are very useful, one reason being that we can “divide” in them.

Related to integral domains and fields are certain special ideals called prime ideals and maximal
ideals. In this unit, we will also discuss them and their corresponding quotient rings.

18.1 Integral Domains

You know that the product of two non-zero integers is a non-zero integer, i.e., if m, n € Z such.
that m # 0, n # 0, then mn # 0. Now consider the ring Z_. We find that 220 and 3=0, yet

2.3=0. So, we find that the product of the non-zero elements 2 and 3 in Z, is zero.

As you will soon realise, this shows that 2 (and 3) is a zero divisor, i.e., 0 is divisible by 2
(and 3).

So, let us see what a zero divisor is.
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Definition: A non-zero element a in a ring R is called a zero divisor in R if there exists: a Notes
non-zero element b in R such that ab = 0.

Now do you agree that 2 is a zero divisor in Z,? What about 3 in Z ,? Since 3 x#0 for every

non-zero x in Z,, 3 is not a zero divisor in Z "

Now let us look at an example of a zero divisor in C[0, 1]. Consider the function

f e C[0, 1] given by

x—%,OSxSl/Z

£09=1" 01/2<x<1

Let us define g : [0, 1] + R by

0,0<x<1/2
809=14_1/21/2<x<1

Then g € C[0, 1], g # 0 and (fg) (x) =0 V x € [0,1]. Thus, fg is the zero function. Hence, f is a zero
divisor in C[0, 1].

For another example, consider the Cartesian product of two non-trivial rings A and B. For every
a=01in A, (a, 0) is a zero divisor in A x B. This is because, for any b # 0 in B. (a . 0) (0.b) = (0.0).

Now let us look at the ring g (X), where X is a set with at least two elements, Each non-empty
proper subset A of X is a zero divisor because A.X® = A ] A® = ¢, the zero element of ¢ (X).

Let us now talk of a type of ring that is without zero divisors.
Definition: We call a non-zero ring R an integral domain if
(i) Ris with identity, and

(ii) R has no zero divisors.

Thus, an integral domain is a non-zero ring wilh identity in which the product of two non-zero
elements is a non-zero element.

This kind of ring gets its name from the set of integers, one of its best known examples. Other
examples of domains that immediately come to mind are Q, R and C. What about C[0,1]? You
have already seen that it has zero divisors. Thus C[0,1] is not a domain.

=7

Note Several authors often shorten the term ‘integral domain” to ‘domain’. We will
do so too.

The next result gives us an important class of examples of integral domains.
Theorem 1: Z is an integral domain iff p is a prime number.
Proof: Firstly, let let us assume that p is a prime number. Then you know that Zp is a non-zero

ring with identity. Let us see if it has zero divisors. For this, suppose a,b e Z, satisfy a,b=0.

Then ab=0, i.e., p | ab.Since p is a prime number, we see thatp | aorp | b. Thus, a=0 or b=0.
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What we have shown is thatifa= 0 and b # 6, then ab = 6. Thus, Zp is without zero divisors, and
hence, is domain.

Conversely, we will show that if p is not a prime, then Z_is not a domain, So, suppose p is not
a prime. If p =1, then Z, is the trivial ring, which is not a domain.

If p is composite number and m | p, you know that m € Z is a zero divisor. Thus, Z_has zero
divisors. Hence, it is not a domain.

Py

Task Which of the following rings are not domains? Why?
7,7,27,7+iZ,R xR, {0}.

Now consider a ring R. We know that the cancellation law for addition holds in R, i.e., whenever
acb = accin R, then b = c. But, does ab = ac imply b = ¢? It need not. For example, 0.1 =0.2 in Z but
1#2.50,if a=0,ab =ac need notimply b =c. But, if a # 0 and ab = ac, is it true that b = ¢’? We will
prove that this is true for integral domains.

Theorem 2: A ring R has no zero divisors if and only if the cancellation law for multiplication
holds in R (i.e, if a, b, c € R such thata# 0 and ab=ac, thenb=c.)

Proof: Let us first assume that R contains no zero divisors. Assume that a, b, ¢ € R such that
a#0andab=ac. Thena(b-c)=ab-ac=0. As a#0, and R has no zero divisors, we getb-c =0,
ie,b=c.

Thusifab=ad anda #0, thenb =c.

Conversely, assume that the cancellation law for multiplication holds in R. Let a € R such that
a#0.Suppose ab=0for someb € R. Then ab =0=a0. Using the cancellation law for multiplication,
we get b =0. So, a is not a zero divisor, i.e., R has no zero divisors.

Using this theorem we can immediately say that the cancellation law holds for multiplication in
an integral domain.

Now let us introduce a number associated with an integral domain in fact, with any ring.
For this let us look at Z, first. We know that 4x = 0V xe Z,. Infact, 8x = 0 and 12 x = 0 also for

anyx € Z,.

But 4 is the least element of the set {n e N | nx=0 V x e Z, ). This shows that 4 is the
characteristic of Z,, as you will see now.

Definition: Let R be a ring. The least positive integer n such that nx =0 V x € R is called the

characteristic of R. If there is no positive integer n such thatnx =0 V x € R, then we say that the
characteristic of R is zero.

We denote the characteristic of the ring R by char R.
You can see that char Z_=nand char Z = 0.

Now let us look at a nice result for integral domains. It helps in considerably reducing our
labour when we want to obtain the characteristic of a domain.
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Theorem 3: Let m be a positive integer and R be an integral domain. Then the following Notes
conditions are equivalent.

(@ m, =0

(b) ma=0forallaeR.

() ma=0forsomea=0inR.

Proof: We will prove (a) = (b) = (c) = (a).

(@) = (b) : We know thatm 1 =0.

Thus, for any a € R, ma =m (la) = (ml) (a) =0a =0, i.e., (b) holds.

(b) = (c): If ma=0 V a e R, then if is certainly true for some a # 0 in R.

(c) = (a) : Let ma = 0 for some a # 0 in R. Then 0 = ma = m (la) = (ml) a. As a # 0 and R is without
zero divisors, we get m, = 0.

What Theorem 3 tells us is that to find the characteristic of a domain we only need to look at the
setin {n.1 | n € N}.

Let us look at some examples.
(i) charQ=0,sincen.1#0foranyn e N.
(ii) Similarly, char R =0 and char C = 0.

(iii) You have already seen that chat Z, = n. Thus, for any positive integer n, there exists a ring
with characteristic n.

Now let us look at a peculiarity of the characteristic of a domain.
Theorem 4: The characteristic of an integral domain is either zero or a prime number.?

Proof: Let R be a domain. We will prove that if the characteristic of K is not zero, then it is a
prime number. So suppose char R = m, where m # 0. So m is the least positive integer such that
m.1 =0. We will show that m is a prime number by supposing that it is not, and then proving that
our supposition is wrong.

So suppose m = st, wheres,t e N,1<s<mand1<t<m.Thenm.1=0= (st).1=0*(s.1) (t.1) =0.
As R is without zero divisors, we gets.1 =0 or t.1 = 0. But, s and t are less than m. So, we reach a
contradiction to the fact that m = char R. Therefore, our assumption that m = st, where 1 <s <m,
1 <t <mis wrong. Thus, the only factors of m are 1 and itself. That is, m is a prime number.

We will now see what algebraic structure we get after we impose certain restrictions on the
multiplication of a domain.

18.2 Field

Let (R, +, .) be a ring. We know that (R, +) is an abelian group. We also know that the operation
is commutative and associative. But (R,.) is not an abelian group. Actually, even if R has identity,
(R,.) will never be a group since there is no element a € R such that a.0 = 1. But can (R\{0}) be a
group? It can, in some cases. For example, from Unit 2 you know that Q* and R* are groups with
respect to multiplication. This allows us to say that Q and R are fields, a term we will now define.

Definition: A ring (R, +,.) is called a field if (R\{0},.) is an abelian group.
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Thus, for a, system (R,+,.) to be a field it must satisfy the ring axioms R, to R, as well as the
following axioms.

(i) is commutative,
(i) Rhas identity (which we denote by 1) and 1 # 0, and
(iii) every non-zero element x in R has a multiplicative inverse, which we denote by x.

Just as a matter of information we would like to tell you that a ring that satisfies only (ii) and (iii)
above, is called a division ring or a skew field or a non-commutative field. Such rings are very
important in the study of algebra, but we will not be discussing them in this course.

Let us go back to fields now. The notion of a field evolved daring the 19th century through the
research of the German mathematicians Richard Dedekind and Leopold Kronecker in algebraic
number theory. Dedekind used the German word Kérper, which means field, for this concept.
This is why you will often find that a field is denoted by K.

As you may have realised, two of the best known examples of fields are R and C. These were the
fields that Dedekind considered. Yet another example of a field is the following ring.

' Example: Show that Q + V2Q ={a++2b |a,beQ} is field.
Solution: From Unit 14 you know that F =Q +~/2Q is a commutative ring with identity 1+ /2.

Now, let a++/2b be a non-zero element of F. Then either a = 0 or b = 0. Now, using the
rationalisation process, we see that

a+v2b (a+v2b)a-v2b) a’—2b’

(a+¢§b)'l 1 1-+/2b a—fib

1 (-b)
= +/2 F
a?-2b’ J_az—sz €

(Note that a2 - 2b? = 0, since /2 is not rational and either a = 0 or b = 0.)

Thus, every non-zero element has a multiplicative inverse. Therefore, Q + \/EQ is a field.

Can you think of an example of a ring that is not a field? Does every non-zero integer have a
multiplicative inverse in Z? No. Thus, Z is not a field.

By now you have seen several examples of fields. Have you observed that all of them happen to
be integral domains also? This is not a coincidence. In fact, we have the following result.

Theorem 5: Every field is an integral domain.

Proof: Let F be a field. Then F # {0} and 1 € B. We need to see if F has zero divisors. So let a and
b be elements of F such thatab=0and a# 0. As a # 0 and P is a field, a® exists.

Hence,b=1.b=(a-1la)b=ad" (ab) =a’ 0. Hence, if a # 0 and ab = 0, we get b =0, i.e., F has no
zero divisors. Thus, F is a domain.

Theorem 5 may immediately prompt you to ask if every domain is a field. You have already
seen that Z is a domain but not a field. But if we restrict ourselves to finite domains, we find that
they are fields.
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Theorem 6: Every finite integral domain is a field. Notes

Proof: LetR = {a, =0,a, =1, a,,...., a,] be a finite domain. Then R is commutative also. To show
that R is a field we must show that every non-zero element of R has a multiplicative inverse.

So, let a = a, be a non-zero element of R (i.e., i # 0). Consider the elements aa,, ..., aa_. For every
j=0, a # 0; and since a # 0, we get aa, # 0.

Hence, the set { aa,, ..., aa_} G (a, .., a,}.

Also, aa,, aa,..., aa, are all distinct elements of the set {a,, ...., a,}, since aa =na, =a=a, using the
cancellation law for multiplication.

Thus, {aa,, ...., aa } = [a;,...., a}.

In particular, a, = aa, ie, 1= aa, for some j. Thus, a is invertible in R. Hence every non-zero
element of R has a multiplicative inverse. Thus, M is a field.

Using this result we can now prove a theorem which generates several examples of finite fields.
Theorem 7: Z_is a field if and only if n is a prime number.

Proof: From theorem 1 you know that Z_is a domain if and only if n is a prime number. You also
know that Z_has only n elements. Now we can apply Theorem 6 to obtain the result.

Theorem 7 unleashes a load of examples of fields : Z,, Z,, Z,, Z,,, and so on. Looking at these
examples, and other examples of fields, can you say anything about the characteristic of a field?
In fact, using Theorems 4 and 5 we can say that.

Theorem 8: The characteristic of a field is either zero or n prime number.

So far the examples of finite fields that you have seen have consisted of p elements, for some
prime p. In the following exercise we give you an example of a finite field for which this is not
s0.

Theorem 9: Let R be a ring with identity. Then R is a field if and only if R and {0} are the only
ideals of R.

Proof: Let us first assume that R is a field. Let I be an ideal of R. If I # {0), there exists, a non-zero
element x € I. As x # 0 and R is a field, xy = 1 for some y € R. Since x €  and I is an ideal, xy €1,
ie,1lel

Conversely, assume that R and { 0 } are the only ideals of R. Now, let a # 0 be an element of R.
Then you know that the set Ra = [ra | r € R] is a non-zero ideal of R. Therefore, Ra = R.

Now, 1 € R = Ra. Therefore, 1 = ba for some b € R, i.e,, a* exists. Thus, every non-zero element
of R has a multiplicative inverse. Therefore, R is a field.

Using Theorem 9, we can obtain some interesting facts about field homomorphisms (i.e., ring
homomorphisms from one field to another). We give them to you in the form of an exercise.

Now that we have discussed domains and fields, let us look at certain ideals of a ring, with
respect to which the quotient rings are domains or fields.

Self Assessment

1. Several authors often shorten the term ................... to domain.
(a) integral domain (b) abstract domain
(c)  different domain (d) prime domain
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Notes 2. Zpisanintegral domainif pisa ... number.
(a) even (b) odd
() prime (d) integer
3. Aring Rhas ................... zero divisor if and only if the cancellation law for multiplication
holds in R.
(@ 1 (b) 2
(© © (d 3
4. Aring (R, +,.) iscalled a ...........c........ if (R ] {0}.)is an abelian group.
(a) field (b) domain
(¢) range (d) ideal
5. Every ..o integral domain is a field.
(@) infinite (b) finite
(c)  direct (d) indirect
18.3 Summary
° The definition and examples of an integral domain.
° The definition and examples of a field.
° Every field is a domain.
° A finite domain is a field.
. The characteristic of any domain or field is either zero or a prime number.

18.4 Keywords

Zero Divisor: A non-zero element a in a ring R is called a zero divisor in R if there exists: a non-
zero element b in R such that ab = 0.

Prime Number: Z is an integral domain iff p is a prime number.

Abelian Group: A ring (R, +,.) is called a field if (R\{0},.) is an abelian group.

18.5 Review Questions

Letn e Nand m | n | <m < n. Then show that m is a zero divisor in Z.
List all the zero divisors in Z.

For which rings with unity will 1 be a zero divisor?

L

Let R be a ring and a € R be a zero divisor. Then show that every element of the principal
ideal Ra is a zero divisor.

o

In a domain, show that the only solutions of the equation x> =x are x =0 and x = 1.

6. Prove that 0 is the only nilpotent element in a domain.
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Answers: Self Assessment Notes

18.6 Further Readings

&

Books Dan Saracino: Abstract Algebra; A First Course.

Mitchell and Mitchell: An Introduction to Abstract Algebra.
John B. Fraleigh: An Introduction to Abstract Algebra (Relevant Portion).

A

V.

Onlinelinks  www.jmilne.org/math/CourseNotes/
www.math.niu.edu
www.maths.tcd.ie/

archives.math.utk.edu
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